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PREFACE 



The following paragraph is an adaptation from the preface of the first 
edition of this work, published ten years ago; it applies to the present edition. 

This book might be described fairly as a theoretical mechanics for students 
of engineering. It is not comparable to books commonly called Theoretical 
Mechanics, generally intended for students of mathematics or physics; nor 
to books conmionly titled Applied Mechanics which generally include a treat* 
ment of strength of materials, hydraulics, etc., for students of engineering. 
The title Technical Mechanics seems fairly appropriate for this book; and 
inasmuch as it is not otherwise used in this country, it was so adopted. On 
the theoretical side, practically each subject discussed herein has a direct 
bearing on some engineering problem. The applications were selected and 
presented for the purpose of illustrating a principle of mechanics and for 
training students in the use of such principles, — not to furnish information, 
except incidentally, about the structure, machine, or what not to which the 
application was made. 

Ten years use of the book as a text in the author's classes has suggested 
many changes; and in recent years the need of a new collection of problems 
has become urgent. Accordingly, a revision was undertaken, and the effort has 
resulted in a practically rewritten book. Indeed the only portion of the former 
edition used again with little or no change is the present Appendix A. Though 
containing fewer pages than the old book, the new one — because of its (nearly 
one-third) larger printed page — contains more material than the old. 

Inasmuch as Mechanics deals mainly with subjects permanent in character, 
the revision consists principally of changes in arrangement and presentation. 
Both were determined upon to a large degree by a desire to furnish an ade- 
quate course of instruction for students in engineering in one semester, "five 
times per week." To this end, it was necessary to sacrifice logical order of 
arrangement more or less. As in former editions, Statics is presented first 
because relatively simpler than Dynamics. Elinematics, as such, is not given 
a place. The chapter on Attraction and Stress has not been retained. Dis- 
cussion of Friction and Efficiency has been amplified, and Dynamics has been 
extended to provide a quantitative explanation of simple gyroscopic action. 
Many solved numerical examples have been added to elucidate principles. 
The collection of problems to be solved by students has been completely 
cbanged. 

••• 
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All of Statics except Arts. 23, 25, 26, and 27 may be mastered with no knowl- 
edge of nuithematics beyond trigonometry. Calculus methods are used 
in Dynamics, but a good knowledge of the elements only of that branch of 
mathematics is presupposed. Graphical methods are used freely, as mudi 
as the algebraic in Statics. 

The author is pleased to acknowledge with thanks the helpful suggestions 
and criticisms of the teaching staff in Mechanics at the University of Illinois; 
of his colleague, Professor M. O. Withey; and of Professor C. H. Buraside 
of Columbia University. He thanks also American Machinist, Engineering 
Record, and Engineering News for permission to copy and for gifts of cuts; 
and individuals and other journals named in the text for similar favors. 

Madison, Wisconsin. 
December, 1913. 

To the edition above described there has been added a second collection of 
problems, pages 354-37?; and articles 38, 44, 49, 51, 52, 55, 56, 58 have been 
modified. 

September, 191 7. 
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TECHNICAL MECHANICS 



I. Introduction 

Mechanics had its origin in the experience of ancient peoples with de- 
vices for lifting and moving heavy things. The devices included the 
so-called simple machines or mechanical powers; namely, the lever, the 
pulley, the wheel and axle, the inclined plane, the wedge and the screw. 
That experience probably afforded fairly definite and full knowledge of the 
practical advantages of these various devices, but the simple and precise 
mechanical principles involved in them were long unrecognized. The first 
recognition of such a principle marked the real beginning of the science of 
Mechanics. 

History records that the principle of the lever is the mechanical principle 
first discovered, and that Archimedes (287-212 B.C.), famous Greek mathe- 
matician, was the discoverer. He perceived the application of this prin- 
ciple to the wheel and axle (continuous lever), to the pulley (movable 
lever), and to certain combinations or systems of pulleys and cords, one of 
which still bears his name. The discovery of the principle of buoyant efiFort 
on a body floating on or immersed in a fluid is due to him. Apparently no 
additions to these achievements of Archimedes were made during the sixteen 
centuries following his time. 

The principle of the lever as understood by Archimedes covered only the 
q)ecial case of two heavy weights suspended from a horizontal bar sup- 
ported at a point (fulcrum) between them. Fot such case he stated that 
the weights are inversely as the distances from the fulcrum to the points of 
suspension. The principle was extended to include the case of forces ap- 
plied obliquely, by Leonardo da Vinci (1452-1519), famous Italian artist and 
engineer. He perceived that the efficacy of such a force depends on the 
distance from the fulcrum, not to the point of application of the force, but 
to its line of action. 

The principle next discovered was that of the inclined plane, first defi- 
nitely stated by Simon Stevin (1548-1620), Dutch mathematician and en- 
gineer. His statement of the principle was somewhat as follows: The force 
(acting along the plane) required to support a (frictionless) body resting 
upon it is to the weight of the body as the height of the plane is to its 
length (measured along the slope). This principle afforded the explana- 
tion of the wedge (double inclined plane) and the screw (continuous inclined 
plane). Stevin deduced the parallelogram law for two forces at right 
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angles from the principle of the inclined plane; and from his study of 
pulleys he noted that what is gained in power is lost in speed. Thus he 
caught the first glimpse of two important principles, — that of the parallelo- 
gram of forces, and that of virtual velocity or work. 

The first discoveries of laws of motion were made by Galileo (i 564-1642), 
Italian astronomer and physicist. For 2000 years it had been believed that 
heavy bodies fall more rapidly than light ones. This Galileo disproved by 
actual trial at the leaning tower of Pisa. Next he was led to inquire about 
the manner in which a body falls, or how the speed changes. He made 
several guesses at this law, and finally verified one of them by indirect 
experiment and deduction. Up to Galileo's time, it was believed that rest 
was the natural condition for a body; and that motion was unnatural, 
requiring some outside cause (force) to maintain it, and ceasing only when 
the force ceases. Galileo perceived that motion is just as natural as rest; 
that motions cease not because they are unnatural, but because of some 
influence (force) from the outside operating to reduce the motion and 
eventually to destroy it. In short, he discovered the so-called first law of 
motion, usually credited to Newton. He invented the telescope. 

Huygens (1629-1695), Dutch physicist, made some important contribu- 
tions to this science. He developed the theory of the pendulum, determined 
the acceleration due to gravity from pendulum observations, and deduced 
certain theorems regarding centrifugal force. He invented the dock pen- 
dulum and escapement. 

Newton (1642-1727), English mathematician and ph3rsicist, is generally 
regarded as the founder of Mechanics. At an early age he began an at- 
tempt to explain the motions of the planets, whose orbits and speeds were 
then well known, in terms of experience with more familiar motions. He 
succeeded in thus explaining many features of the planetary motions, and 
established that there are certain principles common to the motion of all 
bodies, celestial and terrestial. These principles are generally known as 
Newton's laws of motions (see index). His study of planetary motion led 
to other great achievements, among which may be mentioned the discovery 
of the law of universal gravitation, and the invention of the calculus (also 
invented independently by Leibnitz, German mathematician). 

Since Newton, "no essentially new principle [of Mechanics] has been 
stated. All that has been accomplished since his day has been a deductive, 
formal, and mathematical development on the basis of Newton's laws."^ 
Such development constitutes the body of knowledge which we call Me- 
chanics, or sometimes Rational and Theoretical Mechanics^ to distinguish it 
from Applied Mechanics. It may be defined as the science of motion, but it 
includes the science of rest as a relatively minor part. 

* For a full and critical account of that development, see Mach's ^* Science of Me- 
chanics/' from which the quotation was taken, or Cox's *' Mechanics " for a good but leas 
critical account. 
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Adaptations of rational mechanics have played an unportant part in 
the development of the science of engineering, particularly in the depart- 
ments of structures and machines. Such adaptations, together with our 
knowledge of friction, strength of materials, and certain properties of fluids, 
constitute Applied Mechanics. Among the pioneer workers in this field 
should be mentioned the following: Coulomb (1736-1806), Navier (1785- 
1836), Poncdei (1788-1867), Morin (1795-1880), SaifUrV6nafU (1797-1886), 
Weisbach (1806-71), Rankine (1820-72), Grashof (1826-93) ^"^d Bauschinger 
(1834-93).* 

Under Technical Mechanics, the present author includes those prin- 
ciples of rational mechanics which are especially applicable in various 
fields of engineering, and some of our knowledge of friction. The book is 
divided into two parts called Statics and Dynamics. The first deals with 
certain of the circumstances of bodies at rest, and the second with those of 
bodies in motion. The certain circumstances dealt with will become ap- 
parent to the student as he progresses in the subject. 

* See Keek's " Mechanik " for an account of their work and fuller UsU 



STATICS 
CHAPTER I 

COMPOSITION Ain) RESOLUTION OF FORCES 

2. Force; Definitions 

Bodies act upon each other in various wa3rSy producing different kinds 
of results. Any action of one body upon another which, when exerted 
alone, would result in motion of the body acted upon, or in change of motion 
if the body is already moving, is called force; the word is a general term for 
push and pull. Oiu: earliest notions about forces are based on our experience 
with forces exerted by or upon ourselves. Through this experience we have 
learned that a force has magnitude, place of application, and direction, 
sometimes called the characteristics of a force. 

To express the magnitude of a force, we must of course compare it to 
some other force regarded as a unit. Many imits of force are in use; the 
most convenient are the so-called gravitation unils. They are the earth- 
pulls on our .standards for measuring quantity of material (as iron, coal, 
grain, sugar, etc.), commonly called standards of weight.* The earth-pull 
on any of these standards is called by the name of the standard; thus the 
earth-pull on the pound standard (also any equal force) is called a pound; 
the eaith-pull on the kilogram standard (also any equal force) is called a 
kilogram, etc. Since the earth-pull on any given thing varies in amount 
as the thing is transported from place to place, gravitation imits of force 
are not constant with regard to place. But this variation need not be 
regarded in most engineering calculations because any error due to such 
disregard is generally smaller than errors due to other approximations in 
t&e calculations. The extreme variation in any gravitation unit is that 
between its magnitudes at the highest elevation on the equator and at the 
poles; this difference is but 0.6 per cent. For points within the United 
States the extreme variation equals about 0.3 per cent. For any two 

* In oommon parlance the word weight is used in at least two senses. Thus, suppose 
that a dealer sells coal to a consumer by weight, and engages a teamster to deliver it by 
weight; to the consumer, the weight of each wagon load represents a certain amount of . 
useful material, but to the teamster it represents a certain burden on his team due to the I 
action of gravity on the coal. That is, weight suggests material to the one man and 
iartfhpuU to the other. 






points on the surface of the earth, the variation equals that in the values of 
g in the formula 

g = 32.0894 (i + 0.0052375 sin*0 (i - 0.0000000957 e) 

computed for the two places; / denotes latitude, and e elevation above sea 
level, in feet. 

The place of application of most forces with which we shall deal is a 
portion of the surface of the body to which the force is applied. A notable 
exception is earth-pull, or gravity, which is applied not to the surface of a 
body but throughout the same. All such are called distributed forces. The 
places of application of some forces are very small compared to the sur- 
faces of the bodies to which they are applied, and for many purposes these 
places may be regarded as points of application; any such force is called a 
concentrated force. The line of action of a concentrated force is a line 
indefinite in length, parallel to the direction of the force, and containing its 
point of application. A concentrated force may act along its Une of action in 
one of two ways, — to the right or left, up or down, etc. We say that the sense 
of a force is toward the right, toward the left, up, or down as the case may 
be. That is, sense refers to " arrow-headedness " (see next paragraph) . 

Since a force is a vector quantity,* it can be represented in part by a 
vector (a straight line of definite length and direction), the length of the 




vector representing the magnitude of the force according to some scale, 
and the direction of the vector giving the direction of the force. Thus, if 
the pressures of the driving wheels of the locomotive on the rails (Fig. i) 
is 12 tons, then the vector Aa (0.4 inch long) represents the magnitude and 
direction of the pressures, the scale being one inch '' equals " 30 tons. If 
the force to be represented is a concentrated one, as in the illustration, then 
the line of action also can be represented by the same vector which repre- 
sents the forte magnitude by drawing it through the point of application 
of the force. Thus the vector Bb represents magnitude, line of action, and 
direction of the pressure of the first driving wheel. We might extend this 
scheme further so as to indicate also point of application of the force by 
the head, say, of the vector as Cc; but we will not plan to do that because 
the point of application is not of importance in this subject, — Statics. 

* A WKtor quanHty is one having magnitude and direction, as, for example, a defim'te 
displacement of a moving point A quantity having magnitude only, as the volume of a 
thing for example, is a scalar quantity. 
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This unimportance of the point of application is definitely e]q>res9ed in 
the principle of transmissibUUy of force, which for the present purpose may 

be stated as follows: The effect of any force 
applied to a rigid body at rest is the same, 
no matter where in its own line of action 
the force is applied. The principle may be 
roughly verified by experiment, when the 
body on which the force acts is at rest, with 
the apparatus represented in Fig. 2; it con- 
sists of a rigid body suspended from two 
spring balances. The springs are elongated 
on accoimt of the weight of the body, and if 
a force, as F, be applied at ^4, the springs will suffer additional elonga- 
tions which in a way are a measure of the effect of the applied force. 
If the point of application of F be changed to B or C, the spring readings 
will not change; hence the effect of F will not have changed. 

Generally, when many forces are to be represented graphically and dis- 
cussed, it would be well to represent each force by a line and a vector, the 
first to represent the line of action of the force 
and the second to represent the magnitude and 
the direction of the force. Of course the line 
must be drawn through the point of application 
of the force, but the vector may be drawn where 
convenient. For example, consider the forces act- 
ing on the iq)per end of the boom (Fig. 3) of a 
derrick. There are three forces; namely, a down- 
ward force at pin i, one toward the left at pin 2, 
and one downward at pin 3. The lines marked 
ah J cd, and ef are the lines of action of the forces 
respectively; the vectors AB, CD, and EF (drawn 
where convenient but of proper length and direc- 
tion) represent the magnitudes and directions of 
the forces. The scheme of notation here used — 
two lower-case letters on opposite sides of the line 
of action of a force, and the same capital letters 
at the ends of the vector representing its value -^ 
is in common use. Any force so marked is re- 
ferred to in written statement by the two capitals 
used; thus the first force mentioned above would 
be called the force AB, The part of the drawing in which the lines of action 
of the forces and the body (here, a derrick-boom) are represented is called a 
space diagram; the part in which the vectors are drawn is called a vector 
diagram. The scales of these diagrams are of course different; the lengths of 
lines in the first represent distances, and those in the second, force magnitudes. 





Fig. 3 



Art. 3 7 

Any number of forces collectively considered is called a system or a set 
of forces. The forces of a set are called coplanar if their lines of action are 
in the same plane, and noncoplanar if not in the same plane; they are 
called concurrent'}! their lines of action intersect in a point, and noncon- 
current when they do not so intersect; they are called parallel if their lines 
of action are paraUd, and nonparaUd if the lines of action are not paraUel. 
Force-sets are also described in accordance with the foregoing definitions; 
thus, a concurrent set, a noncoplanar parallel set, etc., according as the 
forces of the set are concurrent, noncoplanar and parallel, etc. Force- 
sets can be classified in various ways, as below for example, — 



Coplanar 



— » (sS^d:::: \ 

non««current{P^^;,;;;; 3 

r concurrent 5 

Noncoplanar < oonconcurmit /?»«"«• .v; • • • • $ 

L l^nonparallel .... 7 

Two sets of forces acting on a rigid body are said to balance, when their 
combined effect on the rest or on the motion of that body is nil, so that 
if the body is at rest, for example, then it would remain at rest even if all 
the forces ceased to act. Two sets of forces acting on a rigid body are said 
to be equivalenl if either set would balance the other set reversed (sense of 
each force changed); or, what amounts to the same thing, if each set acting 
singly would balance some other third set. The resultant of a set of forces 
is the single force which is equivalent to the set; or, if no single force is 
equivalent to the set, then the resultant is the simplest equivalent set. The 
resultant of a set of forces acting on a rigid body consists always of a single 
force or of two forces (proved later). Having given a set of forces, the process 
of finding a simpler equivalent set is called composition of the given set. The 
component of a given force is any one of a set which is equivalent to that 
force. Having given a force, the process of finding a set equivalent to that 
force is called resolution of the force. 

The anti^esuUant of a set of forces is the reversed resultant of the set. The 
equUibrant of a set of forces is the single force, or pair of forces if necessary, 
which could balance the set. Obviously the anti-resultant and the equilibrant 
of a set are identical. 

3* Parallelogram and Triangle of Forces 

The paraUdogram and the triangle of forces are names of certain methods 
for determining (a) the resultant of two given concurrent forces, and 
{b) two concurrent components of a given force. 

§ I, Composition of Two CoNCUiatENT Forces. — ParaUdogram Law. — 
If two forces acting upon a rigid body be represented by lines OA and OB^ 
then their resultant is represented by the diagonal OC of the parallelogram 
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OABC. For example, take the two forces applied to the cap of the boom 
of Fig. 3 at points i and 2, their value being 2 and 1.2 tons respectively, 
let us suppose. Extending the lines of action to their intersection O 
(Fig. 4), tiien making OA == 2 tons and OB = 1.2 tons according to some 
convenient scale, and completing the parallelogram, we get OC, and ac- 
cording to the law, this line represents the resultant completely; that is, 
the magnitude of the resultant is OC = 2.2 tons, the line of action of 
the resultant is colinear with OC, and the sense of the resultant is from 
OtoC. 

The law can be verified by means of the apparatus shown in Fig. 5. It 
consists of a drawing board mounted in a vertical position, two pulleys, a 
spring balance, two weights, some cord, and a small ring. When the 
weights Wi and W^ are suspended somewhat as shown, then the ring is 






Fig. s 



Fig. 6 



subjected to three forces: pull Pi = Wi, pull Pi = Wi, and an upward 
pull Pz, the magnitude of which is indicated by the spring balance. Since 
Pt is the equilibrant of Pi and Ps, the resultant of Pi and Ps is equal and 
opposite to and colinear with Pg. It remains now to ascertain whether a 
construction for the resultant of Pi and Ps according to the parallelogram 
law will represent a force equal and opposite to and colinear with Pt. So 
we lay off OA and OB on the board, just imder the strings, equal to Pi 
and Ps, and complete the parallelogram OABC; then measure OC and com- 
pare its direction with Pt. We find that OC equals Pz (by scale), and is 
colinear with Pt. 

To test the law for forces having different points of application, the 
apparatus shown in Fig. 6 might be used; it consists of a tub of water, 
a floating drawing board, three smoothly running pulleys, three weights 
(PTi, TTsi and Wz), and three cords. Nails are driven into the drawing 
board at any points ^1, Nz, and Nz] the weights are then suspended by 
cords passing over the pulleys, and tied to the nails as shown; then if 
each weight is less than the smn of the other two, the board, if not too 
laige, will move about and assume a position of rest without touching 
the tub. In such position, the forces acting on the board are its weight 
(or gravity), pressure of the water, and the three pulls (Pi, Pt, and Pa) 
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practically equal to TFi, W2, and PTi respectively. Obviously the first two 
forces balance each other; therefore the three pulls also balance, and so 
the resultant of Pi and P2 is equal and opposite to and colinear with Pf 
We next determine the resultant R of Pi and P2 by the parallelogram law: 
extend the lines of action of the pulls Pi and Pi to their intersection O; 
from there lay off OA and OB equal (by some convenient scale) to Pi and 
Pj; complete the parallelogram OABC. Then OC represents P; on compari- 
son it will be found, as before, that OC is equal and opposite to and colinear 
with Ps, and hence OC does represent the magnitude and line of action of 
P. Since P|, and hence P, passes through (the intersection of Pi and 
P2), this experiment emphasizes the fact that the line of action of the re- 
sultant of two concurrent forces passes through their point of concurrence. 
The point of application of R might of course be taken anywhere in OC or 
its extension; for, so taken, R obviously would balance Pa.* 

The Triangle Law. — If two concurrent forces acting on a rigid body be 
represented in magnitude and direction by ^4^ and BC, then their resultant 
is represented in magnitude and direction by the side AC of the triangle 

^ By using accurate apparatus the foregoing tests for verifying the parallelogram law 
can be made very accurately. Such verifications are as satisfying to many students as 
" mathematical proof." What about such proof? Some writers assert that the law is 
fundamental, and not susceptible of deduction from anything more simple and obvious 
than the law itself. But many deductions or proofs have been proi)osed. All necessarily 
depend upon one or more axioms or statements whose truth is justified by experience. We 
give a proof based upon a prindple of moments (Art. 5) which most students readily 
grant as axiomatic or justified by their experience. The prindple is that the moment of 
the resultant of two concurrent forces about any point in 
their plane equals the algebraic svan of the moments of the C^«^ 

two forces about the same point. Let P and Q denote the / '*'**^,^^ ^ 

two concurrent forces and R their resultant. Suppose that T 

P and Q act in OA and OB respectively (Fig, 7) — the 
body upon which they act is not represented — and let the A 

lengths OA and OB represent the magm'tudes of the forces ^/ 
P and G to some scale, that is Oil + OB * P -5- (?. OABC / 
is a parallelogram, and CDfCEj BF,and BG respectively / > 

are perpendicular to OA, OB, OA, and OC. Now the mo- l^ 

ments of P and Q about equal zero; it follows from the ^ p" A " D 

prindple of moments that the moment of R about O equals p^Q y 

xao also, and hence the line of action of R passes through 

O. Now the area of the parallelogram is OA X CD; also OB X CE. Hence, OA + OB 
'^CE-i- CD; and P -i- Q ^ CE -i- CD, or P X CD ^ Q X CE; that is, the moments 
of P and Q about C are equal. But these two moments are opposite in sign, and so thdr 
algebraic sum equals zero. It follows from the prindple of moments that the moment 
of R about C equals zero, and hence the line of action of R passes through C. The momenta 
of P, Q, and R about B are respectivdy, P X BF, o, and R X BG; then, according to the 
prindple of moments, R X BG ^ P X BF, ot R -i- P ^ BP -^ BG. The area of the paral- 
Idogram is OC X BG; also OA X BF. Hence, OC •¥ OA '^ BF -^ BG; and from the last 
proportions R -i- P *» OC-hOA; that is, OC represents R according to the same scale that 
OA rqvesents P, 
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Fig. 8 



ABC. For^example, let two forces of 2 and 1.2 tons be applied at i and 2 
(Fig. 8) as shown. li AB and BC be drawn anywhere in the directions 
of these forces, and AB and BC be made equal to the forces respectively, 

the;n AC gives the magnitude and the direction of the 
resultant; the line of action of the resultant is ac, — par- 
allel to AC and concurretU with the given forces. 

The resultant of two concurrent forces can be deter- 
mined without a scale drawing of a triangle or parallelo- 
gram. We sketch the triangle of forces roughly, and then 
solve the triangle for the length and direction of the side 
representing the resultant. For example, let the forces P 
and Q (Fig. 9) * equal 100 and 150 poimds respectively, 
and the angle between them be 60 degrees; required, 
their resultant R. Roughly, ABC is the triangle for the 
forces, AC representing the magnitude and direction of 
Rf and the angle ABC == 180® — 60° = 120*^. Then from 
the trigonometry of the triangle, R^ = 100* + 150* — 2 X 100 X 150 cos 120° 
= 47,500, or jR = 218.3; ^so sin CAB/sin 120° = iso/R, or CAB (the angle a 
between R and P) = 36° 35'. Employing the 
foregoing method, the following general form- 
ulas may be worked out for determining the 
magnitude and direction of the resultant, — 

R^^P^ + Q^+2PQcos<l>; 

sina = sin • Q/R, and sin /? = sin • P/Rf Fig. 

where 0, a, and fi are the angles marked in Fig. 9. When the two forces 
P and Q are at right angles to each other (0 = 90 degrees), then 

Ri = P^ + Q\ and t3Jia = Q/P. 

i 2. Resolution of a Force into Concurrent Components can be 
accomplished by appl3dng the triangle or parallelogram law inversely. Thus, 
let it be required to resolve the force F (Fig. 10) into two components. We 
draw AB anywhere equal (by some scale) and parallel to F; join any point C 
with A and B, and draw lines through any point in ab parallel to AC and 
BC] then AC and CB represent the magnitudes and directions, ac and cb 
the lines of action of two forces equivalent to F, that is, components of F. 
For the resultant of these two component forces is F, as shown by the tri- 

* For convenience and clearness of figure, a subdivided square (or rectangle) will herein- 
after represent a machine, or structure (derrick-boom, bridge, etc.), on which the forces 
under discussion act. If he prefers, the student might regard the subdivided square as 
representing a drawing board or some other definite object suggested by the square. It 
is important that he should have in mind the fact that forces act only on material things 
(bodies), and that the lines of action of the forces represented in any given figure are 
definitely related to the body on which the forces act. 





AST. 4 



II 



angle law applied directly. Since C was taken at random, it is plain that a 
given force can be resolved into many different pairs of components. 

If conditions be imposed on the components, the resolution is more or 
less definite. Thus, let it be required to resolve F (Fig. .11), equal to 350 
pounds, into two components, one of which must act along the left-hand edge 
of the board and the other through the lower right-hand comer. Since the 
three forces must be concurrent, the second component must act through 
point I ; so we make AB equal and parallel to F and draw from A and B 
lines parallel to the two components; then AC and CB represent the values 
(200 and 320 pounds respectively) and the directions of the components. 

An important case of resolution is that in which the components are at 
right angles to each other. Each is called a rectangular component or re- 
solved part of the force. Rectangular components can generally be com- 
puted more easily than by geometrical construction. Let F (Fig. 12) be 
the given force to be resolved into horizontal and vertical components, the 
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angles between F and the components being a and fi respectively. From 
ABC^ a sketch of the triangle of resolution, not necessarily a scale drawing, 
it is plain that the desired components equal F cos a and Fcosfi respectively. 
And always 



the rectangular com-^ 
ponent of a force 
along any line 



_ rthe magnitude 1 
lof the force 



;x 



'the cosine of the 
acute angle between 
.the force and that line. 



The components of a force along two rectangular coordinate axes x and y 
are called the x and y components of the force respectively; they will be 
denoted by F, and F^. 

4. Composition of Concurrent Forces 

In the preceding article we showed how to determine the resultant of two 
concurrent forces; in this article we show how to determine the resultant 
of any number of such forces. 

§ I. CoPLANAR Forces. — Graphical method. By means of the paral- 
Idipgiam or triangle of forces (Art. 3) find the resultant £' of any two of 
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the forces of the given set; then find the resultant R" of any other given 
force and R') then the resultant of another given force and R"\ and so on 
until the resultant of all is found. Thus, suppose that the resultant of Fi, 
Fj, Fs, and F4 (Fig. 13) is required: Taking the given forces in the order 
in which they are numbered, say, we first draw AB parallel to Fi and equal 
to Fi by some convenient scale, then BC in the direction of and equal to 
Ft; [then AC gives the magnitude and direction of R'y the line of action of 
R' passing through parallel to AC. Next we draw CD in the direction of 





Ft and equal to Fz\ then AD gives the magnitude and direction of j^'', the 
line of action of R" passing through O parallel to AD. Next we draw DE 
in the direction of and equal to F4; then AE gives the magnitude and 
direction of R'"^ the line action of i?'" passing through O parallel to AE. 
Of course the lines -4C, AD, R', and R" are not really essential to the solu- 
tion; they were drawn here and referred to only for explanatory purposes. 
The force polygon for a set of forces is the figure formed by drawing in 
succession and continuously lines which represent the magnitudes and 
directions of those forces. A force polygon is not necessarily a closed 






Fig. 14 

figure; thus ABCDE, not including EA, is a force polygon for Fi, F2, Ft, and 
F4. Many force polygons can be drawn for a given set of forces, as many 
as there are orders of taking the forces; if there are n forces in the set, then 
1 . 2 • 3 • • • •n diflferent force polygons can be drawn. In Fig. 14 ad- 
ditional polygons ABCDE are shown for Fi, Fj, Fa, and F4 of Fig. 13; the 
lines AE represent the magnitude and direction of R. The bare con- 
struction for determining the resultant of a set of concurrent forces can now 
be stated thus: Draw a polygon for the forces; join the beginning and the 
end of the polygon, and draw a line through the point of conciurence of 
the given forces parallel to the joining line; the joining line, with arrow- 
head pointing from the beginning to end of the force polygon, represents 
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the magnitude and direction of the resultant, and the other line its line of 
action. 

Algebraic Method. — Choose a pair of rectangular axes of resolution, which 
let us call X and y axes, with origm at the point of concurrence of the forces 
to be compounded; then resolve each force into its x and y components 
at the origin, and imagine it replaced by them; the resulting system consists 
of forces in the x and in the y axes; next find the resultant of the forces act- 
ing in the x axis, and the resultant of those acting in the y axis; finally, get 
the resultant of these two rectangular resultants; this is the resultant sought. 
For example, let it be required to determine the resultant of the six forces 
acting upon the 4 foot board shown in Fig. 15. The 
computations in outline are scheduled below. The 
values of the angles which the several forces make 
with the horizontal were computed from dimensions in 
the figure; the sum of the x components is + 3.40, 
and that of the y components is —7.22 pounds. The 
signs of the sums indicate respectively that the x com- 12157-^ 
ponent of the resultant R acts toward the right and 
the y component downward; hence the resultant acts 
to the right and downward. The angle which j^ makes with the horizontal 
is tan~* (7.22 -r- 3.40 = 2.123) = 64° 47'« The value of the resultant is 

* = V3«4o* + 7.22* = 7.98 pounds. 
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Site. 



F 


a 


oosa 


sina 


Pm 


Py 


8 

4 

6 

xa 

7 
5 




63^ 26' 
36^ 52' 
90** 
14° 2' 


z. 

0.707 
0.447 

0.800 

0. 

0.970 


0. 

0.707 

0,894 

0.606 

I. 

0.242 


+8. 

+ 2.83 

-2.68 

—9.60 

0.00 

+4.8S 



+2.83 

+S.36 
—7.20 
—7.00 
— 1. 21 




4-3.40 


—7.22 



§ 2. NoNCOPLANAR FoRCES. — Before showing how 
to find the resultant of any number of such forces, we 
explain (i) how to find the resultant of three rectangular 
concurrent forces (lines of action at right angles to each 
other), and (2) how to resolve a force into three nonco- 
planar rectangular components. 

(i) If three noncoplanar concurrent forces acting on^a 
rigid body be represented by OA^ OB, and OC, then their 
resultant is represented by the diagonal OD of the par- 
allelopiped OABC (Fig. 16). (This is called the parallel* 
0piped law, and OABC is called a parallelepiped ^^of forces.) For, according 
to the parallelogram law, OC' represents the resultant of two of the forces OA 
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and OS, and OD represents the resultant of OC' and the third force OCj and 
(hence, also) the resultant of the three given forces. This law leads to a 
simple algebraic method for finding the resultant when the three forces are 
rectangular (at right angles to each other). Thus, let Fi, Ft, and Fz (Fig. 17) 
be the three forces, R their resultant, and ^1, ft, and ft the angles between R 
and the forces respectively; then 

«« = Fi« + F,« + F,«, 

cosei-Fi/R, cosft = Fa/i?, cosft = F|/iJ. 

For the resultant of Fi and Ft (represented by 0C\ Fig. 17) equals 
(Fi«+F2*)i, and hence i?* = (Fi« + F2*) + F.^; also the triangles ODA, 
ODB, and ODC are right-angled at A, B^ and C respectively, and hence 
cos ft = OA/OD = Fi/iR, cos ft = OB/OD = Fj/iR, etc. 

(2) A force can be resolved into three noncoplanar concurrent forces by 
applying the parallelopiped law inversely. Thus, let OD (Fig. 18) represent 
the given force F; first, construct any parallelopiped of which OD is a 
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Fig. 19 



diagonal; then the three edges intersecting at represent forces equivalent 
to the given force because the resultant of these three forces is, according 
to the parallelopiped law, represented by OD. Inasmuch as many paral- 
lelopipeds can be constructed on OD as diagonal, many sets of three forces 
equivalent to the given force can be found. 

The practical case is resolution into components along three definite 
rectangular axes; then there is only one set of components. The com- 
ponents may be foimd quite simply by an algebraic method: thus, let F 
(Fig. 19) be the force to be resolved, a, /3, and y the angles between F and 
the axes, and F„ Fyy and F. the x, y, and z components respectively; then, 
since OX, OY, and OZ are projections of OD on the rectangular axes, 

F, = Fcosa, Fy = Fcosft F, = Fcos7. 

Sometimes the direction of the force F to be resolved is given by means of 
two angles, one being the angle between F and one of the desired compo- 
nents, and the other being the angle which the projection of F on the plane 
of the other two components makes with one of those two, as for instance 
a and ^ (Fig. 19). Then F may be resolved best in this way: first, resolve 
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it into two components F cos a (along the x axis) and F sin a (in the plane of 
the y and z axes), and then resolve. F sin a into components along the y 
and z axes, that is, F sin a sin and F sin a cos ^. 

Any number of noncoplanar concurrent forces can be compomided 
graphically by means of their force polygon, but this method is not practi- 
cable generally, because the polygon is not a plane one; however, it could 
be drawn in " plan and elevation '' so as to fiunish the resultant sought. 
The algebraic method is preferable; it is carried out as follows: First, 
select three rectangular axes of resolution (here called x, y, and z), with 
origin at the point of concurrence of the forces to be compounded; next 
resolve each force into its x, y, and z components, and imagine it replaced 
by them, thus arriving at a set consisting of forces acting in the axes; then 
find the resultants of the forces in the x, in the y, and in the z axis; finally, 
compound these three resultants, thus finding the resultant sought. 

For example, let it be required to determine the resultant of the four 
forces acting on a 4 foot cube (Fig. 20). The forces are concurrent at O; 
the 10 and the 15 poimd forces act through quarter 
points of certain edges as shown. The x, y, and z 
components of the 18 and 40 pound forces are ob- 
viously as scheduled adjoining. Since the 15 pound 
force is perpendicular to the x axis, its x component 
equals zero; and since the angle which that force 
makes with the z axis = tan~* f = 36** 52', its y 
and z components are 15 sin 36^ 52' == 9, and 15 
cos 36° 52' = 12 poimds respectively as scheduled. 
The components of the 10 poimd force were de- 
termined as follows: Since Fa = 5 and FO = 4 feet, the angle which the 
10 pound force makes with the y axis is tan"* | = 51° 20'; the y component 
of the force equals 10 cos 51° 20' = 6.25 as scheduled, and the other rec- 
tangular component (in the zx plane) equals 10 sin 51^ 20' = 7.81 pounds. 




Fig. 20 
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The angle which this component, acting in Ob, makes with the z axis equals 
tan"* I = 36*^ $2'; hence the x and z components of the 10 pound force 
equal respectively 7.81 sin 36*^ 52', or 4.69, and 7.81 cos 36® 52', or 6.25 
pounds. The value of the resultant is 

R » V13.31* + 15.25* + 21.75* = 29*7 pounds. 
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The signs of the sums of the x, y, and z components show that. the result- 
ant R acts toward the right, downwards and forward. Its angles with the 
X, y, and z axes are respectively: cos~^ (13-31 -^ 29.7) = 63°; cos~^ i^S'^S "^ 
29-7) = 59""; cos-^ (21.7s -^ 29.7) = 43°. 




5. Moment of a Force; Couples* 

§ I. The Moment or Torque of a force with respect to a point is the 
product of the magnitude of the force and the perpendicular distance be- 
tween its line of action and the point. The perpendicular distance is called 
the arm of the force with respect to that point, and the point is called an 
origin or center of moments. Experience suggests the notion that the 
moment of a force with respect to a point is a measure of the tendency of 
the force to rotate the body about a line through the point and perpen- 
dicular to the plane of the force and the point. Such a notion can be 
verified quite accurately by means of a simple apparatus represented in 
Fig. 21. It consists of a board mounted on a horizontal shaft, a heavy body, 

and the pail which can be suspended [from the 

_^— . board; the shaft rests in ball bearings so that 

j^ j/^ j ^X^ ' practically no resistance to turning is exerted 

|||H [I 4niI|P ^^ ^^ shaft; the board, without the body and 

■^■^ "' ■" ' ' the pail, is well balanced so that gravity would 

not cause it to turn from any position. Now, 
let the pail containing shot]be hung from B, C, Z>, 
etc., in succession, the amount of shot being 
taken so that the heavy body will be supported, OA not being horizontal 
necessarily. Then in each case the turning effect of the pull at B, C, or 
D equals the turning efifect of the pull at A ; hence the turning effects of 
the pulls at B^ C, D, etc., are equal. And if the moments of these pulls 
(several weights of pail and shot) about O be computed, then those mo- 
ments will be f oimd equal too, and therefore moments are measures of turn- 
ing effects. 

It follows from the definition of moment that the unit moment is that of 
a unit force whose arm is a imit length. There are no one-word names for 
any of these imits of moment; the units are called foot-pound, inch-ton, etc., 
according as the imit length and force are the foot and the pound, the inch 
and the ton, etc. 

In a discussion involving the moments of several forces, it is generally 
convenient to give signs to the moments to indicate the directions (clock- 
wise or anticlockwise) in which the several forces turn or tend to turn 
the body to which they are s^plied about the origin in question. In this 
book, clockwise rotation is regarded as negative and anti as positive, and 
rotations are supposed to be viewed from the reader's side of the printed page; 

♦ See Art. 8 also. 
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thus the moment of the 200 pound force (Fig. 22) about is positive and 
about A negative. 

Principles of Moments. — If two sets of coplanar ^i^^^^^^^' 

forces are equivalent (Art. 2), then the moment-sum * 
for one set with respect to any point equals that for 
the other with respect to the same point. This will 
be granted as self-evident by most students; others 
may be convinced by this: Let Si and 5^ denote the 
two equivalent sets, and 3% a third set (coplanar with ^OOlba. ^ 

Si and 52) which could balance ^i, and hence also 52. yiq^ 22 

Since Si and Sz would balance, they together would not 
turn the body on which they act about any line; hence the moment-simis for 
5i and St with respect to any point in the plane are equal in value but 
opposite in sign. Likewise, the moment-sums for ^2 and S^ with respect to O 
are equal in value but opposite in sign. Therefore the moment-simtis for 5*1 and 
52 with respect to O, being equal to the same thing, are equal. It follows from 
the foregoing principle that the moment-sum for any set of coplanar forces 
with respect to any point in their plane equals the moment of their resultant 
with respect to that point. Also, the moment of a force with respect to a 
point equals the moment-simi of its components with respect to the same 
point, the components to be coplanar with the given force and the point. 

When the moment of a force about a certain point must be computed, 
and the arm of the force with respect to that point cannot be easUy de- 
termined, then the desired moment can be computed, more easily perhaps, 
from components of the force, by aid of the preceding principle. Thus, 
let it be required to compute the moment of the 100 poimd force (Fig. 
22) about O. The horizontal and vertical components of the force are 
req)ectively, 86.6 and 50 poimds; imagining them applied at A makes 
their arms 3 and 4 feet respectively, hence the desired moment equals 
— (86.6 X 3) — (50 X 4) = — 4S9«8 foot-pounds. Sometimes the components 
can be applied (in imagination) so that one passes through the origin of 
moments; then its moment equals zero and the desired moment equals the 
moment of the other component. Thus the horizontal and vertical compo- 
nents of the 200 pound force equal 89.4 and 178.8 pounds respectively; 
imagining them applied at C, their arms are o and 3 feet, and so the desired 
moment equals 178.8 X 3 = S36.4 foot-pounds, t 

^ " Moment-sum " means the algebraic stun of the moments of the forces of a system; 
torque of a set of forces means the same thing. 

t Some writers regard the parallelogram law (for forces) as fundamental, and deduce 
the principle of moments from the law. We give such a deduction of the principle for two 
forces, — namely, the moment of the resultant of two concurrent forces about any point in 
their plane equals the algebraic sum of the moments of the forces about the same point 
(Var^on's theorem). The theorem can be extended easily to any number of coplanar 
fbices, thus proving the prindple. 

Let P and Q (Fig. 24) be two concurrent forces acting — on a body not shown — in 
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§ 2. Couples (see also Art. 8). — Two equal and parallel forces which 
are opposite in sense may advantageously be considered together; so con- 
sidered, they are called a couple. By arm of the couple is meant the per- 
pendicular distance between the lines of action of the forces; by plane of 

the couple is meant the plane of those lines of action. The 
momeni or torque of the couple about any point in the plane of 
the couple is the algebraic sum of the moments of the forces 
' about that same point. This sum, or moment, including the 
sign, is the same for all origins in the plane. For, let F and P 
(Fig. 23) be the forces of the couple, AB being the arm; then 
the moments of the couple with respect to the origins a, b, and 
c are respectively: - F(Aa) + F{Ba) = F{AB)\ + F{Ah) - 
F{Bb) = F(i4B); and + F{Ac) + F{Bc) = F{AB). Since a, J, 
and c represent all possible origins, the proposition is proved. 
Since the origin of moments is immaterial, no reference is made to it in 
speaking of the moment of a couple. Moreover, the value of the moment is 
computed more simply than as stated in the definition, by multiplying the 
common magnitude of the forces and the ann of the couple. As just shown, 
the moment of the couple FF is positive; that is, the couple would turn the 
body, if free, counterclockwise about any axis perpendicular to the plane of 
the couple; obviously, the moment of the couple GG is negative. Sense of a 
couple refers to the way in which the couple would turn a body; thus we 
speak of a clockwise sense or a coimterclockwise sense. 

Two coplaner couples whose moments (including sign) are equal are 
equivalent. The following proof is in two parts; namely, (i) when the 
four forces of the couples are nonparallel, and (2) when they are paral- 
lel, (i) Let P1P2 (Fig. 25) be one given couple, and QiQi the other, their 
arms being p and q respectively; then Pp = Qq, We will show that the 
P couple would balance the reversed Q couple; it will follow that the 
given couples are equivalent. The area of the parallelogram ABCD = 
ADp = ACq\ therefore, since Pp = Qq, AD /AC = P/Q. That is, the sides 
of the parallelogram represent the forces P and Q\ and so the diagonal 
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the lines OA and OB respectively, and let R be their 
resultant. Also, let OABC be a parallelogram for the 
forces, D any origin of moments, and a, fi, and 7 the 
angles between OD and the forces respectively as 
marked. Now P sin a, Q sin /9, and jR sin 7 are the 
values of the components of P, Q, and R at right angles 
to ODy and it is clear from the figure that P sin a + Q 
sin /9 » jR sin 7. Multiplying through by ODy we 
get P • OZ? sin a + Q • 01? sin /3 = 12 • OZ? sm 7. But 
these terms are the moments of P, Q, and R respec- 
tively; hence the moment of R equals the sum of the 

moments of P and Q as stated. When D is between P and Q, then a slight modification in 
the proof is necessary. 
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AB represents the resultant of Qi reversed and Pi, and the diagonal 
BA represents the resultant of 0% reversed and Pz- Since the resultants are 
equal, opposite, and colinear they bailee, and so the P couple and the 
reversed Q couple balance. Hence, etc. (2) When Pi, P2, Qi and Qt are 
parallel, and the moments of the two couples are equal, then each couple is 
equivalent to some third couple, the forces of which intersect Pi, Pj, Qi, 
and ft, according to (i). Therefore they are equivalent to each other. 

§ 3. A Force and a Couple. — The resultatU of a coplaner force and couph 
is a single force; the resultatU is equal to and has the same direction as the force, 
and its momeni about any point on the given force equals the moment of the couple. 
Proof follows: 

Let F (Fig. 26) be the given force, and P1P2 the given couple. (If the 
forces of the given couple are parallel to F, then imagine the couple shifted 
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unto they are not so parallel.) Now suppose tlmt AB and BC represent 
the magnitudes and directions of Pi and F respectively; then AC repre- 
sents the magnitude and direction of the resultant of those two forces. 
(The line of action of the resultant is R\ parallel to AC and through the in- 
tersection of Pi and P.) Let CD equal AB; then AD represents the magni- 
tude and direction of the resultant of 'R' and P2, and hence of the three 
forces Pi, F, and P2. But AD is equal and parallel to BC; hence this final 
resultant is equal and parallel to F. (The line of action of this final resultant 
is Rf parallel to BC and through the intersection of R' and P2.) Since R is 
equivalent to P, Pi, and P2, its moment about any point of F equals the sum 
of the moments of P, Pi, and P2 about that point; but P has no moment 
about such point, and hence the moment of R equals the sum of the moments 
of Pi and P2 (the moment of the couple). 

It follows from the foregoing that a force R can be resolved into a force equal 
and parallel to R, and a couple whose moment equals thai of R about any point 
on the component force. Thus the moment of the couple component depends 
on the line of action chosen for the force component. Independent proof 
of this proposition follows: 
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Let R (Fig, 27) be the force to be resolved, and a point through which 
the line of action of the force component is to pass. Fiist we resolve R 
into two concurrent componetits, one of which 
*\Q ^Cs passes through O; take any point on £ (as a) 

for the point of concurrence and any direction 
(as at>) for the line of action of the second com- 
ponent. These components we call Ci and Ct 
" ""Cj " respectively. To determine Ci and Ct, we draw 

g _ AB to represent R, and AC and BC parallel 

""""^ ^v to Ci and Cj respectively; then AC = Ci, and 

^ C5 = Cj. Next we resolve Ci at O into two 

\ components parallel to Cj and R, which com^ 

^ _ _ \n Poi^°*s we call C« and d respectively. To 
determine C» and d, we draw from A a line 
'°' ^' parallel to C( and from C a line parallel to d, 

and so locate Z?; then AD = Ct, and DC = C*. Obviously now Cj, Q and 
C« are equivalent to R, that is, they are components ot R; and as required 
Ci passes through 0, and Ca and Cj (equal, parallel, and opposite) constitute 
a couple. Moreover, according to the principle of moments, the moment of 
R about any point on C4 equals that of 
Ct, Ct, and C4 about that point; but the 

moment of d equals zero, hence, etc.* f 

\\ 
6. Graphical Composition of Coplanar \ 

IfoQcoDcuirent Forces 
§ 1. First Method. — When the forces \ V ' 

to be compounded are not parallel nor V 

nearly so, then we compound any two of \ 

the forces, next their resultant and the 
third force, that resultant and the fourth 
force, and so on until the resultant of all f r 

the forces has been found. For example, 
consider the forces acting on the retaining wall shown in section in Fig. 38; 

• (i) Covipositum of a Farce and a Couple and (j) Resolution of a Farce into a Force and 
a Couple can be performed also as EoUows (student should supply figure): (i) Replace the 
couple by an equivalent couple whose Forces equal the given force, and place the couple so 
that one of its forces is colinear with and opposite to the given force. These two forces 
balance i the other force of the new couple remains, and it is^the resultant sought. (Study 
of the steps in the process shows that the resultant force is equal and parallel to the original 
force, and that the moment of the resultant about a point on the line of action of the original 
force equals the moment of the couple.) (2) Apply two forces at the given point equal and 
parallel to the given force and opposite to each other. These two forces abng with the 
given force caji be grouped into a force and a couple, and they (the force and couple) are 
the components sought. (Study of the steps of the process shows that the component 
force is equal and parallel to the given force, and the moment of the couple equals that ol 
the given force about the given p<nnt.) 
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they consist of its own weight (16,000 pounds per foot of length), the earth 
pressure on the back (6000 pounds), that on the top of the base (9000 pounds), 
and that on the bottom of the base. The resultant of the first three forces 
will now be determined. We draw AB and BC to represent the 6000 and 
the 16,000 pound forces, and then join A and C; AC represents the magni- 
tude and direction of the resultant of the two forces, and the line marked 
R' (parallel to AC and through point i) is the line of action of that resultant. 
We next draw CD to represent the 9000 pound force, and join A and D\ 
AD represents the magnitude and direction of the resultant of R' and 9000 
(and hence also of the three given forces), and the line marked R (through 
point 2 and parallel to AD) is the line of action of that resultant. 

It may be noted that the magnitude and the direction of the resultant is 
found just as for concurrent forces (Art. 4). For nonconcurrent forces it 
is necessary to draw the lines of action of the intermediate resultants 
(/?', R'\ etc.), in order to find the line of action of the final resultant, lines 
which are unnecessary when compounding concurrent forces. 

When the forces are parallel or nearly so, the foregoing method fails 
because there is no accessible intersection of the lines of action of two 
given forces through which to draw the line of action of the first resultant. 
This difficulty can be met as follows: Introduce into the given s)rstem 
two equal, opposite, and colinear forces, which will not change the resultant, 
taking their common line of action somewhat across those of the given 
forces; then use the first method, compounding first any pair of forces 
whose intersection is accessible, etc. 

§ 2. Second Method, applicable to any coplanar forces. — We first re- 
solve each force into two concurrent components, resolving in such a way 





that these components, excepting one of the first force and one of the last 
force, balance or destroy each other; these two remaining components 
are, in general, concurrent, and so we readily find their resultant, which is 
also the resultant of the given forces. For example, let Fu F%, F», and Pa 
(Fig. 29) be the forces to be compounded. First we draw a force polygon 
for the given forces, taking them in any convenient order, as ABCDE; 
then we take any convenient point O as the common vertex of the tri- 
angles of resolution. AO and OB represent two components of Fi in mag- 
nitude and direction, BO and OC two components of Ft, etc.; thus this 
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resolution gives several pairs of equal and opposite components, OB and 
BOf OC and CO, OD and DO. The components of Fi are taken to act 
through point i, those of F^ through 2, those of Fz through 3, etc., the 
first point, i^ being taken at pleasure on Fi, point«2 where ob intersects Fs, 
point 3 where oc intersects Fi, etc. Thus the components OB and BO are 
colinear and they balance; likewise OC and CO, and OD and DO. Only the 
first and last components AO and OE remain; their resultant is represented 
by i4£ in magnitude and direction, and its line of action is ae (parallel to 
AE through the intersection of ao and oe). 

The common vertex of the triangles of resolution O (Fig. 29) is the pole 
of the force polygon; the lines from the pole to the vertexes of the force 
polygon, OA, OB, OC, etc., are rays; the line of action of the several forces, 
oa, ob, OC, etc., are strings which, considered collectively, is the siring or 
funicular polygon (also called equilibrium polygon, especially when the given 
forces are balanced or in equilibriimi). The rays are sometimes referred 
to by number, OA being the first, OB the second, etc.; likewise the strings. 

In using this second method, the beginner had best reason out the vari- 
ous steps of the construction somewhat as in the foregoing. After some 
practice he might use the following aids: (i) The two strings intersecting 
on the line of action of any force are parallel to the ra3rs drawn to the ends 
of that side of the force polygon corresponding to that force, thus the strings 
intersecting on be are ob and oc. (2) The string which joins points in the 
lines of action of any two forces is parallel to the ray which is drawn to 
the common point of the two sides of the force polygon corresponding to 
those forces, or, the string joining points on be and cd is parallel to OC. 
(3) The bare construction in the second method is simply this: Draw a 
force and a string polygon for the forces, then draw a line from the begin- 
ning to the end of the force polygon and a parallel line through the inter- 
section of the first and last strings; the first line represents the magnitude 
and direction of the resultant (sense being from the beginning to the end of 
the force polygon), and the second line is the line of action of the resultant. 

This second method is not so simple in principle as the first, but in the 
second there is more opportunity for var3dng the construction to keep 
the drawing within convenient limits; thus the pole may be shifted, and the 
starting point of the string polygon may be taken anywhere on any of the 
given forces. Though many string polygons may be drawn for a given set 
of forces, all determine the same line of action of the resultant; that is, the 
intersections of the first and last strings of all string polygons lie on one 
straight line, the line of action of the resultant. 

§ 3. When the Force Polygon Closes. — It may seem, at first thought, 
that the resultant vanishes, or is zero; in general, this conclusion would 
be wrong, the system actually reducing to a couple. Thus, let Fj, Ft, Fj, 
and Fi (Fig. 30) be a force-set whose force polygon ABODE closes; using 
the first method for compounding, we find that the resultant R" of the 
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fiist three forces is given by AD in magnitude and in direction, and ad 
is its line of action; hence R'' is equals opposite, and parallel to Fi, and so 
the given force-set reduces to a couple (J?", Fi). The arm of this couple is 
the perpendicular distance between Fi and R", and so the moment of the 
couple is the product of Fa (or J?") and the arm (according to the scale 
of the space diagram); the sense of the couple, clockwise, is apparent from 
the relative positions and directions of the forces of the couple as seen in 
the space diagram. In Fig. 31 the composition has been made by the 
second method; the S)rstem reduces to the two components AO (acting in 
ao) and OE (acting in oe). These components are equal, opposite, and 
parallel, and so the given force-set reduces to a couple. The arm of the 
couple is the perpendicular distance between the first and last strings, ao 
and oe; the moment of the couple is the product of OA or EO (according 
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to the scale of the force diagram) and the arm (according to the scale of 
the sspace diagram); the sense is apparent from the space diagram. 

The length of the arm and the magnitude of the forces of the couple 
depend on the order in which the forces are taken in the force polygon, in 
the first method; and upon the position chosen for the pole 0, in the second 
method. But the moment of the couple is independent of all these vari- 
ations. This fact may be verified by actually compounding a certain force- 
set (whose force polygon closes) in several ways, making all these different 
variations and thus arriving at different couples. The couples are all 
equivalent to the same force-set and so equivalent to each other, and 
hence their moments are equal (Art. 5). 

7« Algebraic Composition of Coplanar Nonconcurrent Forces 

§ I. Parallel Forces. — If the forces be given sign, those in either direc- 
tion bemg called positive and those in the other negative, then the alge- 
braic sum of the forces gives the magnitude and sense of the resultant, the 
sign of the sum indicating the sense of the resultant. Accordmg to the 
principle of moments (Art. 5), the moment of the resultant about any point 
equak the algebraic sum of the moments of the forces about that point, and 
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this requirement fixes the position or line of action of the resultant. For 
example, let us find the resultant of the four forces acting on a lo foot 
board, as shown in* Fig. 32. Calling upward forces positive, the alge- 
braic sum is + 20 — 40— 50 + 30 =—40; hence the resultant equals 40 
pounds and acts downward. The algebraic sum of the moments of the 

forces about the left end of the 
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board, say, is o — 120 — 350 + 270 = 
— 200 foot-poimds, and hence the 
moment of the resultant also is — 200 
foot-pounds; this fixes the arm of the 
resultant, 200 -s- 40, or 5 feet. Since 
the resultant acts downwards and its moment about the origin is negative, 
its line of action must be to the right of the origin, 5 feet. 

To find the resultant of two parallel forces (a common problem), we 
may of coiurse use the general method just explained, but the foUowin' 
special results are worth noting. We distinguish two cases: (i) the two 
forces are alike in sense; (2) they are opposite. In (i) the resultant equals 
the sum of the forces and agrees with them in sense; in (2) the resultant 
equals the difference between the two 
forces and agrees with the larger in 
sense. In order that the moment of 
the resultant R may equal the sum of 
the moments of the forces, P and Q 
(Fig. 33), then, in case (i), R must lie 
between the forces, and in case (2) out- 
side of them and adjacent to the larger force (assumed to be P in the figure). 
Furthermore, if the distances from R to P and Q be called p and g respec- 
tively, and that between P and Q be a, then in either case, Rp = Qa and 
Rg = Pa, or p = Qa/R and q = Pa/R 

either of which definitely fixes the position of R. Also for either case, Pp 
= Qg or P/Q = g/p; hence 

P/Q = BC/AC, 

that is, the line of action of the resultant of two parallel forces divides any 
secant intersecting their lines of action into two segments which are inversely 
proportional to the two forces. 

If the algebraic sum of a set of parallel forces equals zero, then it may 
appear to the student that their resultant vanishes or is zero; this does 
not follow, but the resultant actually is in general a couple. For the re- 
sultant of aU but one of the given forces is a single force equal, opposite, 
and parallel to the onutted one; but these two are not in general colinear, 
and so they constitute a couple, the resultant of the system. The couple 
arrived at depends on which one of the given forces is omitted, but the 
moment of the couple does not, for that couple is the resultant of the set^ 
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and the moment equals the algebraic sum of the moments of given forces^ 
a definite quantity. For example, let us find the resultant of the five 
forces acting on a lo foot board, as shown in Fig. 34. Their algebraic sum is 
zero, and so their resultant is, presumably, a couple. Compounding all but 
the 40 poimd force, we find that their 
resultant equals 40 poimds, acts down- 
ward, 7.5 feet to the right of the left 
end of the board, and so the resultant 
is a couple whose moment is + (40 X 
2.5) = +100 foot-pounds. 

Instead of actually determining the forces of the resultant couple as 
explained, it is usually sufiScient to determine the moment of the result- 
ant couple; this moment equals the algebraic sum of the moments of the 
given forces about any point. Thus, in the preceding example, after ascer- 
taining that the resultant is a couple, we compute the moment-siun for the 
given forces, with moment origin at the middle of the board, say, or (20 X s) 
- (60 X 3) + (30 X i) — (so X i) + (40 X 5) = +100 foot-pounds; and 
then conclude that any couple whose moment equals -f-ioo foot-pounds 
may be regarded as the resultant of the system. 

§ 2. NoNPARALLEL FoRCES. — As shown in Art. 6, the resultant is in general 
a single force, given in magnitude and direction by the line joining the be- 
ginning and end of the force polygon for the forces. It follows, therefore, 
that the component of that resultant force along any line equals the alge- 
braic siun of the components of the given forces along that line. From this 
principle we can get the components of the resultant along any two rec- 
tangular axes; and from these components the magnitude and direction of 
the resultant itself can be readily det^mined by obvious means. Ac- 
cording to the principle of moments (Art. 5), the moment of the resultant 
about any point must equal the siun of the moments of the given forces about 
that point; and this requirement fixes the position or line of action of the 
resultant. For example, let us find the resultant of the six forces acting 

on a board, 4 by 4 feet, as shown in Fig. 35. The 
angles which the forces make with the horizontal and 
the arms of the forces with respect to the center of 
the board are recorded in colmnns 2 and 3 of the 
schedule on page 26; they could be computed trigono- 
metrically or could be scaled from a larger drawing. 
The X and y components of the several forces are 
recorded in colimms 4 and 5 respectively, and the 
moments of the forces with respect to the center of 
the board in column 6. The algebraic smns of the x 
and the y components are +3.40 and —7.22 poimds respectively; hence 

R = V340' + 7.22* = 7.98 pounds. The signs of the sums indicate that R 
acts toward the right and downward; the angle which R makes with the 
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horizontal is tan"* (7.22 -5- 3.40), or 64® 47'. The sum of the moments is 
— 14.14 foot-pounds; and, since the moment of R also equals —14.14, R lies 
on the right-hand side of the origin of moments (the moment being negative), 
and its arm is 14.14 -^ 7.98 = 1.77 feet. Thus, R has been completely 
determined. 
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The moment-sum (—14.14) may be determined also — more simply in 
this example — by adding the moments of the x and y components of the 
several forces (Art. 5). This method requires that we take definite lines 
of action for all the components. Of course any force and its x and y com- 
ponents must be concurrent (Art, 3). We take the heavy dots (Fig. 35), 
as the points of conciurence; then the arms of the x components of the 
forces respectively with respect to the center of the board are as recorded 
in column 7, and the arms of the y components are as recorded in col- 
umn 8. The moments of the x components and of the y components are 
recorded in colunms 9 and 10 respectively. The sums of the moments of 
the X components and of the y components are —25.18 and +11.06 foot- 
pounds respectively, and hence the moment-sum for the given forces is 

— 25.18+ 11.06 = — 14.12. 

If 2JF, and 2Fy for a force-set both equal zero, then any force polygon 
for the forces would dose; hence the resultant of the forces is a couple 

(Art. 6). Any couple whose moment equals the alge- 
braic sum of the moments of the given forces about 
i^bs. any point may be regarded as the resultant. For ex- 
ample, let us find the resultant of six forces acting on 
a drawing board 4 by 4 feet, as shown in Fig. 36. In- 
spection shows that the algebraic sums of the x and 
the y components equal zero, and so the resultant 
is a couple. Taking moments about the lower left- 
hand comer, we get XM= —60 X 1.414 — 20 X 1.414 

— 18X3— 12X1 = ""^79 foot-pounds, and this is also the value of the 
moment of the resultant couple. 

If the forces consist of a niraiber of couples, then 2F, = 2Fy = o, and 
the resultant is a couple. But the simi of the moments of these forces 
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about any point equab the sum of the moments of the couples; hence any 
couple whose moment equals the sum of the moments of the given couples 
may be regarded as the resultant. 

8. Moment of a Force; Couples* 

§ I. Moment about a Line. — Art. 5 relates to moments of forces and 
to couples with special reference to coplanar forces and couples. In some 
discussions on noncoplanai forces it is convenient to make use of the moment 
or torque of a force with respect to a line; this is defined as the product 
of the component of the force perpendicular to the 
line — the other component being parallel to it — 
and the distance from the line to the perpendicu- 
lar component, or to the force (the distances being 
equal). For example, let F (Fig. 37), acting on a 
body not shown, be the force, and LL' the line, or 
axis of moments as it is called. MN is any plane 
perpendicular to the axis, represented to make the 
figure plain. OACB is a parallelogram with OC 
(representing F) as diagonal, and sides pen)endicu- . -pia. 37 

lar and parallel to LL'; then OA and OB represent 

the perpMidicular and parallel components (Fi and Pi) referred to; and the 
moment of F about LL' is the product of Fi and PL. 

The moment of a force with respect to a line is a measure of the tendency 
of the force to turn the body to which the force is applied about that line. 
Thus, when the force is parallel to the line the moment b zero, and obvi- 
ously the force has no tendency to turn the body about the line. Again, 
when the force is perpendicular to the line the moment of the force about 
the line equals the product of the force and the perpendicular distance 
frcnn the line to the force, and it is shown in Art. 5 that this product meas- 
ures the tendency of the force to turn the body about the line. Finally, 
when the force F is not parallel nor perpendicular to the axis of momenta 
(Fig- 37)1 then Fi and Fa together are equivalent to F, and their combmed 
turning effect equab that of F. But Ft has no turning effect; therefore 
that of Fi and that of F are equal. But it was explained that Pi X LP 
(the moment of Fi) measures the tumii^ effect of Fi, and therefore that 
product also measures the turning effect of F. 

In a discussion involving moments of several forces about a line, it is 
generally convenient to give signs to the moments to indicate the directions 
(dockwise or counter) in wliich the several forces would turn the body 
about the line if it were free to rotate about that Ime. Whether a given 
rotation is clockwise or counter depends on the point of view; in a jkit- 
ticular discussion a pomt of view ^ould be assumed on the line or axis' of 
moments and outside of the body, so that all rotations would be seen look- 
ing in the same direction. When the axis of moments is also an axis of 
• See Art. s also. 
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coordinates, then it is customary to view rotations about that axis from 
the positive end of the coordinate axis, looking in the negative direction. 

Principle of Moments, — If two sets of forces are equivalent (Art. 2), 
then the moment-sum for one set with respect to any line equals the mo- 
ment-sum for the other set with respect to the same line. This will be 
granted as self-evident by most students; others may consider this: Let 
Si and St denote the two equivalent sets of forces, and 5a a third set which 
would balance ^i and hence also ^2. Since Si and St would balance, they 
would not turn the body on which they act about any line; hence the 
moment-sums for Si and 5s with respect to any line are equal in value but 
opposite in sign. Likewise, the moment-sums for S% and Ss with respect 
to that same line are equal in value and opposite in sign. The moment- 
sums for Si and ^2 being equal to the same thing, are therefore equal. 

It follows from the preceding that the moment-smn for any set of forces 
with respect to a given line equals the moment of the resultant of those 
forces with respect to the same line. Also, the moment of a force about any 
line equals the moment-sum of its components with respect to the same 
line. This last principle suggests a second method for computing the 
moment of a force with respect to a line, more simple than the hrst method 
in some cases: Resolve the force into three rectangular components, one of 
which is parallel to the axis of moments; compute the moment of each of 
the other two components about the axis, and add the moments alge- 
braically; this siun equals the moment of the given force. For an example, 
we compute the moment of a 100 pound force which acts upon a 4 foot 

cube as shown in Fig. 38, with respect to those 
edges marked X, F, and Z. The x, y, and z com- 
ponents of the force are 37.2, 74.2, and 55.7 pounds 
respectively (see Art. 4); these components must 
be concurrent with the given force. Taking A as 
the point of concurrence, the moments are com- 
puted as follows: —74.2 X 4 + 55-7 X 4 = ""74; 
-37.2 X 4 - SS-7 X 2 = -260; and 37.2 X 4 + 
74.2 X 2 = 297 foot-pounds. With point of con- 
currence taken at B or at any other point in AB, 
the same result would be obtained for the moment. 
§ 2. Couples (see also Art. 5). — Ttvo couples whose planes are parallel 
and whose moments, or torques, and senses are the same are equivalent. 
Proof of this proposition for coplanar couples is given in Art. 5; proof for 
noncoplanar couples follows. Let Pi and P2 (Fig. 39) be the forces of one 
couple, Qi and ft (not shown) the forces of the other, and p and q the arms 
of the couples respectively; then by supposition Pp = Qq. According to 
Art. s, the Q couple can be replaced by a couple in its own plane provided 
that the moment and sense of the new couple equals that of the Q couple. 
Let Si and ^2 be the forces of that replacing couple, Si and ^2 being chosen 
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parallel and equal to Pi and Pt; then the ann ab of the S couple equals p^ 
and abed is a parallelogram. We now show that the P couple would balance 
the reversed S couple; it will follow that the P and S couples are equiva- 
lent, and hence also the P and Q couples. The resultant R' of Pi and 
— 5i {St reversed) equals the resultant -R" of P% 
and — ^1 (Si reversed), and R' and R" are parallel 
and opposite in sense. Moreover, R' lies midway 
between Pi and St, and R" lies midway between 
Ps and Si; therefore each resultant acts through 
the center of the parallelogram abed, and hence 
they are colinear. The resultants therefore bal- 
ance, and hence the four forces Pi, Pt, — 5i, — 5t 
do also. Therefore, etc. 

The resuUatU of any number of couples is a eouple. Proofs of this prop- 
osition for the case of coplanar couples are given in Arts. 6 and 7. For 
the case of noncoplanar parallel couples: The given couples can be re- 
placed by equivalent ones respectively, all in some one plane; the result- 
ant of these is a couple, and hence the resultant of the given ones is also a 
couple. For the case of nonparallel couples: Imagine each of the two 
couples to be replaced by an equivalent couple, and let the four forces of 
the replacing couples be equal; furthermore, imagine the two new couples 
so placed (in their respective planes) that a force of one couple will balance 

a force of the other. See Fig. 40 (perspec- 
tive), which shows the two replacing couples, 
there marked PiFt and FtPii a is the angle 
between the planes of the couples. Since 
Ft and P4 balance. Pi and Ps, constituting a 
couple, are equivalent to Pi, Pa, Pi and P4 
and hence to the two original couples. 

The resultant of any coplanar or parallel 
couples can be determined very simply; the 
resultant is any couple parallel to the given 
couples, its moment being equal to the alge- 
braic sum of the moments of the given couples. The resultant of nonparaUel 
couples can be determined best from their vectors* by means of this proposi- 
tion, — The vector of the resultant of any number of eouples equals the sum 
of ike vectors of those eouples. Proof: Consider first two couples, say the 
two whose resultant was found in the preceding paragraph. Let ABC (Fig. 
41) be an end view of Fig. 40, looking along the line AA^; that is, ABC of 

* The vector of a given couple is perpendicular to the plane of the couple (exact posi- 
tion of vector immaterial) ; its length is equal to the moment of the couple according 
to some scale understood; and its sense agrees with the sense (rotation) of the couple 
according to some rule of agreement, as for example the following: Imagine the vector 
to be a right-handed screw turning with the couple; then the arrowhead on the vector 
point in the direction in which the screw advances. 
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Fig. 41 is ABC of Fig. 40 in true proportions. Then AM (perpendicular to 
-4-8), AN (perpendicular to AC), and AO (perpendicular to BC) are respec- 
tively the vectors of the two given couples and their resultant, provided that 
the lengths of the vectors are proportional to the moments of the'couples F/k, 
Ff2 and Ff; let the lengths be in that proportion. Vector AO is the sum 
of the vectors AM and AN, provided that OMAN is a parallelogram; we 
now show that it is a parallelogram. Angle MAO = fi; since in the tri- 
angle MAO and ABC two sides are proportional each to each and the in* 
eluded angles are equal, the triangles are similar; it follows that OM is 
perpendicular to AC, or parallel to AN. From similar reasoning, it fol- 
lows that ON is perpendicular to AB, or parallel to AM. Hence OMAN 
is a parallelogram. Obviously, if the proposition holds for two couples, it 
holds for any nimiber. 

Composition of three couples whose planes are mutually at right angles 
is an important special case. We take the three planes as coordinate 
planes, and call the couples whose planes are perpendicular to the x, y, and 
axes Cs, Cy, and G respectively, their vectors Vg, Vy and Vg, and the re- 
sultant couple C and its vector v. Then v = (vs^ + Vy^ + »,*)*; hence 

C = (C.« + Cy^ + C,^)*. 

Also, if 01, ^, and 0s denote the direction angles of v, then cos 0i = v^/v^ 
cos 0s = Vy/v, and cos 0s = Vm/v; hence 

COS01 = C»/C, cos02 = C|,/C, COS0S = C,/C. 

It follows from the preceding that a couple may be equivalent to two or 
more couples, which are therefore components of that couple; also, to re- 
solve a couple we have only to resolve its vector, the component vectors 
being the vectors of the component couples. The resolution of a couple 
into three components whose planes are mutually at right angles is an im- 
portant special case. Let C be the couple to be resolved and v its vector, 
and denote the direction angles of the vector by a, P, and 7, the coordi- 
nate planes having been taken to coincide with the planes of the desired 
component couples. Let C„ Cy, and C« denote the component couples, 
which are perpendicular to the x, y and z axes respectively, and Vx, Vy and 
Vg the corresponding vectors. Then Vz = v cos a,Vy = v cos P, and r« = 1? cos y; 

hence, 

Cx = C cos a, Cy = C cos ft Cm = C cos 7, 

9. Noncoplanar Nonconcurrent Forces 

§ I. Parallel Forces. — It is shown in Art. 7 that the resultant of any two 
parallel forces is parallel to those forces, and that its magnitude and sense 
are given by the algebraic sum of the forces, the sense being given by the 
sign of the siun. It follows that the resultant of any number of parallel 
forces, not coplanar necessarily, is parallel to the forces, and that its magni- 
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tude and sense are given by the algebraic sum of the forces (all forces of the 
same sense having one sign, and those of the opposite sense having the oppo- 
site sign). The line of action of the resultant may be fixed by means of the 
arms of the resultant with respect to two rectangular axes, each perpendicu- 
lar to the forces. Such arms can be computed readily from the principle 
that the moment of the resultant about any axis equals the algebraic siun 
of the moments of the forces about the same axis. 

For an example, we find the resultant of four forces which referred to a 
set of rectangular axes are described as follows: They are parallel to the 
s-axis; their magnitudes are recorded in the first column of the schedule 
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adjoining, the signs indicating the senses of the forces; their lines of action 
pierce the xy plane in points whose coordinates are recorded in the second 
and third columns. The algebraic sum of the forces is +50, and so the 
magnitude of the resultant is 50 pounds, and it acts in the positive z di- 
rection. The moments of the forces about the x and y axes are recorded in 
the last two columns respectively. The algebraic sums of these moments 
are —440 <uid —230 foot-pounds, as indicated. These smns are also the 
values of the moments of the resultant with respect to those axes; hence 
the resultant (acting in the positive direction) is below the x axis and to the 
right of the y axis at distances equal to 440 + 50 or 8.8, and 230 + 50 
= 4.6 feet respectively. 

If the algebraic sum of the forces equals zero, then their resultant is, in 
general, a couple. For the resultant of all the forces but one is a single 
force equal and opposite to that one; and, in general, that resultant force 
and the omitted force would not be colinear, and so they constitute a 
couple as stated. 

§ 2. NoNPAiuvLLEL FORCES. — A Set of uoucoplauar, nonconcurrent, non- 
parallel forces may be compounded, in general, into a force acting through 
any arbitiaiy chosen point and a couple. Proof follows: As explained in 
Art. 5, each force of the given s)rstem may be resolved into and be re- 
placed by a force acting through the chosen point and a couple. Sup- 
posing such a replacement made for each given force, then the new system 
consists of a set of concurrent forces at the chosen point and a set of 
couples; but the resultant of the concurrent forces is a single force acting 
through the chosen point (Art. 4), and the resultant of the couples is a 
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single couple (Art 8). This force and couple respectively will be denoted 
by R and C. 

We now show in detail how to determine R and C. Let Fi, Ft, Ft, etc. 
(Fig. 42, only Fi shown), be the forces of the given system acting on a 
body not shown; the point through which jR is to pass; and OX, OY 
and 0^ any convenient axes of reference. Let Pi and Qi, acting at O 
(Fig. 42), be equal and parallel to Fi; similarily, let Ft and Qt (not shown) 
act at O, and be equal and parallel to Ft; etc. Then the force Pi and the 
couple FiQi (Fig. 43) are equivalent to Pi (Fig. 42); the force Ft and the 
couple PjQi are equivalent to Ft] etc Now the axial components of Pi, 




Fig. 42 



Fig. 43 



Fig. 44 



Pi, Ft, etc, (the concurrent forces), are respectively equal to the axial com- 
ponents of Pi, Ft, Ft, etc. (the given forces); hence if SP„ SPy and 2P, 
denote the algebraic sums of the x, y, and z components of the given forces, 
then ij, = 2Fzy Ry = 2Py, and P, = 2P,; also 

R' = (2P.)* + (2P,)^ + (2P.)*. (i) 

And if $1, $tj and ft denote the direction angles of R, then 

cos $1 = 2P,/P, cos St = ^FjR, cos ft = 2P,/P. (2) 

These formulas determine P. To determine C: Imagine it resolved into 
three components whose planes are respectively perpendiciJar to the x^ 
y, and z axes (Art. 8), and denote the components and their moments by 
Cg, Cy, and C» (Fig. 44). Since the system R, C„ Cy, and C, is equivalent to 
the given system, their moments about any line are equal; hence C,=2M„ 
Cy = XMyy and C, = 21f«, where XMx, I^My, and 2Af, denote the moment- 
sums for the given system with respect to the x, y, and z axes respectively. 
Also, according to Art. 8, 

^ a = (2ilf.)' + (^Myy + (2ilf.)»; (3) 

and if ^, ^ and ^ denote the direction angles of the vector representing 
C, then 

cos ^1 = XMm/C, cos <^ = 2 if y/C, cos <h = 2M,/C. (4) 
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In general, R and C may be compoimded into two noncoplanar forces. 
For, as explained in Art 8, C may be shifted about without change of 
effect if only the direction of its plane be unchanged; assume such shift 
until one of the forces of C intersects R; then that force and R may be 
compoimded into a single force R'; there remain R' and the second force 
of C, and obviously R' and that force are not coplanar. These two cannot 
be compoimded; they are the simplest set equivalent to the given system, 
and therefore constitute the resultant of the given system. If the plane of 
C happens to be parallel to /?, then C and R can be compoimded into a 
single force, and the resultant of the given system is a single force. For 
shifting C about until C and R become coplanar, then they may be com- 
pounded readily into a single force (Art. 5). 

In general, the system of forces has a torque about every line through 0. 
There is one line which is of prime importance, the line about which the 
torque is greatest. The torque of the forces about that line is called the or 
resultant torque of the system (tor the chosen point 0). Since R has no 
moment about a line through O, the torque of the system about any such line 
equals the torque of C about that line. But the torque of C is greatest about 
a line perpendicular to the plane of C; this is the important line mentioned. 
The direction of this line is given by equations (4), and the resultant torque 
of the system by equations (3). The system of forces has no torque about a 
line through O parallel to the plane of C, (perpendicular to the line or axis of 
resultant torque) since R and C have no torque about such line. 
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FORCES IN EQUILIBRIUM 

10. Principles of Equilibrium 

§ I. Genebal Conditions of Equilibrium.— It is convenient in some 
discussions to distinguish forces as " external " or " internal/' meaning by 
external force one which is exerted on the body under discussion by some 
other body, and by internal force one which is exerted on a part of the body 
under discussion by another part. (The word body is used here in a broad 
sense to denote any definite portion of matter, as a locomotive, a bridge, the 
steam in a boiler, the water in a pond, etc.) For illustration, consider the 

crude crane in Fig. 45. It consists of three 
main members (AB, CD and DE), a pulley, a 
winding drum and a hoisting chain; it is sup- 
ported at A (ceiling) and at B (floor). The 
external forces acting on the crane consist of 
the weight of all the parts (exerted by the 
earth), the pull down on the hook (exerted by 
/Tt^X ^® load), the supporting force at A (exerted 

^Xx by the ceiling), and the supporting force at B 

(exerted by the floor). The members exert 
forces upon each other where they come to- 
gether, but these are internal forces with ref- 
erence to the whole crane. With reference to 
the crane post AB^ the external forces are its weight, the supporting force at 
i4, that at B^ the pressures on it at £, C, and the drum. All these are 
exerted on the post by something else, and so are properly called external 
forces. Any two adjacent portions of the post, fls the upper and lower 
halves, exert forces on each other, and these forces are internal with refer- 
ence to the post. 

All the external forces acting on a body at rest constitute a balanced 
S3rstem, and such system is said to be in equilibrium. Obviously, the re- 
sultant of such a S3rstem is nil, and this fact is sometimes called the general 
condition of equilibrium for any kind of a force system. The general con- 
dition implies subordinate conditions; thus, for any system whatever, 

(A) the algebraic sum of the {rectangular) components of all the forces along 

any line equals zero, and 
{B) the algebraic sum of the moments of all the forces about any line equals 




Fig. 45 



zero. 
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By means of (A) and (B) we can write many equations for any s)rstem in 
equilibriunL Thus, for a coplanar conciurent system, (-4) gives ZFx = o, 
XPy = o, 2Ftt = o, etc., where x, y, u, etc., are axes of resolution; and 
(B) gives l^Ma = o, ZAft = o, 2Afc = o, etc., where a, 6, c, etc., are origins 
of moments in the plane of the forces. Not all of such equilibrium equa- 
tions are independent, however; that is, certain ones follow from the others. 
Thus, if 2F, = o for any coplanar concurrent system, then 2Fy does 
not necessarily equal zero, but if also ZFy = o, then the resultant equals 
zero, and it follows that SFu = o. That is, 2F, = o and 2Fy = o are two 
independent equations, but any third similar equation (as ZFu = o) is not 
independent of them. The independent equations or conditions of equi- 
librium for any particular kind of force system are such as are necessary 
and sufficient to insure a vanishing resultant. We will now deduce these 
independent conditions of equilibriimi for the various classes or kinds of 
force systems. 

(i) Colinear Forces. — There is one condition of equilibrium. It can be 
stated in several forms; namely, 

(i) 2F = o or (2) 2Ma = o. 

Form (i) states that the algebraic sum of the forces equals zero; (2) that 
the algebraic sum of the moments of all the forces about any point (not on 
their common line of action) equals zero. On the graphical basis, the condi- 
tion of equilibrium is that the force polygon for the forces (degenerated into 
a straight line in this case) is a closed one. For if 2)F = o, or ZM = o, or 
the force polygon closes, then there is no resultant. 

(ii) Coplanar ConctirrerU Forces, — There are two independent algebraic con- 
ditions of equilibrium. They can be expressed in three forms; namely, 

(i) 2F, = 2Fy = o, (2) 2F = XMa = o, or (3) 2Jf « = 21f6 = o. 

Form (i) states that the algebraic sums of the components of the forces 
aI<Hig two lines x and y (in the plane of the forces) equal zero; (2) that the 
algebraic sum of the components of the forces along any line (as x), and the 
algebraic sum of the moments of all the forces about any point, each equal 
zero (the point a to be in the plane of the forces, and the line joining a and 
O, their point of concurrence, to be inclined to the x axis); and (3) that 
the algebraic simis of the moments of all the forces about two points (not 
colinear with the point of concurrence of the forces) equal zero. For in 
any case the resultant is zero, as will be seen from this: (i) According to 
Art 4, the resultant of the S3rstem, if there is one, is a single force R, given 

by ^ = V(2F,)« -h (2Fy)«; and hence if 2F, = o and XFy = o, ^ must 
equal zero. (2) If 2F, = o, then the resultant, if there is one, must be 
perpendicular to the x axis; and if 2Afa = o, then the moment of R about 
a equals zero, which requires that R = o. (3) The resultant, if there is one, 
must pass through the point of concurrence of the given forces; if 21fa= o 
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then R must pass through a also; if 2Mb = o, then R must equal zero, b 
not being on Oa. 

The graphical condition of equilibrium is that the force polygon for^the 
forces doses. For, if it does close, then there is no resultant. 

(iii) Coplanar Nonconcurrent Parallel Farces. — There are two independent 

algebraic conditions of equilibrium. They can be expressed in two forms; 

namely, 

(i) 2F = Slf = o or (2) SM a = 2)3/6 = o 

Form (i) states that the algebraic sum of the forces and the algebraic sum 
of the moments of the forces about any point (in the plane of the forces) equal 
zero; (2) that the algebraic simis of the moments of the forces about two 
points equal zero, the line joining the origins not to be parallel to the forces. 
For either set of conditions is necessary and sufficient to make the result- 
ant zero, as may be shown thus : In Art. 7 it is shown that the resultant, 
if there is one, is a single force or a couple. And (i), if 2F = o, then the 
resultant is not a force, and if Z3f = o, then it is not a couple; and hence 
there is no resultant. (2) If 2)J/a = o, the resultant is not a couple but a 
force, which passes through a; if also ZAfb = o, then the moment of the 
resultant force about b must be zero, and that requires that the force equals 
zero. 

There are two graphical conditions of equilibrium, namely, a force and 
a string polygon for the forces must close. For if a force polygon doses, 
then the resultant, if there is one, is a couple; if a string polygon doses, then 
the resultant is not a couple. 

(iv) Coplanar NonconcurrerU Nonpar allel Forces, — There are three inde- 
pendent algebraic conditions of equilibrium. They can be stated in three 

forms; namdy, 

(i) SF, = SFy = "LMa = o; 

(2) 2F, = 2ifa = 23/6 = o; 

and (3) ZJf a = S3f 6 = SAT c = o. 

Form (i) states that the algebraic smns of the components of all the forces 
along two lines and the algebraic sum of the moments of the forces about 
any point equal zero, the lines and points to be in the plane of the forces; 
(2) that the algebraic sums of the components of the forces along any line x 
and the algebraic sums of the moments of the forces about two points, a and 
6, equal zero, the line x and that joining a and b not to be at right angles; 
and (3) that the algebraic sums of the moments of the forces about three 
points, a, 6, and c, equal zero, the points not to be colinear. For any set of 
these conditions is necessary and just sufficient to make the resultant vanish 
as may be shown, thus: The resultant, if there is one, is a single force or a 
single couple (Art. 7). And (i) if SF, = SF^ = o, then the resultant is not 
force, and if ZJf = o, it is not a couple; and hence there is no resultant, 
(2) If ZFs = o, the resultant is a force R perpendicular to the x axis or a 
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couple; if 2)Afa = o, it is not a couple, but a force passing through a (and 
perpendicular to the x axis); if also XMi = o, then the moment of that 
force about b must equal zero, and hence the force must equal zero. (3) If 
ZMa = o, the resultant, if there is one, is not a couple but a force passing 
through a; if ZMh = o, that resultant passes through b; if also XMc =^ o, 
then the resultant force must equal zero. 

There are two graphical conditions, just like those for parallel coplanar 
nonconcurrent forces; namely, a force and a string polygon must close. 
For if a force polygon closes, then the resultant, if there is one, is not a 
force but a couple; if a string polygon closes, then the resultant is not a 
couple, and so there is no resultant (see Art. 6). 

(v) Nanco planar Concurrent Forces. — There are three independent" alge- 
braic conditions of equilibrium. The convenient form is 

2F, = SFy = ^Fm = o; 

that is, the algebraic sums of the components of all the forces along three 
rectangular axes, x^ y, and z, equal zero. For as shown in Art. 4, the resultant, 

if there is one, equals V^XFx)^ + (SFy)* + (2F,)', and so if the conditions 
stated are fulfilled then the resultant equals zero. 

(vi) Noncoplanar Parallel Forces. There are three independent algebraic 
conditions of equilibrium. There are two convenient forms; namely, 

(i) 2F = XMi = XMi = o, and (2) SJ/i = 2ifa = SJf, = o. 

Form (i) states that the algebraic sum of the forces and the algebraic sums 
of the moment of the forces about two lines perpendicular to the forces but 
not paraUel to each other equal zero; (2) that the algebraic sums of the mo- 
ments about three coplanar nonconcurrent nonparaUel lines perpendicular to 
the forces equal zero. For (i) if SF = o, the resultant is not a force; if 
XMi = o, the resultant is a couple whose plane is parallel to the first line or 
axis of moments (and to the forces); and if Zilfa = o, then the plane of the 
coiq>Ie must also be parallel to the second axis; but all these conditions 
of parallelism cannot be fulfilled unless the two forces of the couple are 
cdinear, in which case the two forces balance, so that there is really no re- 
sultant. (2) If Zilfi == Zilfs =" o, then the resultant must be a force pass- 
ing through the intersection of lines i and 2; if 2)Afs == o, then that force 
must equal zero; that is, the three conditions make the resultant vanish. 

(vii) Noncoplanar NonconcurrerU Nonparallel Forces. — There are six 
independent algebraic conditions of equilibrium, namely, 

2F, = 2Fy = 2F. = 21f, = "LMy = S.¥. = o; 

that is, the algebraic sums of the components of all the forces along three 
lines and the algebraic smns of the moments of the forces about three non- 
coplanar axes equal zero. (It is generally most convenient to take the 
three lines and the three axes at right angles to each other.) For the result- 
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ant of the system, if there is one, is always reducible to a single force and 
a single couple (Art. 9); if SF, = XFy = SF, = 0/ the single force equals 
zero, and if Zilf« = ZJfv = 2)if« = o, then the couple vanishes, and so there 
is no resultant. 

If every force in the given system (in equilibrium) be represented by a 
vector, and all these vectors be projected on three rectangular coordinate 

planes, then the three sets of projections 
represent three force systems, and each 
is in equilibrimn (proved below). In 
some cases it may be more convenient to 
deal with these projected systems. In 
general, each fiunishes three conditions 
or equations of equilibrium, making nine 
in all; but there are duplicates among the 
nine, and only six are independent. To 
^ prove the foregoing, let F (Fig. 46) be 
one of the forces of the system in equilib- 
rium and P its point of application (on a 
body not shown). -4, B, and C are pro- 
jections of the vector F on the ary, yz, and zx planes respectively. Obviously, 
the X and y components of A equal F, and Fy respectively; the y and z com- 
ponents of B equal F„ and F, respectively, and the z and x components of 
C equal F, and F, respectively, as indicated. Since the given system is in 
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equih'brium. 


- 




(i) 


2F. = 0, 


(4) 


(2) 


SF, = 0, 


(S) 


(3) 


SF. = 0, 


(6) 



SJIf, = 2(F,y - Fy«) = o, 
2My = 2{F^ - Fj,x) = o, 
Silf, = l^iFyX - F^y) = o. 



and 



Now 2)F, is also the sum of the x components of the yl -system; XFy is also 
the sum of the y components of the i4-system; and 'Z{FyX—Fxy) is also the 
sum of the moments of the A forces about O. Hence (i), (2), and (6) are 
conditions which assert the equilibrium of the -4-system. For similar rea- 
sons (2), (3), and (4) assert the equilibrium of the ^-system and (i), (3), 
(s) assert the equilibrium of the C-system. 

§ 2. Special Conditions of Equilibrium, depending on number of forces 
in the system. — (i) A single force cannot be in equilibrium. (2) If two 
forces are in equilibrium, then obviously they must be colinear, equal, and 
opposite. (3) If three forces are in equilibrium, then they must be coplanar, 
and concurrent or parallel. Proof: Let the three forces be called Fi, Fj, 
and Fs; since Fi and F2 balance Fs, Fi and F2 have a single force resultant 
R colinear with Fs; since Fi and F2 have a resultant colinear with Fj, they 
lie in a plane with F3. If Fi and Fj are concurrent, then R is concurrent 
with them and hence F3 also; if Fi and F2 are parallel, then R and hence 
Fz is parallel to them. When the three forces are concurrent, then each is 



Akt. io 



39 




proportional to the sine of either angle between the other two (Lami's 
theorem) ; that is, 

Fi ^2 Ft 

sina' = sina'' sin/5' = sin/3" "" sin^' = sin7"' 

where Fi, F2, and Fz are the forces, </ and a" the angles between Ft and Ft, 
ff and jS" those between Fi and F|, and 7' and y" those between Fi and Fj 
(see Fig. 47). For it follows from the triangle of forces, ABCA (in which 
AB, EC, and CD represent Fi, Fa, and F, respectively), that i45/sin BCA = 
^sin Ci45 = Ci4/sin ABC. But 5Ci4 = a', Ci45 = /3', and ABC = 7', also 
a' and a", Z?' and /3", 7' and 7", are supplementary, hence sin a' = sin a", 
etc., etc. When the three forces are par- 
allel, then the two outer ones act in the 
same direction and the middle one in the 
opposite direction, and the moments of 
any two of the forces about a point on 
the third are equal in magnitude and op- 
posite in sense, or sign. (4) When four 
coplanar forces are in equilibrium, then 
the resultant R of any two of the forces 

balanofig the other two. Hence, (a) if the first two are concurrent and the 
second two also, then the R passes through the two points of concurrence; 
(6) if either two are conciurent and the other two parallel, then the resultant 
R of the first pair acts through the point of concurrence and is parallel to 
the second pair; (c) if all four forces are parallel, then R is parallel to 
the forces. Principles (a) and (fi) are useful in graphical analysis of four- 
force systems. 

§ 3. Summary. — Tlie algebraic condUions of equilibrium explained in detail 
in the for^joing are brought together here for convenience of reference. 

Coplanar Forces. 
Colinear, SF = o; or Slf = o. 

Concurrent, SF, = 2F^ = o; or SF, = Slfa = o; or XMa = SJf^ = o. 
Parallel, 7:F^2M = o; or XMa = Silf^ = o. 
Nonconcurrent nonparaUd, ^F^ = XF^ = SJf = o; or 

SF, = SM. « XMh = o; or XM^ = SJ/^ = SJfc = o. 

Noncoflanar Forces. 
Concurrent, "LFn = l^F^ = SF, = o. 

ParaUd, SF = Slfi = SJf, = o; or SAfi = SJf, = SJf, = o. 
Nonconcurrent nonparallel, IIF^ = I^Fy = SF. = SJf, = SJf, = SJf,= o. 

The graphical condUions of equilibrium for coplanar systems: for concur- 
rent forces, the force polygon doses; for nonconcurrent forces, the force and 
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the string polygon dose. There are graphical conditions of equilibrium for 
noncoplanar forces, but their usefulness is very limited, and they are ther^ 
fore not given here. 

zi. Coplanar Concurrent Forces in Equilibrium 

§ I. The general principles of equilibrium for such forces are explained 
in Art. lo under (ii). We now show how to apply the principles in two 
particular problems. 

Typical Problem (i). — A system of coplanar conciurent forces is in 
equilibrium, and all the forces except two are wholly known; the lines of 
action of these are known, and their magnitudes and senses are to be de- 
termined. The graphical method is generally the simplest for solving this 
problem; but if there are only three forces in the S3rstem, or if the angle 
between the two imknown forces is 90 degrees, then the algebraic method 
is simple. 

To solve graphically, we draw a force polygon for all the forces, and 
make it close since they are in equilibrium; in doing so the desired un- 
knowns will be determined. For example, consider the forces acting on 
the pin of the bridge truss partially represented in Fig. 48. (A pin 






20 tons 



Fig. 48 

passes through holes in the members, OF, CX7, OH^ and O/, thus fastening 
them together at O.) There are foiu: forces acting on this pin, one exerted 
by each member named, and they constitute a S3rstem in equilibrium. 
(Strictly, there is a fifth force in the system, the weight of the pin, but 
that is small compared to the others and is negligible.) These four forces 
are coplanar and concurrent. We assume that they act in the directions 
of the members respectively (generally not far from the fact) as shown; 
furthermore, we will suppose that the magnitudes and directions of two of 
the forces have been determined somehow. Now to determine the other 
two, P and Q, completely: We draw AB to represent the 80 ton force accord- 
ing to some convenient scale; and BC to represent 20 tons; then from C, a 
line parallel to Q, and from A^ a line parallel to P, and mark their intersec- 
tion D. Then CD and DA represent the magnitudes Q and P respectively; 
and, since the arrowheads in the dosed vector polygon must be confluent. Q 
acts in the direction CD and P in the direction DA. There are other possible 
force polygons, each giving the same result as the one explained. 
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To solve this problem algebraically we may employ any one of the three 
sets of equations or conditions of equilibrium (Art. 10); namely, 

2F, = :^Fy = o, SF, = l^Ma = o, or l^Ma = 2Af 6 = o. 

Taking the first set and assimiing* senses for P and Q (Fig. 
49), we get 

2)F, = C cos 20** + P cos 40° + 8000540° = o, and 
2Fy = — 20 + Q sin 20° — F sin 40° + 80 sin 40° = o; 
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solving these equations simultaneously for P and Q, we get P = 10.04 ^^d 

C =-"73-3 tons. 
When the system is a three-force system, then the special condition, 

Fi/sin a = Fi/sia P = Fj/sin y (Art. 10), is, in general, the simplest to apply, 

(Fi, Fa and Fj denote the forces, and a either angle between Ft and Fj, fi 

either angle between Fa and Fi, and y either angle between Fi and F2.) 

To illustrate, we discuss the forces acting upon a cylin- 
der which lies in a trough formed by two smooth f in- 
clined planes (Fig. 50), There are three forces acting on 
the cylinder; namely, its own weight (100 pounds), and 
the two supporting forces Fi and Fg. Since the planes 
are smooth Ft and F2 act normally, and hence through 
the center of the cylinder as shown. It follows from the 
geometry of the figure that the acute angle between Fi 
and W = 40°, that between F2 and W = 80**, and that 

between Fi and F2 = 60®; hence Fi/sin 80° = F2/sin 40® = loo/sin 60°, or Fi 

= 1 13.7 and F2 =74.2 pounds. 

* Whenever a force whose sense is unknown is to be entered in a resolution or moment 
equation, a sense should be assumed for that force and adhered to in the solution of the 
equation. The correct sense is indicated by the sign of the computed value of that force; 
a positive sign indicates that the sense assmned is correct and a negative sign that the 
sense assumed is wrong. Senses found to be wrong are corrected in the figures of the 
book, by a short line across the assumed arrowhead (Fig. 49}. 

t When two bodies are in contact, and they exert forces upon each other (equal and 
opposite), the forces are, in general, inclined to the surface of contact, assumed plane for 
the moment. The components of either of the forces men- 
tioned along and perpendicular to the surface of contact are 
called friction and normal pressure respectively. Fig. 51 fur- 
nishes the simplest illustration; it represents a heavy body A 
sni^xMted by a rough surface B, and subjected to a push P. 
The surface B exerts a force 22 on ^ (inclined as shown), and 
the horizontal and vertical components of i? are the friction 
and the normal pressure exerted by f on ^4. Obviously, this friction is the resistance which 
B offers to the tendency of A to slide over B, So long as there is only tendency to 
sliding, this friction equals the push P. Experience has shown that the friction is a maxi- 
mum just as sliding impends, and also that the smoother the surfaces of contact, the 
smaller is the force required to cause sliding, and hence the smaller this maximimi resist- 
ance to alidiiig. We are thus led to the conception of a perfectly smooth surface as one 
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Typical Problem (ii). A system of coplanar concurrent forces is in 
equilibrium and all except one are wholly known; the magnitude and direc- 
tion of this one are required. To solve this problem we might determine 
the resultant of the wholly known forces; this resultant reversed is the 
desired force. But the problem may also be solved by means of principles 

of equilibrium, that is, by applying the appropriate condi- 
wvvwwwvvxvvvv. I tions of equilibrium to the entire sjrstem of forces. To 

illustrate, we determine the value and direction of the ten- 
^"^ftP^*" sion in the cord* (Fig. 52) which supports a ring from 

riB \ w^^ ^ body W is suspended, the ring being subjected to 

l| I ^^ a force P as shown. The forces acting on the ring are 
w 100 lbs. B ' W, P, and the pull of the long cord (equal to the tension). 
Fig. 52 and these three forces are in equilibrium. To solve graph- 

ically, we draw AB to represent W, and BC to represent P; 
then CA represents the desired pull or tension. To solve algebraically, we 
call the desired force F and its inclination to the vertical $, Then, using 
the conditions 2jP, = o and 2Fy = o, we get 20 cos 30° — -F sin ^ = o and 
— 100 + /^ cos ^ + 20 sin 30*^ = o; these 

solved simultaneously give F = 91.6 ^P* A C ? ^ 

pounds, and 6 = 10° 54'. Piq ^^ 

As another example, we determine the 
force which the inclined plane (Fig. 54) exerts on the body A when it is sub- 
jected to a pull P = 20 pounds, the plane being so rough that motion does 

not ensue. The weight of A (100 poimds), P, and the re- 
action R of the plane are in equilibrium; hence, using to 
denote the inclination of R to the plane, and resolving along 
the plane and normal to it, we get 

20— 100 sin 30 -h i^cos^ = o, and i^sin^— 100 cos 30** = o. 

Solving these simultaneously, we get R = 91.7 pounds, and 
Fig. 54 6 = jo'' 53'. 

which can offer no frictional resistance, only normal reaction. Such a surface Is of 
course Ideal, but there are surfaces which are nearly perfectly smooth. For brevity we 
will call these smooth, and those whose resistance to sliding Is to be taken into account 
will be called rough. 

If the surface of contact between two bodies Is curved, then we speak of the friction 
and normal pressure at any elementary portion of the contact, meaning the tangential 
and normal components of the pressure at that element. If the contact between two 
bodies is small, practically a point, and they exert forces R upon each other there, then 
normal pressure means the component of R at right angles to the plane which Is tangent 
to the surfaces at the contact, and friction means the component along that plane. If 
one or both the bodies Is smooth, then any pressure exerted between the two at any point 
of the contact Is directed along the normal there. (For fuller discussion of friction see 
Chapter IV.) 

* '* Tension in a cord " refers to the forces which two parts of a taut cord exert upon each 
other. Suppose that AB (Fig. 53) is a cord subjected to equal puUs at Its ends, and imagine a 
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§2. Many machines and other devices consist of parts (members) more 
or less intimately connected, and, in general, these parts exert forces upon 
each other when the machine is in service. To determine these forces 
seems a complicated problem to most beginners. And yet in many in- 
stances the whole problem can be resolved into several simpler ones, often 
like typical problem (i), which may be solved in turn and thus furnish 
values of the desired forces. In this connection it will be convenient to 
designate a member of any device as a one-force piece if only one force 
acts upon it; as a two-force piece if only two forces act upon it; etc. 
Obviously, a one-force piece cannot be at rest. If a two-force piece is at 
rest, then the two forces acting upon it must be equal, opposite, and colinear; 
each force acts in the line joining their points of application, and the re* 
actions which the piece exerts (upon the members which act upon it) also 
act along the same line."' If a three-force piece is at rest, then the three 
forces are coplanar, and conciurent or parallel (Art. lo, § 2). If a four-force 
piece is at rest, then the resultant of any pair of the four balances the other 
pair. We now illustrate how to resolve the apparently difficult problem into 
several simpler ones. 

Example. The crab-tongs represented in Fig. 55 consist of six pieces 
fastened together by pins Bfi'^ Cfi'j and D\ angle ABC = 100 degrees, 
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AB = I foot, BC = I foot 9 inches, CD = i foot, and BB' = 3 feet. 

Required the forces which act on each piece when the tongs suspend a 

stone W whose weight = 1000 pounds, and width A A' = i foot 6 inches* 

Apparently, the trigonometric relations between the parts are not simple; 

so we will solve graphically, and first we draw (or lay out) the tongs to 

scale. Obviously, the supporting force at E equals 1000 pounds (weight of 

plane of separation at any place C between the ends of the cord. Since the part AC is in 
equilibrium, there is a force acting upon it at its right end equal and opposite to P'\ this 
focx^e is exerted by the part BC. Similarly, there is a force acting upon BC at its left end 
equal and opposite to P"\ this force is exerted by the part AC, These two equal and 
opposite forces at C hold the parts AC and BC together. By magnitude of the tension 
is meant the magnitude of either of the forces. 

* Action and reaction are equal, opposite, and colinear if they are concentrated. This 
is a brief statement of Newton's Third I^w of Motion, and it means that when one body 
exerts a force upon another body then the latter also exerts one on the former, and the 
two forces are equal in magnitude and opposite in direction. By action is meant either 
ol these two forces and by reaction the other one. 
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tongs neglected). The pin D is acted upon by DE^ DC and DC'y and, 
since each of these is a two-force piece, the forces upon the pin act along 
DE, DCf and DC'j as shown at center. The first force equals looo pounds 
and acts upwards; determination of the other two presents typical prob- 
lem (i). So we draw MN to represent the looo pound force, and from if 
and N lines parallel to the other two, thus fixing O; then NO and OM rep- 
resent the magnitudes of the two forces (620 pounds). It follows that DC 
and DC' are subjected to end pushes or compressions of 620 pounds. CBA 
is a three-force piece, the forces being applied at C, B and A, The first 
acts parallel to CD as shown and equals 620 pounds; the second is exerted 
by the two-force piece BB\ and hence acts along BB'; and the third must be 
conciurent with the first two and so acts along the straight line through A. 
Determination of the two unknown forces presents typical problem (i). So 
we draw PQ to represent the 620 poimd force, and lines from P and Q 
parallel to the other two, thus fixing R; then QR represents the force at A 
(950 pounds), and RP that at B (1315 pounds). It follows that the piece 
BB' is subjected to end pulls of 1315 pounds. 

12. Coplanar Parallel Forces in Equilibrium 

§ I. Principles of equilibrium for a S3rstem of forces of this kind are de- 
veloped in Art. 10 under (iii); we now show how to apply them to a common 
problem. (For typical problems i and ii see Art. 11.) 

Typical Problem (iii). A system of coplanar parallel forces is in equilib- 
rium, and all the forces except two are wholly known; the lines of action 
of these two are known and their magnitudes and senses are required. 

The algebraic method is the better one, by far, for solving the problem. 
There are two sets of conditions of equilibrixuu available; namely, (i) 
2)F = IM = o, that is, the algebraic sum of the forces and the algebraic 
sum of the moments of the forces each equal zero; and (2) 2Ma = ^Mb = c, 
that is, the moment-sums for two different origins equal zero, the line join- 
ing the origins not to be parallel to the forces. Either set will furnish a 
solution of the problem. The second set is recommended, and the origins 

of moments a and b should be taken on 

2006rb5. lopoibs. Soooib*. the lines of action of the two unknown 

1 1 A 1 . B forces. For example, consider the beam 

L«..4^..i.2'l.-3--i< -7'- I . represented in Fig. 56 under the action 

.• • *R, ^ Ra of three loads (its own weight neglected). 

Fig. 56 ^^^ supported at A and B; required, the 

reactions of the two supports. The five 
forces just mentioned constitute a system in equilibrium; therefore, taking 
moment origins on ^1 and R^ respectively, and assiuning that ^1 and R% act 
upwards, we get 

SAfi = 2000 X 6 + 1000 X 2 — 3000 X 3 + -Rs X 10 = o, 

and ^M% = 2000 X16 + 1000 X12 + 3000 X 7 — -Ri X 10 = a 
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The first gives /f2= — 500 pounds, and the second -Ri = 6500; the negative 
sign means that Rt acts downward on the beam and not upward, as ^as- 
sumed. As a check on the solution we try whether XF = o; thus, 

— 2000 — 1000 — 3000 + 6500 — 500 = o. 

The graphical solution of the foregoing problem is based on the conditions 
that the force and the string polygon for the forces close; the process of 
constructing and closing the polygons determines the unknown forces^ To 
illustrate we take the beam shown in Figs. 56 and 57 and determine the 
reactions. First, the force polygon should be drawn as far as possible, 
the knowns represented first, thus AB, BC, and CD (Fig. 58) representing 
the 2000, the 1000, and 3000 pound forces respectively; then the lines of 
action should be lettered to correspond, oA, be, and cd (Fig. 57). If Ri, say, 
is taken next, it would be lettered DE, and Ri would be EA, since the force 
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polygon for all must close. It remains now to locate E; this can be done by 
means of the string polygon. (At this point it may be well for the reader 
to recall the significance of the strings of a string polygon; see Art. 6.) 
The polygon may be started at any point on any of the lines of action of 
the forces of the system; if it be started at i (on ab), then strings, oa and 
ob must be drawn through that point; oc must be drawn from 2 (where ob 
cuts bc)f ad from 3 (where oc cuts oQ, and oe from 4 (where od cuts de) and 
from 5 (where oa cuts ea)\ hence the closing string oe passes through 4 and 
5. Finally, the ray 0£, parallel to oe^ is drawn, thus determining £; DE 
represents Rt^ and EA Ri. Fig. 59 shows another solution; Ri is taken as 
the fourth force DEf, and Ri as the fifth EfA. 

§ 2. We take this opportunity to mention a class of problems on forces 
in equilibrium, not paraUel necessarily, which cannot be solved by the 
principles of statics alone, and are therefore called statically indeterminate 
problems. A beam resting on more than two supports furnishes a simple 
illustration; thus, let it be required to determine the reactions of the sup- 
ports (4f B, and C) on the beam represented in Fig. 60, due to the two 
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loads. If not already warned of the difficulty in this problem, some stu- 
dents would probably write moment equations for the forces in equilibrium 
(Pi, Pty Ri, Rif and Rt), with moment origins at A, B, and C, and then 
attempt to solve the equations simultaneously for the three unknowns. 

Such attempt would fail, even though each 

1Pi 1^ equation would be correct, because the 

^ f * jt three would not be independent — there 

ip, Ir2 ^^3 heing only two conditions of equilibrium 

pjQ^ 5q for a system of the kind imder considera- 

tion (Art. lo under iv) — and so the three 
equations would not determine the three unknowns. Doubters are advised 
to try to determine i?i, R%, and Ri in this way in the simple case where the 
spans and the loads are equal, and the loads are applied at the centers of 
the spans. 

How may one determine whether a given problem (a force system in 
equilibrium with some imknowns required) is statically determinate or 
indeterminate? A complete answer to the question is beyond the scope 
of this book; we may remark, however, that statically indeterminate prob- 
lems commonly arise in connection with structures which have redundant 
or superfluous parts or supports, by which is meant that some of the parts 
or supports are not strictly necessary for the equilibrimn of the structure. 
For example, in Fig. 6o one support is superfluous, since the beam on two 
supports would, if strong enough, support the"" load. No statically inde- 
terminate problems are given in this book without notice; but the student 
may meet a force S3rstem in equilibrium containing many imknowns, and 
he is now reminded that it is futile to write out more equilibriimi equations 
than there are algebraic conditions of equilibrium for the S3rstem under 
consideration (Art. lo), with the expectation that the equations if solved will 
determine the unknowns. And so it is well to know the number of con- 
ditions of equUibriiun for each class of force systems. 



13. Coplanar Nonconcurrent Nonparallel Forces 

Principles of equilibrium for a force system of this kind are developed in 
Art. 10 under (iv). Their use will be explained now by appljdng them to 
two particular common problems. 

§ I. Typical Problem (iv). — A sjrstem of coplanar nonconcurrent non- 
parallel forces is in equilibrium, and all except two are wholly known; only 
the line of action of one of these two and a point in that of the other are 
known, and it is required that these two be determined completely. 

The algebraic solution of this problem can be effected by means of any one 
of these sets of equilibrium equations: 

2;F. = SF^ = 2Jlf = 0; SF. = SM « = Zlf* = o; 2 Jf « = 2if * = 2) Jf . = o. 
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35,000 lbs;. 



50.000 lbs. 




For an example, consider the roof truss represented in Fig. 61. It sustains 

two loads, 3SiOOO (weight of roof and truss) and 50,000 pounds (wind pressure). 

The left end of the truss merely rests on a 

wall, but the right end is fastened to a wall; 

therefore the reaction of the left-hand wall 

must be vertical, but that of the other may 

be inclined. Let it be required to determine 

these reactions. We call the left reaction Ay "^^ -- j(?' -A- 5^-—>k jo'-M 

the right one B, and the inclination of 5 ' 

to the horizontal d. Then the first set of 

equilibrium equations gives XMb = +35,ooo X 45 + 50,000 X (60 cos 30°) — 

i4 X 90 = o, or i4 = 46,400 pounds. 2F» = —B cos 6 + 50,000 sin 30"* = o, 

and SFy = +B sin 6 — 50,000 cos 30° — 35,000 + 46,400 = o; these solved 

simultaneously give B == 40,500 pounds and 6 = 51® 54'. 

For algebraic solutions, it is generally advisable to imagine the second 
unknown force, whose point of application is known, to be replaced by two 
(unknown) components. Then the problem is in the form of t)rpical problem 
(v) (see next page) . Thus, in the preceding example the imknowns would be A 
and, instead of B and 0y Bg and By, After finding B, and -By, one could easily 
get B and 6, 

The graphical solution of this problem is efiFected by drawing the force and 
the string polygons, making both close smce the force system is in equOibrium. 
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To illustrate we use the preceding 
example. We first draw the polygon 
ABC (Fig. 62) for the known forces, 
and continue it with a line through 
C parallel to the left-hand reaction. 
The end of that line, as yet imknown, 
is to be marked D; that point once 
determined, then DA will represent 
the right-hand reaction. To find D we must construct a string polygon; so 
we next mark the lines of action of the several forces to agree with the nota- 
tion in the force polygon, choose a pole 0, and draw the rays OA, OB, and 
OC, To make use of the known point i of the fourth force (right-hand reac- 
tion), the string polygon must be begim at that point. The string oa is the 
one to draw through that point (to ab), and then ob and oc as shown. The 
string od must pass through points i and 4, and so is determined. Next we 
draw the ray OD (parallel to od), and thus determine D (the intersection of 
CD and OD). 

The following special graphical method is simpler in principle than the pre- 
ceding method: Let R = the resultant of the wholly known forces, P = the 
force whose line of action is known, and Q = the force whose point of applica- 
tion is known. Find R, and then imagine the wholly known forces replaced 
by R; R, P, and Q would be 'in equilibrium. Now a balanced three-force 
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system is concurrent or parallel (Art. 10, § 2) ; hence if R intersects P, then 
Q acts through that point of intersection, and if i^ is parallel to P, then Q is 
also. If the three forces are concurrent, then determine P and Q from the 
force triangle for the three forces as explained in Art. 11; if they are parallel, 
determine P and Q as explained in Art. 12. To illustrate, we use the data 
of the foregoing example. First we draw AB and BC (Fig. 63), to rqjresent 
the two loads; then AC represents the magnitude and direction of their 
resultant R, The line of action oi Risac, parallel to AC and passing through 

the intersection of ab and be. (When 
the wholly known forces are noncon- 
current it is necessary to construct a 
string polygon to find a point in the line 
of action of -R, see Art. 6.) We next 
extend the lines of action of R and P, 
and join their intersection with the point 
of application of Q; this line is the line 
of action of Q. Finally we complete the force triangle ACDA for R, P, and 
Q; then CD = P and DA = Q, 

§2, Typical Problem (v). — A system of coplanar nonconcurrent non- 
parallel forces is in equilibrium, and all the forces except three are wholly 
known; only the lines of action of these three are known, and their magni- 
tudes and senses are required.* 

The algebraic solution of this problem can be eflFected by means of any one 
of these three sets of equilibrium equations: 

2;P, = SPy = SM = o; 2Px = SMa = SAf6 = o; or SMa = XAfft = SJIf « = o. 

For example, consider the crane represented in Fig. 64. It consists of a post 
AB^ a boom CD, and a brace EF\ the post rests in a depression in the floor 
below, and against the side of a hole in the 
floor above. The external forces acting on 
the crane consist of the load W (8 tons), the 
weights of the parts named (0.8, 0.9, and i.i 
tons respectively), and the reactions of the 
floors. The upper floor exerts a single hori- 
zontal force on the post; the lower floor 
exerts two forces on the post, one horizontal 
and one vertical. Let it be required to de- 
termine the magnitudes of these reactions. 
The entire external system of forces just 
described is in equilibrium. Calling the reactions A^ B,, and By respectively, 
then the first set of equilibrium equations become: SMa = — 8X20 — 
0.9 X II - I.I X 7 + jBx X 18 = o, or B^ = 9.86; SP, = 9.86 -.4=0, or 
A = 9.86; ILFy ^ By— 8.0 — 0.8 — 0.9 — I.I = o, or By = 10.8 tons. 
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* If the three unknown forces are concurrent or parallel, the problem is indeterminate. 
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The general graphical solution is carried out as follows: Let P, Q, and S 
stand for the three forces whose lines of action only are known. Imagine any 
two of these, say P and Q, replaced by their resultant R'; one point in that 
resultant is known, the intersection of P and Q. Then S, R\ and the known 
forces would be in equilibrium, and the given problem has been transformed 
to typical problem iv. So we first determine S and i?', as explained in § i, 
and then resolve R' into two components parallel to P and Q; these compo- 
nents are P and Q. To illustrate, we take the preceding example, and we call 
the two lower reactions P and Q, and the upper one 5 (Fig. 65). The resultant 
R^ ot P and Q passes through the lower 
end of the post. We draw the polygon 
ABCDE for the knowns, and continue 
it with a line parallel to S. The as 
yet unknown end of that line is to be 
marked F; that point once determined, 
then FA will represent R\ since the 
polygon for all the forces must close. 
To find F we must construct a string 
polygon; so we mark the lines of ac- 
tion of the several forces to agree with 
the notation in the force polygon, choose 
a pole Of and draw rays OA, OB, OC, 

OD, and OE. The string polygon must be begun at the lower end of the 
post, the point of application of FA or R'. The strings to pass through 
that point are of and oa (Art. 6), and so we draw oa to ab; then ob, oc, od, and 
oe as shown. Now point i is in of, and point 6 is also; therefore of is deter- 
mined. The ray OF is drawn next (parallel to of), thus determining F; then 
EF and FA represent S and R', as already stated. Finally we draw through 
F a vertical and through A a horizontal; then FG and GA represent the 
vertical and horizontal reactions (P and Q) of the lower floor. 

The following special graphical method 
is simpler in principle than the preced- 
ing: First we determine the resultant R 
of the wholly known forces; R and the 
three partly unknown forces (P, Q, and 
S) would be in equilibrium. The special 
condition of equilibrium for four such 
forces is that the resultant R' of any 
pair as P and Q balances the other pair; 
hence J?' and the other pair (R and 5) 
are in equilibrium, and so must be con- 
current or parallel. Next we solve the 
system Rfy R, and 5 (if concurrent by Art. 11, and if parallel by Art. 12). 
j^nally we complete the force polygon for R, S, P, and Q. For an illus- 
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tration we take the preceding example. Let the two lower reactions be 
called P and Q, and the upper one S (Fig. 66). The resultant R of the 
loads is I0.8 tons acting as shown (construction for R is indicated). The 
resultant R' acts through point i; and, since R and S are concurrent at 
point 2, R' acts through point 2 also. We now draw the force triangle AEPA 
for iJ, Sy and R'y AE representing R\ then EF represents 5. Finally we draw 
lines from A and F parallel to Q and P, thus fixing G\ and then FG represents 
P, and GA represents Q. 

14. Noncoplanar Forces in Equilibrium 

§ I. The principles of equilibrium for noncoplanar forces are set forth in 
Art. 10 under (v), (vi), and (vii). The three following illustrations deal with 
conciurent, parallel, and nonconcurrent nonparallel forces respectively. 

(i) A heavy body W (Fig. 67) weighing 1000 pounds is suspended from a 
ring over the center of a street 60 feet wide; the ring is supported by three 

ropes OA, OB, and OC; A and B are pomts 
ill m on the face of a building as shown, and C is 

tr J^Iz ^ l>omt on the face of a building (not shown) 

^^A -jgi^ ^ /i on the opposite side of the street, OC being 

' perpendicular to the face of the buildings. 

Values of the tensions in the ropes are required. 
There are foiu: forces acting on the ring, — 
the pull of 1000 pounds, and the pulls of the 
three ropes which we call L, Jf , and N respec- 
tively; this system is concurrent. To deter- 
mine the imknown forces in it, we use the 
conditions that the algebraic sums of the com- 
ponents along three rectangular axes equal 
zero; as axes we choose a vertical line and 
two horizontal lines, one parallel and one 
transverse to the street. To get the components of L, M, and iV, we need 
values of certam angles: A'OC' = tan-^ A'C/OC'= 28° 4'; AOA'= tan^i 
AA'/OA'=3o''2S'; B'0C'=t3xr^ B'C/OC'=sS'' 40'; BOB' = tair^ BB' /OB' 
= 46° 11'. The X, y, and z components, respectively, of L are L cos 30® 28' 
sin 28° 4'= 0.405 L, L sin 30° 28'= 0.507 L, and L cos 30° 28' cos 28° 4' = 
0.760 L; of M they are Af cos 46° 11' sin 38° 40'= 0.4325 M, M sin 46® 11' = 
0.721 My and M cos 46° 11' cos 38° 40'= 0.5405 AT; of N they are o, o, and 
N; of the looo-poimd pull they are o, 1000, and o. The algebraic sums 
of the Xy y, and z components are 

-0.405 L + 0.4325 3f + o + o =0 , 
+0.507 L + 0.721 M + o — 1000 = o, 
—0.760 L — 0.5405 If + iV + o = o. 

Solving these equations simultaneously, we find that L = 846, M « 792, and 
iV= 1072 pounds. 
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(ii) A body weighing looo pounds is suspended from the ceiling of a room 
by means of three vertical ropes; the points of attachment at the ceiling lie 
at the vertices of an equilateral triangle ABC (Fig. 
68) whose sides are lo feet long; W is the projection 
of the center of gravity of the body upon the ceiling, 
llie tension in each rope is required. We call the 
tensions in the ropes fastened at A,B, and C, respec- 
tively, L, M, and N. The four forces acting on the 
body constitute a parallel system; the conditions of 
equilibrium for such are that the sums of the moments 
of the forces about any three coplanar nonparallel axes perpendicular to the 
forces equal zero. The lines AS, BC, and CA are good lines to choose as 
axes of moments. With respect to these lines the moment equations are 
respectively, N X 8.66 - looo X a.io = o, LX 8.66 - looo X 4.15 = o, and 
J/ X 8.66 — 1000 X 2.41 = o, 8.66 being the altitude of the triangle. Solu- 
tion of these equations shows that L = 479, M = 278, and N = 243 pounds. 

(iii) Fig. 6q shows a velocipede crane. The crane can be run along on a 
single rail below, tipping being prevented by two overhead rails which guide 
a horizontal wheel mounted on the top 
of the crane post. The crane weighs 
1.25 tons, and it is balanced so that its 
center of gravity is in the axis of the 
post. We will now show how to deter- 
mine the supporting forces (exerted by 
the rails) when the crane supports a 
load of 1.5 tons 
and the jib is 
swung out at 
right angles to 
the rails to- 
ward the left 
(Fig. 70). 

There are 
three support- 
ing forces or 
reactions, one 
on each wheel. 
Since the lower 
rail is level, the 

cnuie does not tend to roll, and there is no reaction of the rails in their 
direction. The reaction of the upper rail is directed horizontally and evi- 
dently as shown; the reaction on each lower wheel has two components 
as shown. We call these component reactions Ax, Ay, Bt, and B„ and the 
ni^>cr reaction C. The external system of forces acting on the entire crane 




Fio. 69 



FiQ. 70 



52 



Chap, n 



^V 




-rV 



1.5 ' 'forts. 



/?5^ 'tons 



1.25' 'tons 



consist of the reactions named, the weight of the crane, and the load. For 
noncoplanar nonconcurrent nonparallel systems there are, in general, six con- 
ditions of equilibrimn, but this system has only five because there are no 
" z forces " (see the figure). The five conditions of equilibrium are 

2F. =.4. + 5.-C = o; (i) 

ZF, = +Ay + 5„ - I.2S - i.S = o; (2) 

SJkf, = 5y X 4 - ^,^ X 6 = o; (3) 

:2.My = 5, X 4 - ^x X 6 = o; (4) 

2Jf. = C X 16 - 1.5 X 6 = o. (S) 

From (s) it follows that C = 5.625 tons; from (i) and (4), that Bx = 3.375 

tons, and Ax = 2.25itons; from (2) and (3), that By = 1.65 tons, and Ay = 

i.io tons. 
We now give another solution, making use of the principle that if the forces 

of a system in equilibrium be represented by vectors, then the projection of 

the vectors on any plane represents a 
force system also in equilibrimn (see 
Art. 10 under (vii)). Fig. 71 shows 
such projections on the oj-y, y-0, and z-x 
planes of Fig. 70. From the y-z pro- 
jection (side elevation), ZMa =^ ByX 
10 — 2.75 X 6 = o, or Bg = 1.65 tons; 

n £ip ^ " /'-N i ^^^ ^^« = -AyXio + 2.7s X 4 = o, 

A« Bx r ) ! (^y or Ay = 1. 10 tons. From the x-y projec- 

*^ tion (end elevation), XMa = C X 16 — 

i-S X 6 = o, or C = 5.625 tons. From 
the z-x projection (plan), XMa = — -B* X 
^ 10 + 5.625 X 6 = o, or -B, = 2.375 tons; 
and 2Mb = — i4, X 10 + 5.625 X 4 = o, 
or As = 2.25 tons. 

§ 2. A noncoplanar system can gen- 
erally be solved by means of an equivalent coplanar system. This indirect 
method is regarded as simpler than the direct one when the forces of the non- 
coplanar system are nonparallel. The two following examples will illustrate. 

For one example we use the data 
of example (i). Instead of ropes OA 
and OB (Fig. 67), imagine a rope OCy 
in the plane of those ropes, and also 
in the same vertical plane with COC\ 
Such a rope fastened to O^nd to the 
building at (/ would help to support 
the ring in its place, and would leave 
the tension in OC unchanged. Thus the ring would be acted upon by three 
forces, — 1000, N, and the pull P of the new rope (Fig. 72). A force tri- 



t' Pe-ITr 



End^l^vfitlfin^ 




Side Elevation. 
C0Z 



B, 



■pVon, 



f 



Fig. 71 




AxT. Z4 



53 



jjy 



angle, FGHFy for these forces shows that the pull N = 107a and P = 1460 
pounds. We next lay out the ropes OA^ OB, and OC/ in their true relations, 
and then we resolve the pull 1460 in the imaginary rope into components 
along the real ropes. Thus we lay oS OQ equal to 1460, and then on 
the diagonal OQ complete the parallelogram OMQN; and find OM and ON, 
representing the tensions in the real ropes, 860 and 790 pounds. 

For another illustration we take a tripod (Fig. 73), shown in plan and eleva- 
tion. The requirement is to determine the forces acting at the top of each leg 
of the tr^xxi due to a load of 1000 pounds. On account of this load, each leg 
18 under the action of two forces, one applied at each end of that leg, and so 
those two forces act along the axis of the leg. We imagine a single leg in the 
plane of any two, and in the same vertical plane with 
the third, to replace the two; thus OD to replace OA 
and OB. Then there would be three forces applied 
to the pin at 0, namely, the load 1000 poimds, and 
the supporting forces exerted by OC and OD. So we 
draw a force triangle for these three forces FGHF; 
it shows that the push of OC is GH » 565, and 
that of OD is HF = 650 pounds. Next we lay out 
the other pair of legs and the imaginary one in their 
true relation 0"A", a'W\ and a'D^\ and make a* / 

Of'P ^HF ^ 650 pounds; then resolve OT'P into *^X*^'^'^"--^i^^ 
two components along the pair Of' A" and O'B" by ^T^ — ^^^^' 
means of a parallelogram 0"MPN. Thus we find that ^ 
ff'M and &'N represent the pushes of AO and 50, 
or 340 pounds. 
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SIMPLB STRUCTUEBS 

15. Simple Frameworks/ (Truss Tppe) 

§ I. Tlie frames herein considered consist of straight members, and the 
axes of ail the members lie in one plane; such are called plane frames, and 
the plane of the axes is called the plane of the frame. In order to make the 
axes of all members lie in one plane, and the truss synmietrical with respect 
to that plane, some of the members must be made in parts or with forked 

ends. For example see Fig. 74, which shows plan 
and elevation of a joint of a frame at which four 
members are pinned together, one vertical (double), 
one diagonal D (single), and two horizontals Hi and 
H2 (each double). 

Wooden members are generally bolted together 
with more or less mortising; steel members are riv- 
eted together or joined by pins through holes in the 
members, the axes of pins and holes being perpen- 
H,t dicular to the plane of the frame. All frames here 
considered are assumed to be of the pin-connected 
type; and, furthermore, it is assiuned that each 





Fig. 74 



member connects only two joints, that is, extends from one joint to another 
but not also to a third one. 

In such pin-connected frames, the lines of action of the pin pressures (forces 
exerted by pins on the members) are in or parallel to the plane of the frame. 
Thus, the resultant pressure of the pin on the diagonal member D (Fig. 74) is 
clearly in the plane; the pin exerts on the vertical member two forces which, 
on account of the symmetrical arrangement, are equal, parallel, and equally 
distant from the plane, and therefore the resultant of these two forces lies in 
the plane; and obviously the resultant of the forces exerted by a pin on each 
horizontal member lies in the plane. Thus all resultant pin pressures will be 
regarded as lying in the same plane, and we will have only coplanar forces to 
deal with in the present connection. We assimie that the pins are practically 
frictionless; in that case each pin pressure acts practically normally to the 
surface of the pin, and so the line of action of each pressure cuts the axis of 
the corresponding pin. 

In this and the following articles we assimie that the loads are applied to 
the frame at its joints only, and in such manner that the line of action of each 
load cuts the axis of the pin at the joint. Then each member, if its own weight 
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is neglected, is subjected to forces (pin pressures and loads) at its two pin 
holes only, somewhat as shown in Fig. 75 or Fig. 76, where P' and P" denote 
pin pressures and V and L" loads. Let B! denote the resultant of P and L\ 
and K' the resultant of P' and V. Since B! and B!' balance, each acts along 

Tension Compredsion 

R' ^"^^^ ® ^^^^S^ Xhh!^m ^ B n R" 

^^^^^^^^^^^^^^^^^^^^^B ^^^^^^^^^^^^^^^^^^^^^W ^^^^^^^^^^^^^^^^^^^^^^ ^^^^^^^^^^^^^^^^^^^^^^ 

Fig. 75 Fig. 76 

the axis of the member, and hence each member is imder simple tension or 
compression. Any two parts of the member, as m and n, exert equal and 
opposite forces upon each other; A (Figs. 75 and 76) denotes the force 
exerted on m by n, and B that exerted on n by m. Since A balances P, and 
B balances R", A and B also act along the axis of the member. And 
obviously, if R' and R'' are pushes (the member in compression), then A 
and B are pushes; and if R' and R^' are pulls (member is in tension), then 
A and B are pulls. And conversely, if A and B are pushes, then the member 
is in compression; and if pulls, then in tension. By stress in a member is 
meant either of the two forces which two portions, as m and n, exert upon 
each other.* We are now ready to explain a method for determining the 
stresses in the members of a simple truss due to given loads; we begin with an 
Example. — Fig. 77 represents a truss supported at each end; the angles 
equal 60 degrees; it sustains two loads of 2000 
pounds each and one of 1000 pounds. First, iooo|ib5. 

it is necessary to ascertain the values of the ' 

reactions A and B. Since all the external 
forces acting on the truss (loads and reactions) 
are in equilibrium, ^Ma = -B X 40 — 2000 X 
30 — 1000 X 10 — 2000 X 20 = o, or S = 2750 

pounds; and DJlf^ = —A X 40 + 
/ 1000 X 30 + 2000 X 10 + 2000 X 

20 = o, or A = 2250. ZF = 2250 + 2750 — 2000 — 2000 — 
n 1000 = o, which result checks the computed values of A and B. 
^250 ito. yf^ jjQ^ direct oiu* attention to the joint A, the small part of 

truss near A (or " pass a section " about A and consider that 
part of the truss within the section), and then note all the forces acting on 
that part (see Fig. 78). There are three such forces, — the reaction 2250 

* The term stress is defined variously. Some writers use it to designate the forces which 
aoy two different bodies or any two parts of the same body exert upon each other; that is 
they use it as a general term for an '' action and reaction" (Art. zi). Most engineers, how- 
ever, use the term in a more restricted sense to designate the force which one part of a body 
upon an adjacent part at the surface of division. 
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pounds, and the two forces exerted upon the part under consideration by the 
remainder of the truss; they are marked F\ and F^, and both are assumed to 
be pulls.* This part of the truss, as well as every other part, is at rest, and 
so the three forces are in equilibriiun. Determination of the unknown forces 
F\ and Ft presents typical problem (1) (Art. 11). We choose the algebraic 
method for solving: ZFy = Fj sin 60® + 2250 = o, or F% = —2600; the 
negative sign indicates that Fi is really a push, that is, the stress is com- 
pressive. SF, = Fi — 2600 cos 60** = o, or Fi = +1300; the positive sign 
indicates that the stress is tensile. Passing a. section around B^ and consider- 
ing the forces acting on the part of the truss within the section (or '^ con- 
sidering forces at joint 5"), we get Fig. 79. The forces are the reaction 2750 
pounds and the two forces exerted on the part under consideration by the 
remainder of the truss; they are marked Fs and F4 and are assumed to Ke 
pulls. Solution of this three-force system shows that Fa = +1588 (tension), 
and F4 =— 3177 (compression). 

Next we might discuss joint C, D, or E and determine two more stresses. 
Fig. 80 represents joint C and the forces acting upon it so far as known. Stress 

- , ^ llOOOIte 1000tt»l 
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in CA was determined to be a tension of 1300 poimds; therefore the part of 
CA not shown in the figure exerts a pull of 1300 on the part shown as indi- 
cated. Similarly, the part of CB not shown in the figure exerts a pull of 1588 
on the part shown as indicated; F5 and Fe are assmned to be pulls. Solution 
of this five-force system shows that Fs = +1444 (tension), and Fe = +866 
(tension). Taking joint D next, we get Fig. 81, four forces acting on the 
joint (the load, and the three forces exerted on the joint by the remainder of 
the truss). DA was found to be under a compression of 2600 pounds, hence 
the part of DA not shown in the figure acts on the part shown as indicated; 
CD was found to be under a tension of 1444 pounds, hence the part of DC not 
shown in the figure acts on the part shown as indicated; F7 is assumed to be 
a pulL 2)F, = o shows that F7 = —2021 (compression); and writing out 
2)Fy we find that it equals zero, which is a fair check on the computation. 
Fig. 82 represents joint E and all the forces acting upon it, as already deter- 
mined. If SFjr = o and ZFy = o for those forces, then the check on the pre- 
ceding computations is satisfactory. 

* In simple trusses the kind of stress (tension or compression) in any member is apparent. 
When the kind is not apparent, we might follow the suggestion in the footnote, page 41. 
But for uniformity we will always assume the force to be a pull. Then, according to the 
footnote, the force is actually a pull or a push (and the stress is tensile or compressive), ac- 
cording as Its computed value is positive or negative. 
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Directions, — The foregoing method for "analyzing a truss" (determin- 
ing the stresses in its members) can be formulated into brief directions 
as follows: (i) Determine the reactions (supporting forces) on the truss if 
possible. (2) Consider a joint at which there are only two imknown forces, 
and then determine those two. (3) Repeat (2) again and again imtil all 
stresses have been determined. (These directions do not provide for a 
certain contingency which may arise; see § 2 for a case and directions for 
meeting it:) 

We now give illustration of truss analysis by this method but omitting the 
computations; they should be supplied by the student. The truss shown in 
Fig. 83 will be used; it is supported at each end, and supports three loads of 
5000 poimds as shown. Obviously each 
reaction equals one-half the total load. 
On joint A there are three forces (the re- 
action, and the stresses in AD and AE); 
solving that force system we find that the 
first stress ^ 15,000 pounds compression, 
and the second = 13,000 tension. On joint 
D there are four forces (the load 5000 
pounds, the stress in AD ^ 15,000 pounds, and the stresses in DE and DC 
unknown); solving that system, we find that the stress in DE » 4335 pounds 
con^>ression, and that in DC = 12,500 compression. On joint E there are 
four forces (the stress in AE = 13,000 pounds, the stress in Z>£j= 4335 
pounds, and the stresses in EC and EG imknown); solving the system, we 
find that the stress in EC = 4335 pounds tension, and that in EG "8667 
tension. 

§ 3* We now explain the contingency or difiiculty mentioned in the fore- 
going directions and how to meet it; the truss shown in Fig. 84 furnishes an 

illustration. Following the directions, 
we determine the reactions Ri and Rtt 
2800 pounds and 2400. Then we take 
joint i4, and find stresses in AB and 
AH to be 3960 (compression) and 2800 
(tension) respectively; next we take 
joint G, and find stresses in GP and 
GI to he 3400 (compression) and 2400 
(tension) respectively. No joint re- 
mains at which there are only two 
tmknown stresses, and the difficulty is already met. Now if in some way we 
could ascertain the stress in almost any other member, then we could con- 
tinue to apply the rule. For example, if we knew the stress in HB^ HJ, or 
Hlf then consideration of joint H would determine the two unknown stresses 
there; consideration of joint B would give stresses in BJ and BC; considera<> 
tioQ of jomt C would give stresses in CJ and CD, etc. Now there is a way to 
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ascertain the stresses in CD, JD, and F/, — by passing a section through 
those members, and solving the force system acting upon either portion of 
the truss. Fig. 85 represents the left-hand portion and all the forces acting 

Q upon it; namely, the three loads, the left reaction, 
I ^7 and the forces which the right-hand part exerts {Si, Si, 
/st and 58, assumed to be pulls). Solution of this force 
system presents typical problem, (v) (Art. 13). To 
determine Si, for example, we take moments about 
the intersection of St and 5$ (or joint D), and find 
Si == 1600 pounds tension. Then having determined 
Si we proceed as in the foregoing examples. 
^'^* ^5 In order to determine the stress in any particular 

member of a truss the following direction may be tried: Imagine the truss 
separated into two distinct parts {" pass a section " through the truss); pass 
it in such a way that the member under consideration is one of the members 
cut by the section, and so that the system of forces acting on one of the two 
parts is solvable for the desired stress; then solve the system for the desired 
stress. (The system of forces acting on one part of the truss consists of the 
loads and reactions on that part, and the forces, or stresses, which the other 
part exerts upon it. In plane trusses this S3rstem is always coplanar; it can be 
solved if it is concurrent with not more than two unknowns, or if it is non- 
concurrent with not more than three unknowns, provided that the three 
unknowns are not parallel nor concurrent.) 

Foregoing direction may be applied not only to bridge over the difficulty 
sometimes met in connection with directions in § i, but also when it is desired 
to determine the stress in a particular member quite directly without first 
computing stresses in several other members. For example, let it be required 
to determine the stress in BC (Fig. 86), the truss being supported at its ends, 
span AE = 32 feet, rise C(j = 8 feet, and five loads as shown. Obviously 
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each reaction equals 4000 poimds. A section cutting BC, BG, and GF gives 
a left-hand part of the truss with its external forces as shown in Fig. 87. The 
force system can be solved for the desired stress; taking moments about the 
intersection of 5*1 and Sz (joint G), we get — 5i X 8 X cos 26® 34' — 4000 X 
16 + 3000 X 8 = o, or 5i = —5600, the negative sign indicating that Si is 
compressive and not tensile, as assumed in the moment equation. 
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§ 3* Warning is here given that not all trusses can be analyzed by the 
principles of statics alone, as in the preceding; that is to say, there are 
trusses that are skUically indeterminate. Only the so-called complete or per- 
fect trusses are always statically determinate; beside these there are incom- 
plete trusses, and trusses with redundant members. 

A pin-connected triangle (Fig. 88) is the simplest complete truss; it is 
indeformabie and has no superfluous or redundant members. Adding two 
more members makes a complete truss of 
two triangles; and each addition of two 
members as shown extends the truss and 
leaves it complete. If m = number of 
members, and j = number of joints, then 
for a complete truss, w = 27 — 3. A 
pin-connected quadrilateral (Fig. 89) is 
the simplest incomplete truss; it is deformable and requires the addition of 
one or more members to make it complete. For an incomplete truss, 
« < 27 — 3. A pin-connected quadrilateral with two diagonal members 
(Fig. 90) is the simplest truss with a superfluous or redundant member; it 
is indeformabie and would be so with any member removed. For a truss 
with a r^undant member m > 27 — 3. Figs. 91, 92, and 93 are other 
examples of the three classes of trusses described. 
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In the foregoing it is assumed that the trusses are pin-connected, and that 
each member can sustain tension or compression as called upon by the loading. 
For a classification not so restricted as this one, readers are referred to stand- 
ard works on Structures.* 



i6« Graphical Analysis of Trusses; Stress Diagrams 

§ I. Graphical methods are especially well adapted for analyzing trusses. 
As in the algebraic methods of the preceding article, we imagine the truss 
separated into two parts, and direct our attention to the external forces acting 
upon either part. Graphical instead of algebraical conditions of equilibrium 
are then applied to these forces to determine the unknowns. The notation 
for graphical work described in Art. 2 can be advantageously systemized as 
foDows: Each triangular space in the truss diagram is marked by a lower- 
case letter, also the space between consecutive lines of action of the loads and 
reactions (Fig. 94); then the two letters on opposite sides of any line serve to 

^ Johnson, Biysin, and Turaeaure's Modern Framed Structures. 
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designate that line, and the same capital letters are used to designate the 
magnitude of the corresponding force. This scheme of notation is a great 

help in graphical anal3rses of trusses. 

As an illustration we determine the 
stress in each member of the truss of 
Fig. 94. Evidently each reaction 
equals one-half the load, or 2000 
pounds. We '' pass section " a, and 
consider the forces acting on the left- 
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hand part of the truss (Fig. 95) ; they are the load 500 pounds, the reaction 2000 
pounds, and the stresses cd and da. Since those forces are in equilibrium, their 
polygon closes; in constructing it, the unknowns will be determined. Beginning 
with the knowns, AB is drawn to represent 2000 pounds, BC to represent 
500 pounds; and then a line from A (or C) parallel to the line of action of one 
unknown, and a line from C (or i4) parallel to the other, are drawn. The last 
two lines determine D (or IX), and the closed polygon is ABCDA (or ABCD'A) ; 
hence the forces in the members cd and ad are represented by CD and DA 
(3000 and 2600 pounds) respectively. It is seen from the force polygon that 
CD is a push, and DA is a pull; hence the members cd and ad are in com- 
pression and tension respectfully. 
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We may next pass section fi, and consider the forces acting on the smaller 
(and simpler) part of the truss (Fig. 96) ; they are the load 1000 pounds, the 
stress 3000 pounds (compressive), and the stresses fe and de. Their force 
polygon may be drawn thus: DC to represent 3000 pounds (compression), 
CP to represent 1000 poimds, a line from F parallel to one of the unknowns, 
and one from D parallel to the other. The last two lines determine £, and 
the force polygon is DCFED\ hence the forces in the members fe and ed 
are represented by FE and ED (2500 and 866 pounds) ^66Jbs. 
respectively. Both members are in compression. d^ 

We next pass section 7, and consider the forces acting eepoiba ^a 
on the smaller part of the truss (Fig. 97); they consist 
of the stress 2600 pounds (tension), the stress 866 pounds 
(compression), and the stresses eg and ga. Their force 
polygon may be drawn thus: AD to represent 2600 pounds 
(tension), DE to represent 866 pounds (compression), 
a line from E parallel to one of the unknowns, and a line from A parallel to 
the other. The last two lines determine G, and the force polygon is A DEC A ; 
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hence the forces in the members eg and ag are represented by EG and GA 
(866 and 1732 pounds) respectively. Each member is in tension. On accoimt 
of the synmietry of the truss and loading, the forces in the remaining mem- 
bers are now known. 

In drawing the force polygon for all the external forces on the part of a 
truss included within a section about a joint, it will be advantageous to repre- 
sent the forces in the order in which they occur about the joint. A force 
polygon so drawn will be called a polygon for the joint; and for brevity, if 
the order taken is clockwise the polygon will be called a clockwise polygon, 
and if counterclockwise it will be called a coimterclockwise polygon. ABCDA 
(Fig. 95) is a clockwise polygon for joint b of Fig. 94; ABCD'A is a force 
polygon for the "forces at joint i," but it is not a polygon for the joint, be- 
cause the forces are not represented in the polygon in the order in which the 
forces occur about the joint. The student shodd draw the counterclockwise 
polygon for the joint, and compare with ABCDA. 

If the polygons for all the joints of a truss are drawn separately as in the 
preceding illustration, then the stress in each member will have been repre- 
sented twice. It is possible to combine the polygons so that 
it will not be necessary to represent the stress in any mem- 
ber more than once, thus reducing the number of lines to 
be drawn. Such a combination of force polygons is called 
a stress diagram. Fig. 98 is a stress diagram for the truss 
of Fig. 94 loaded as there shown. Comparing the part of 
the stress diagram consisting of solid lines with Figs. 95, 
96, and 97, it is seen to be a combination of the latter three 
figures. It will also be observed that the polygons are all ®* ^ 

clockwise polygons; counterclockwise polygons also could be combined into 
a stiess diagram. 

DkecUons for constructing a stress diagram for a truss under given loads: 

(i) Letter the truss diagram as already explained. 

(2) Determine the reactions. (In some exceptional cases this stage may or 
must be omitted; ^ also stage (3). See § 2 for two illustrations.) 

(3) G>nstruct a force polygon for all the external forces applied to the truss 
(loads and reactions), representing them in the order in whidh their points of 
ai^lication occur about the truss, clockwise or counterclockwise. (The part 
of that polygon representing the loads is called a load line.) 

(4) On the sides of that polygon construct the polygons for all the joints. 
They must be dockwise or coimterclockwise ones, according as the polygon 
for the loads and reactions was drawn clockwise or counterclockwise. The 
first polygon drawn must be for a joint at which but two members are fastened; 
the joints at the supports are usually such. Next the polygon is drawn for a 
point at which not more than two stresses are unknown; that is, of all the 
members fastened at that joint the forces in not more than two are unknown. 
TbcQ the next joint at which not more than two stresses are unknown is con- 
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sidered, etc., etc. (These directions do not provide for a certain difficulty 
which may arise; see § 2 for a case and directions for handling it.) 

To illustrate the foregoing directions we analyze the truss represented in 
Fig. 99; it sustains four loads (600, 1000, 1200, and 1800 pounds), and is 
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supported at its ends. Supposing the reactions to have been determined, we 
draw the force polygon for the loads and reactions ABCDEFA, at the left; it 
is a clockwise polygon. We may begin by drawing the clockwise polygon for 
joint I or 2; for the former it is FABGF* Member bg is therefore in com- 
pression and gf in tension. Next we may draw the clockwise polygon for 
joint 2, 3, or 4; for the joint 2 it is CDEHC. Member chi&m compression 
and eh in tension. For joint 3, the polygon is HEFGH, and member ^A is in 
tension. If the work has been correctly and accurately done, the line GH is 
parallel to gh. 

§ 2. There are exceptional cases not covered by the foregoing directions. 
In case the reactions cannot be determined in advance, the stress diagram can 

still be drawn if the truss is statically determinate. Fig. 
100 represents such a case, the truss being pinned to its 
supports. The diagram can be constructed by drawing in 
succession the proper polygons (all clockwise or coimter- 
^ clockwise) for joints i, 2, 3, and 4. Then, if desired, the 
reactions can be determined by drawing the polygons for 
joints 5 and 6. 
Fig. loi represents a case where the reactions can be 
determined at stage (2) of the analysis, but determina- 
tion of the reactions is not essential for the construction 
of the stress diagram. The truss is supported by a shelf 
A and a tie B. The stress diagram can be constructed 
by drawing in succession proper polygons for joints i, 2, 3, 4, and 5. The 
reaction at 5 is determined by the polygon for joint 5; that at A by the 
polygon for joint 6. 

* The student is urged to make sketches of the bodies (parts of truss) upon which the 
forces, whose polygons are being drawn, act. A force acting upon the ''cut" end of a mein- 
ber and toward the joint b a push, and the stress in the member is compressive; if the foroe 
acts away from the joint, it is a pull, and the stress is tensile. 




Fig. 100 




Fig. I03 shows a truss the analysis of which is not fully provided for in the 
direcdons. Thus, suppose that the reactions have been determined; the 
polygon for joint i may be drawn first, next that for joint 3, and then that for 
joint 3. Similarly the polygons for joints i', 2', and 3' can be drawn; but 
then DO joint remains at which there are but two unknown stresses, and so 
no more polygons can be drawn, as yet. If in any way the number of un- 
known stresses at a remaining joint could be reduced to two, then the polygon 
for that joint could be drawn, and the stress diagram could be completed. 
Thus, if the stress in ij, jm, or mf could be determined, then the polygon for 
jdnt 4 could be drawn, and then those for 5, 6, 7, and 8. 




The difficulty here pointed out is just like that mentioned imder the direc- 
tions in S I of the preceding article. It may be met by means of the direction 
in } 3 of that article, which explains how to determine the stress in a par* 
ticular member quite directly and independently of any stress diagram or 
polj^ns for joints. Thus to detennine the stress in m/we pass a section as a, 
and solve the external system of forces (including stresses in the members 
cut) which acts upon either part of the truss for the desired stress. Then we 
proceed with the stress diagram as already pointed out. There are other 
ways of meeting the difficulty presented in this form of truss, but that here 
explained is quite general and can be applied readily to other forms. 

We will now explain this matter in detail, using the same truss. Evidently 
each reaction equals one-half the total load. ABCDEEfiyC'B'A 'FA is a clock- 
wise polygon for the loads and reactions. The polygon for joint i is FABGF; 
that for joint 3 is GBCEG; that for joint 3 is FGHIP. The polygons for 
joints i', a', and 3' are B'A'FG'ff, C'B'G'H'C, and E'G'FVB' reqwctively. 
The forces acting on the part of the truss to the left of section a are the loads 
at joints r, 3, 5, and 6, the left reaction, and the forces exerted on the left part 
oi the truss by the right (stresses d, tm, and mf). This system may be solved 
gnQ>hically or algebraically; the algebraic method is much the simpler, arms 
of forces being scaled from the truss drawing. Thus to ascertain the stress 
mf, we take moments about the mtersection of el and tm, and get 1000 X 
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7.5 + 1000 X IS + 1000 X 22.S + 500 X 30 — 4000 X 30 — {mf) X 17.S = Oi 
or mf = 3425 (tension). Next we represent the stress mf in its proper place 
in the stress diagram at JfF, and then draw the polygon for joint 4; it is 
MFIJM. Completion presents no difficulties. 

l^. Simple Frameworks (Crane Type) 

The frames here considered, like the trusses of the preceding articles, are 
plane and synmietrical with respect to the plane of the frame. For example, 
the crane represented in Fig. 103 consists of a post MNy a boom PQy and a 
brace KQ] the boom consists of two pieces between which the post and the 
brace lie, and the brace is forked at its lower end by means of side pieces 
and straddles the post. Like the trusses, these frames are assumed to be pin 
connected, the pins being practically frictionless. Thus each pin pressure 
lies in the plane of the frame, and the line of action cuts the axis of the pin. 

Unlike the trusses, these frames may include a member which is pinned to 
others at more than two points; the loads also on these frames are applied 
anywhere, not at the joints necessarily. The result of these conditions is 
that the stress in any member of the frame is generally not a simple tension 
or compression, the member being bent as well as stretched or shortened. 
We will not attempt to determine the stresses in the members of these frames 
but limit the discussions to a determination of the forces which act upon 
each member, the pin pressures, reactions of supports, etc. 

In general the pressure of a pin on a member does not ad along the axis 
of that member. Take, for example, the brace (diagonal) (Fig. 103); it is 
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acted upon by three forces, — its own weight W and the pin pressures K and Q. 
These three forces must be conourent or parallel (Art. 10, § 2). K they are 
concurrent, then neither K nor Q is axial or else both are; but obviously both 
K and Q cannot be axial and then balance PF, and so neither acts axially. If 
they are parallel, then neither K nor Q acts axially. 

In some consideration of frameworks, the weights of some or all members 
are negligible in comparison with other forces Qoads) which act upon the 
frame, and so we may have to do with a. member acted upon by only two 
forces, — pin pressures. On such a member, the pin pressures do act along the 
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axis of that member, since the pressures balance each other and so must be 
colinear (Fig. 103). 

" Analysis of a crane " means the determination of every force (magnitude 
and direction) acting on each part or member due to weight of the crane or 
loads on it or both. The general method of procedure may be briefly smnma- 
nzed as follows: (i) Make a sketch of the entire crane, and represent as far 
as possible all the external forces acting upon it; apply the appropriate con- 
ditions of equilibrium to the force system, and then determine as many of 
the unknowns as possible. (2) Make a sketch of a member or of a combina- 
tion as they are on the crane, and represent as far as possible all the external 
forces acting on it; then apply the appropriate conditions of equilibrium to 
the force system, and then determine as many of the imknowns as possible. 
(3) If other forces remain to be determined, then continue as directed in 
(2), bearing in mind the law of " action and reaction " (Art. 11). We will 
now give two examples of analysis employing both algebraic and graphic 
methods. 

Example (i). — We analyze the crane represented in Fig. 103; the crane 
is supported at M and N by sockets in the ceiling and floor. MN = 18, 
PQ = 14, MP = NK = 3 feet; it bears a load of 8 tons on the boom at 
16 feet from the axis of the post; weights of members neglected. Fig. 104 
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(at the left) represents the entire crane with all external forces, the senses of 
the reactions being quite obvious. The solution of this system falls under 
Art, 13. ^Mn = o gives JIf = 7.1 1 tons; since SF, = 0, iV, = 7.1 1 tons; 
and sbce ZF^ = 0, iVy = 8 tons. We sketch the brace KQ next. Since 
it is a two-force member, the pin pressures K and Q are axial, equal, and 
obviously have senses as shown. The common value of K and Q cannot be 
determined from a consideration of their equilibrium. Next we sketch the 
boom. Q on the boom and Q on the brace constitute an action and reaction, 
and so are colinear, opposite, and equal; the pressure at P is unknown in 
direction, and in an algebraic solution can be dealt with most easily through 
its components P« and Py, senses guessed at. Solution of this system falls 



under Art. 13, Since SJ/p= o, Q = 14,05 tons; since 2f , = o, P, = 10.67 
tons; since 2F^ = o, f, = — 1.14 tons, the negative sign indicating that P, 
acts downward. Finally, P = VCio.fiy' + 1.14*) = 10.73 tons, and the in- 
clination of P with the horizontal is tan"' {i.i4 -^ 10.67) "= ^° I'i *°*1 ^°^ 
all the forces on each monber are determined, those on the post being 
represented in the figure. 

Generally, several sketches may be made and con^dered in several (Affer- 
ent orders, each furnishing a complete analysis. For example, we might have 
taken the entire crane, the boom, and the post; or the brace, the boom, and 
the enti;^ crane. The student b advised to try these orders and make the 
analysis. 

The graphic method of solving the various force systems may be carried out 
as follows: The system acting on the entire crane consists of four forces, and 
so the resultant of any pair of the four forces, as JV, and N^, balances the other 
pair; therefore that resultant is concurrent with the second pair and acts in 
the line 1-2 (Fig. 105). So we draw the force triangle ABCA for those tjiree 
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forces (making AB represent 8 tons), and find that BC represents M and CA 
the resultant of the first pair. Next we resolve CA into components parallel 
to iV, and N^, and find that CD and 
DA represent JV, and Nt respectively. 
The forces on the boom being three in 
number (the load, Q, and P), they must 
be parallel or concurrent, and because 
two (the load and Q) are concurrent, 
all must be; thus the line of action of 
P is determined. So we may draw the 
force triangle EFGE for the three forces, 
making EF r^resent 8 tons; thus we 
find that EG = PaxtAGF = Q. 
Example (ii). — For another illus- 
tration, we analyze the hydraulic crane represented in F^;ure ro6. It consists 
of a hollow post MN (up into which the piston can be projected) a boom PQ, 
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and a pin-connected frame KPQ. A single roller is mounted on the pin K, 
and two on the pin P, so that as the piston moves the frame moves with it, 
all rollers rolling on the post. Thus there are twelve parts: a post, a boom, 
two struts KP (one on each side of the post), two ties KQ (one on each side), 
a pin at P, one at Q, one at K, two rollers at P and one at K. We take the 
load as 10 tons and x = 15 feet, and neglect the weights of the parts. 

Fig. 107 represents the entire crane, not 
including the piston, with all the external 
fotces acting upon it. 2)F« = o shows that 
M s Ng, and XMn = o shows that M = 
(10 X I s) -5- A where h = height of post. L and 
N9 cannot be found from this force system; so 
we try the frame with rollers (Fig. 108) . The 
external forces acting on it are the load, the *°^ 

piston pressure L, the post pressure Ri against the single roller, and the result- 
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ant post pressure Rt against the lower rollers. The solution of this system 
falls under Art. 13; it shows that L == 10 and Ri — Rt= 21.4 tons. Fig. 109 
represents the boom alone and the external forces acting upon it, — the load, 
the pbton pressure, the pin pressure Q (acting along the ties because each is 
a two-force member), and the pin pressure P whose direction is unknown. 
The solution of this system faUs under Art. 13. Dealing with the unknown 
conqx>nents of P (senses guessed at), we find from ^Mp ^ o that Q = 25.2 
tons; from 2F, = o that P, = 24 tons; and from ZF^ = o that Py = 7.2 
tons. The pin at K (Fig. no) is subjected to three forces, namely, the pull of 

the two ties (25.2 tons), the pressiure 
of the roller (21.4), and the force P 
exerted by the struts (along the axis 
of the struts, since each is a two- 
force member). From 2F, = o we 
find that F = 7.8 tons. Fig. no 
also represents the post with all 
the external forces acting upon it. Since ZFy == o, i\^y » o; XMiif — o gives 
M = 149.8 -^ MN; and SF, = o gives Nx = M. Now we have all the 
forces on each part; each tie is subjected to end pulls of 12.6 tons; each strut 
to end pushes of 3.9 tons; the pin at P to three forces as shown in the figure. 
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The~~graphical solutions of the variotis force systems might be carried out 
as follows : Four forces act on the portion of the crane shown in Fig. in, — the 
load ID tons, the pressures L, R^ and Rt. The resultant Rot L and Rt acts 
through their intersection and through that of Ri and the load, hence in the 
line 1-2. The load, Ru and i^ are in equilibrium; so we draw a closed force 
polygon for them as ABCA (Fig. 112); AB = 10 tons, BC = 21.4, and CA 
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represents R. Finally we resolve R into its two components; CD and DA 
represent L and R2 respectively. There are four forces acting on the boom, 
namely, the load = 10 tons, L = 10 tons, the pin pressure P, and that at Q 
(Fig. 113). Obviously the pressiu-e Q acts along the tie rod. The first pair of 
forces named constitute a couple; and since a couple can be balanced only 
by another couple, the second pair is a couple and P is parallel to Q, and the 
resultant of each pair therefore acts in the line 1-2. We now draw a Kne 
through B (Fig. 112} parallel to Q, and one through A parallel to 1-2; then BE 
represents Q and AE represents the resultant of L and P. Finally, there are 
three forces acting on the pin at P, namely, R^ (or CB), — P (or BE), and 
the pressure of the braces KP (Fig. in). These three forces being on equi- 
librium, the last one is represented by EC. 

Example (m). — We now make an analysis of a crane taking into accoimt 
the weights of the members. For this purpose we take the crane described 
in example (i) and assume that the weights of members are as follows: MN » 
0.8 ton, PQ = 0.9 ton, and KQ =1.1 tons. The load is taken, as in example (i), 
to be 8 tons at 16 feet out from the axis of the post, and the boom 22 feet long. 

Fig. 114 shows the entire crane and all the external forces acting upon it 
so far as known. Determination of the imknown reactions JIf , Nx, and N^ 

presents tj^ical problem (v) (Art. 
S.03ton* 13). From xMm = o we get 

Nz = 8.09; from XFs = o, Jf = 
8.09; and from 2Fy = 0, Ny^ 
10.8. . Fig. 115 represents the 
post and all the external forces 
acting upon it so far as known. 
The pressures on the post are 
exerted by members which are 
not two force members, and 
f^®« ^^4 ^'ic. 115 therefore those pressures do not 

act in the directions of the boom and brace. The directions of those pres- 
sures being imknown, we represent each by its (unknown) horizontal and 
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vertical component. The force system acting on the post contains four 
unknowns, namely, Pxy Py, Kx, and Ky. Not all of these unknowns can be 
determined from a study of this system alone; but two of them, P« and Kg, 
can be so determined. XMk = o gives P, = 12.13, and XF, = o gives Kg = 
12.13 tons. 

Fig. 116 shows the boom and the forces acting upon it so far as known. 
The direction of the pressure at Q is unknown as yet; therefore that pressure 
is represented by means of its (unknown) components. Determination of the 
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unknowns in the force system presents typical problem (v). SF, = o gives 
Qs = 12.13 tons; Sifg = o gives Py = 0.95; and SFy = o gives Qy = 9.85. 
Having found the value of Py, we find from SPy = o for Fig. 115 that Ky=^ 
10.95 ^T^' To check the analysis, we might supply values of the forces 
acting on the brace (Fig. 117), and then test whether the force system is 
balanced, that is, whether XF, = o, ZPy = o, and ZM == o. 



x8. Cranes. — Continued 

In this article we show how to analyze three cranes, paying some attention 
to the forces due to the hoisting rig. Generally, a pulley is an important part 
of such rig. We assume here that the tensions Pi and T% (Fig. 1 18) in the rope 
or chain on opposite sides of the pulley on which it bears 
are equal. This assumption implies perfect flexibility of 
n^>e or chain and a frictionless pin supporting the pulley. 
The pressure P against the pin equals the resultant of 
those tensions, or 2 P cos } a, and it bisects the aogle 
between their lines of action. If the lines of action are 
parallel (a = o), P = 2 P; if they are at right angles 
(a = 90®), P = 1.414 P. 

Example (i). — Kg. 119 represents a crane supported in a footstep bearing 
at the floor and a collar bearing on the wall bracket H. The hoisting rig con- 
skts of a simple hand winch mounted on the wall at W, a chain, and pulleys 
as shown. Pulley at (7 is 12 inches in diameter; the load is one-half ton. 
The reactions at the supports depend on the hoisting rig, as will be seen from 
the following: On the entire crane, including the top pulley (Fig. 120), there 
are acting four forces, namely, the upper reaction H, the lower reactions P« 
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and Ptt &ad the pressure of the chain against the pulley equivalent to two 
components, one-half ton each, as shown. Taking moments about the lower 
end, we End H to be 0.087 ton; from SF, = o and ZF, = o, we find that 







Pi =0.415 andPs=o.5 ton. All members except the vertical FP ate simple 
tension or compresdon members. Force polygons for joints G and / show 
that the stresses are as follows: GK = 0.35 ton (tension); GJ = i ton (com^ 
pression); JK = 0.57 ton (compression); /F = i ton (compression). Mem- 
ber HP is subjected to the reactions of the supports as already computed, and 
the fdlowing forces: a pull of 0.35 ton along KG; a push of 0.57 ton along KJi 
and a push of i ton along PJ. 

Example (ii). — Fig. 121 represents a common type of derrick. It is sup- 
ported by a footstep at the bottom of post and at the top by two stiff l^s 
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which extend backward to the ground or other base; the spread (angle be- 
tween thdr horizontal projections) being 90 degrees so that the derrick can 
swing about its vertical axis through 270 d^rees. Sometimes the derrick is 
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sui^rted at the top by a collar bearing held in place by cables extending oflf 
to quite remote points on the ground. 

Obviously the pull on a stiff leg is greatest when the boom is in the same 
plane with that leg; the pull on a cable i^ greatest when that cable and the 
boom are in the same plane and on opposite sides of the post. Let P denote 
this pull, and a the inclination of the cable to the horizontal or the inclination 
of the line joining the pivot on the post with the lower end of a stiff leg. Then 
taking moments of all external forces on the derrick about the footstep bear- 
ing, we get PA cos a =^ Ws^ or P = Ws/h cos a (only the weight of the load 
being taken into account). Calling the horizontal and the vertical reactions 
at the footstep H and V respectively, we find that H = Ws/h and V ^W + 
P sin a = W(i + tan a • s/h). 

There are seven forces acting on the part shown in Fig. 122, which consists 
of the crane post, the winch IF, the two sheaves 5, and a part of the hoisting 
and topping ropes as shown. The forces are: H, V, and P (already explained) ; 
Q, the pressure of the boom on the post acting in a direction as yet imknown; 
i W, Approximate value of the tension in the hoisting rope; T, which denotes 
the tension in the topping rope; and 2 T, exerted by the top pulley shackle. 
Of these seven forces, all except Q and T are already known. To find these 
we may proceed as follows : Take moments of all the forces about the pin at Q, 
and thus find T; then take horizontal and vertical components, and thus 
find the horizontal and vertical components of Q, and finally Q itself. The 
force system can be solved graphically as follows: First find the line of action 
of the resultant R of the two forces T and 2 T; then this R and the other five 
forces constitute a system in equilibrium, which solve for R and Q by methods 
explained in Art 13; finally resolve R into its components T and 2 T, 

Example (iii). — Fig. 123 represents a sheer leg crane. It consists of two 
front 1^ AC and BC and a back leg CD, all connected by a horizontal pin 
at C; the front legs are pin-supported on 
the ground at A and B, and the back leg 
is restrained at the ground by a holding- 
down rail and a long horizontal screw which 
works in a nut on the lower end D. The 
purpose of the screw is to move D, thus 
turning the front legs about AB and moving 
the load in and out We wifl now show how ^'°- "^ 

to determine the pressures on the ends of the legs due to their own weights, 
taking the following data: lengths of front legs 160 feet, distance between 
tbeb lower ends 50 feet, distance between their upper ends 10 feet, length 
of back stay 210 feet, weight of each front leg 44 tons, of the back leg 53 
tons; we take the crane in its position of greatest overhang, 64 feet 

The external forces acting on the crane are the following (see Fig. 124): 
the three weights, the holding-down force Dy, the push of the screw Dg, the 
inward pushes Ag and Bg of the supports at A and B, and the pressures of the 
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pins at A and B; each of these pressures is represented by two componeDts 
in the figure, At, A^, ajrd B„ B„, respectively. There are six conditions of 
equilibrium for this system, namely, the sums of the components of the forces 
along the x, y, and s axes, and the sums of the moments about those axes 
equal zero. Thus, — 



ZF,-A, + B.-D,-o 

Sf , - /I, + B, - D, - S3 - « - 44 - o 

XF, = -A, + B,-o 

ZM.- -^,X2S + 'S.X»S + 44Xls-44Xts = 

ZM,- /(. X 25 - B. X as - o 

ZU.- D, X S7.6 + S3 X tt.S - 44 X 3! X 2 - o 



(r) 
M 
(3) 
(4) 
(S) 
(6) 



Equation (6) shows that Dg = 25 tons; (4) shows that A, = B,; from these 
results and (2) it follows that A ^ and B^ equal 83 tons. No other unknowns 
can be determined from the equations; but (3) shows that At = B„ (5) that 
-4.= B«and(i) that-4, + B, = Z?^ 
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To get values of these unknowns we consider the forces acting on the back 
leg; there are four forces, namely, the weight of the leg (53 tons), the holding- 
down force Dy (25 tons), the screw pressure D„ and the pressure of the upper 
pin at C, represented for convenience by two components which we call C, and 

C, (Kg. 125)- This system is in equilibrium and so XM, = 25 X 151.6 — 

D, X I4S-2 + 53 X 7S-8 = °> or O- = 53-8 tons; SF, = C, - S3-8 = o, or 
Cj = 53-8; and SFg - C, — 25 — 53 = o, or C, = 78. Returning now to 
equations (i) and (s), we find that A , and B, = 26.9. To get A, and S, it is 
necessary to (Uscuss the forces on one of the front legs. There are three 
forces, — the weight 44 tons, and the pressures at the ends; each of the pres- 
sures is represented (Fig. 126) by three components, 26.9, 83, ahd B, below, 
and Qt, Qy and Q, above. The system being in equilibrium, we take moments 
about the vertical line through Q; thus 5, X 64 — 26.9 X 20 = o, or B, =s 
841 tons. In^)ection shows that Q^ = 26.9, Q^ = 39, and Q, = 84.1 tons. 
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The forces acting on the upper pin (at C) are represented in Fig. 127, by 
means of tlieir components. 

We now give another solution of the foregoing example, -^ 

making use of the principle that if the forces of a system 
i n equilibrium 






represented 
by vectors, then ; 
the projection of 
those vectors on Fic. 117 

any plane represents a force system 
also in equilibrium (Art. 10 under 
(vii)). Projecting the force system 
represented in Fig. 1 24 on the three 
coordinate planes, we get the three 
systems represented in Fig. 128, — 
side elevation, end elevation, and 
plan. From the side elevation, 
"LMji = o gives Z), = as tons; 
2Afo ■= o shows that A, = B,; 
and 2i?, shows that ^, + 5, = 
166, or ^„ and it, = 83 tons. No further numerical result can be obtained 
frwn these projected systems. Considering the back leg alone as before, we 
would find that Z?, = 53,8 tons; then from the plan Ax = B, obviously, 
and At+Bi= 53.8, or Ax and B, = 26.9 tons. A, and B, would be 
gotten as before.* 

* For full information on cranes, see Bettcber's book on that subject, English translation 
byToUuusen. 




CHAPTER IV 



FRICTION 




19. Deflnitioiis and General Principles 

§ I. Definitions, Etc. — When one body slides or tends to slide over an- 
other, then the sliding of the first or its tendency to slide is resisted by the 
second. Thus^if A (Fig. 129) is a body which slides or tends to slide toward 

the right over B, then B is exerting some such force 
zs Ron Ay and the component of R along the surface 
of contact is the resistance which B offers to the sliding 
or tendency. Of course A exerts on ^ a force equal 
and opposite to R", either of these equal forces is 
^^^' ^^9 called the total reaction between the two bodies. The 

component of either total reaction along the (plane) surface of contact is 
called friction, and the component of either along the normal is called normal 
pressure; they will be denoted by F and N respectively. If the surface of 
contact of the two bodies is not plane, the force exerted at each elementary 
part of the surface is the total reaction at that element, and its components in 
and normal to the element are the friction and the normal pressure at the ele- 
ment. Friction is called kinetic or static according as sliding does or does not 
take place. Only static friction is considered here. 
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The amount of static friction between two bodies depends upon the degree 
of the tendency to slip. Thus suppose that A (Fig. 130) is a block weighing 
10 pounds, upon a horizontal surface B\ that the block is subjected to a hori- 
zontal pull P, and that the pull must exceed 6 pounds to start the block. 
Obviously when P = 2 pounds say, then F = 2; when P = 4 pounds, then 
P = 4; etc., imtil motion begins. So long as P does not exceed 6 pounds, F 
equals P; that is, F is passive and changes just as P changes. The inclination 
of the reaction R also depends on the degree of the tendency to slip. When 
P= 2 pounds, then the angle NOR = tan"* y'jj = 11** 19'; when P = 4 pounds, 
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NOR = tan""* ^ = 21** 48'; etc., until motion begins. The greatest values of 
the friction F and the angle NOR obtain when motion impends. 

The friction corresponding to impending motion is called limiting friction. 
We will denote it by Fm, since it is a maximum value (see Fig. 130). The 
coefficient of static friction for two surfaces is the ratio of the limiting friction 
corresponding to any normal pressure between the siuiaces and that normal 
pressmre. We will denote it by /«; then 

II = FJN, or F^^fiN; also, F > ,iN. 

The angk of friction for two surfaces is the angle between the directions of the 
normal pressure and the total reaction when motion is impending. We will 
denote it by 4> (see Fig. 130); then 

tan0 = Ftn/N; hence tan^ = ft. 

If a block were placed upon an inclined plane, the inclination at which slipping 

would impend is called the angle of repose for the two rubbing surfaces; it will 

be denoted by p. The angles of friction and repose for 

two surfaces are equal; proof follows: Suppose that A 

(Fig. 131) is on the point of sliding down the incline; 

two forces act on ^, its own weight W and the reaction 

R of the plane. Since i4 is at rest, R and W are colinear, 

that IS, 12 is vertical; and since motion impends, the 

ang^e between R and the normal is the angle of fric- ^^- '^i 

lion 0. It follows, from the geometry of the figure, that and p are equal. 
The coefficient of static friction for two bodies A and B may be f oimd in 

several ways: (i) Place il on ^ as in Fig. 130, and determine the pull P which 
will just start A ; then 11^ P divided by the weight ol A. Or (ii) tilt 5, and 
determine the inclination at which gravity will start i4 down; then ^ equals 
the tangent of that angle of inclination. In either method several determina- 
tions must l^ made to obtain a fair average. Many experiments have been 
made in these ways, and it has been ascertained that coefficients of static 
friction depend on the nature of the materials, character of rubbing surfaces 
and kind of lubricant, if any be used. Early experimenters reported (Coulomb 
1871, Rennie 1828, Morin 1834, and others) that the coefficient is independent 
of the intensity of normal pressure; and although this announcement was 
deariy subject to the limitation of the range of the experiments performed, 
yet it was generalized and long accepted as a imiversal law of friction. But 
the universality of the law has been questioned; Morin himself pointed out 
that length of time of contact of the two bodies influences the coefficient; and 
obvioiisly the coefficient changes when the intensities of pressure get so low 
that a considerable part of the friction is due to adhesion, or so high as to affect 
the character of the smrfaces in contact. Messiter and Hanson report* prac« 

• Eng. News, 1895, Vol. 33, page 322. 
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tical constancy of coefficient for yellow pine and spruce. They give the 
following for planed or sandpapered (i) yellow pine and (2) spruce. 

(i) /i = 0.25 to 0.32 ; average /* = 0.29 for 100 to 1000 lbs. per sq. in. 
(2) ;i = 0.18 to 0.53; average /x = 0.42 for 100 to 1600 lbs. per sq. in. 

The variation depends on relation of grain of wood to direction of slide. 

Coefficients of Static Friction 

(Compiled by Rankine from experiments by Morin and others.) 

Dry masonry and brickwork 0.6 to 0.7 

Masonry and brickwork with damp mortar 0.74 

Timber on stone about 0.4 

Iron on stone 0.3 to 0.7 

Timber on timber 0.2 to 0.5 

Timber on metals 0.2 to 0.6 

Metals on metals 0.15 to 0.25 

Masonry on dry day 0.51 

Masonry on moist clay 0.33 

Earth on earth 0.25 to i.o 

Earth on earth, dry sand, clay, and mixed earth 0.38 to 0.75 

Earth on earth, damp clay i.o 

Earth on earth, wet clay 0.31 

Earth on earth, shingle and gravel 0.81 to i.ii 

§ 2. Tractive Force. — Let W = the weight of a body A upon a horizontal 
surface B (Fig. 132), /i = the coefficient of friction for the surfaces in contact, 
4> = their angle of friction, and P a force applied to the body as shown, d being 
the inclination of P to the horizontal Then the force P required to start the 
body to move is given by 

fiW Wsm4> 



P = 



A 

'///J////////:q////////a 



1^ i/H--^ 



cos 6 + usinS cos {6 — 4>) 

w 



A >'^-- 
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Fig. 132 Fig. 133 Fig. 134 Fio. 135 

The forces acting on A are P, W, and the reaction of the plane whose two 
components are N and (when motion impends) Fn (Fig. 133). Now P cos 6 = 
Fntf N =^ W — Psindy and Fm = fJ^N; these three equations solved simul- 
taneously furnish the first stated value of P, The second value can be ob- 
tained from the first, or by solving the three-force system acting on il as repre- 
sented in Fig. 134. According to Lami's theorem (Art. 10), P/W = sin ^/sin 
(90 + ^ ~ ^); hence P = TF sin 0/cos (6 - 4>). 
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If the pull P is horizontal (6 = o), then P = nW. If the pull is inclined, 
but not too much, then the pull P required to start the body may be less than 
PlW, In fact the least value of P obtains when B ^ 4>j — "the best angle of 
traction equals the angle of friction," — and the minimum value of the pull 
is IT sin 0. Proofs follow: (i) Evidently IF sin -^ cos {6 — 0), the general 
value of Py changes as 6 changes, and, for a given W and 0, P is least when 
cos (^ — 0) is greatest; but this greatest value is i, and obtains when ^ — = o, 
or when ^ = as stated, etc. (ii) Or, let AB (Fig. 135) represent W, BC be 
parallel to P, and i4C be parallel to R\ then CA represents R, If B be changed, 
then BC (and P) will change; and evidently P will be least when BC is per- 
pendicular to CA, that is, when B = <f>. And then BC (or P) = W sin. 0. 

§3. Test for Rest or Motion. — A body is supported so that it can slip 
and is subjected to given forces; it is required to ascertain whether those forces 
do cause slipping, and the value of the friction is desired. We assume that 
the body is at rest, and determine the friction F and the normal pressure N 
from conditions or equations of equilibriiun; then we compare F with fiN. 
If F is less than nN, there is no motion and the computed value of F is correct; 
if F is greater than fiN, then there is motion and the friction is kinetic, its 
value being less than iiN. For example, consider a block of material weighing 
100 pounds supported on a horizontal surface, the coefficient of friction being 
}, and imagine a down push of 200 pounds applied to the block at an angle of 
30 degrees with the vertical. N = 100 + 200 cos 30 = 273.2, and for rest, 
F = 200 sin 30 = 100; nN = J X 273.2 = 136.6, and this is the greatest fric- 
tional resistance which the support can offer so long as iV = 273.2. Only 
100 pounds are required to prevent motion, and so the body is at rest under 
the action of friction of that required value. 

Or, to test for rest or motion, we may make use of the so-called cone of fric- 
tion for the two bodies in contact, which may be described thus: Let P (Fig. 
136 or 137) denote the resultant of all the forces 
applied to or acting on the body A (whose 
state is to be investigated) but not including 
the. total reaction of the supporting body B\ 
O the point where P cuts the surface of con- 
tact between A and B, and DOC equal the 
ang^e of friction; then the cone generated by 
revolving OC about OD k the cone of friction. 
If the line of action of the resultant P does 
not fall outside the cone (Fig. 136), then there 
is no slipping; if it does fall outside (Fig. 137), 
then there is slipping. Proof follows: As 
already pointed out, the direction of the total reaction i^ on a body, which 
tends to slide over another, depends on the degree of the tendency; the greater 
the tendency, the greater the inclination of R from the normal; but the in- 
dination has a limit, that limit being equal to the angle of friction^ and it 
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obtains when slipping impends. Therefore when P acts within the o^ne or 
along an element of it, then R can incline and completely oppose P (Fig. 136), 
no matter how laige P may be. When P falls outside the cone, R can tndine 
only to an element, and the friction cannot successfully oppose the component 
of P which tends to move the body (Fig. 137). In the preceding example P 
is the resultant of the weight of the block 100 pounds, and the applied push 
aoo pounds. That resultant makes an angle of 10° 33' with W or the nonnal. 
The angle of friction is tan~' }, or 36° 34'; hence P falls inside the cone and, 
according to the principle of the cone, motion does not ensue. 

As another application of the cone principle consider Fig. 138, which rq>re- 

sents (m plan and elevation) a type of simple hanger. It consists of a fixed 

vertical rod and a horizontal piece which is 

forked; there is a hole in each part of the 

fork so that the piece can be slipped over the 

rod as shown in the elevation. The hanger, 

if properiy made, will not slip down along the 

rod on account of its own we^ht or that of a 

load unless it be hung quite close to the fork. 

The mechanics of the device may be explained 

as follows: Obviously the rod reacts on the 

hanger at 0\ and Oi. When slipping impends 

] at these points, the reactions act along Oid 

""^ Fro ij8 ^^^ *^' inclined to the normals an amount 

equal to the ai^Ie of friction ^ as shown. 

The hanger being at rest (by supposition), the third force acting upon it 

(the load, weight of hanger neglected) must be concmrent with these two 

reactions; hence to just put the hanger OD the point of slipping, the load 

must be hung from a point in the vertical through C. If the load is hung 

out beyond C, as at ^4 , the hanger will not slip. For stqjpose slipping to 

impend at 0\, then R at 0% would act along Oid, and R and W would concur 

at «. To preserve equilibrium, R sX Ck must also act through a, which 

is possible, since O^ is within the cone. Or suppose slipping to impend at 

Oi, then RiXOi would act along OjCi, and R and W would concur at m. To 

preserve equilibrium, R at Oi must also act through m which is possible. In 

similar manner, it can be shown that a load hung between the rod and C, as at 

B, would cause slipping. 

20. Friction in Some Mechanical Devices 
§ I. Inclined Plane. — Let a = the inclination of the plane to tlie horizontal 
(Fig. 139), p = angle of repose for the plane and a particular body upon it, 
= their angle of friction, li ■= coefficient of friction, W = weight of the 
body, and 9 = angle between the push or pull P and the incline, (i) The pull 
P required to start the body up the plane is given by 
i'i= irsin(a + *)/cos(fl-*) 
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as can be shown by means of Lamias theorem (Art. 10) applied to the three 
forces acting on the body (P, PF, and the reaction R of the plane). Thus 
Pi/W = sin (a + ^)/sin (90 — + ^) ; hence, etc. Pi is a minimum (for given 
W, a, and ^) when ^ = 0; then its value is W sin (ot + <t>). For, it is ob- 
vious that Pi is least when sin (90 — <^ + ^) is greatest, that is, when = ^. 
(ii) When the inclination of the plane is greater than the angle of repose 
(a> p = 4i)f then the body would slip down unless pre- 
vented by a suitable force. The pull P required to prevent the / p 
slipping down is given by 

Pa = IT sin (a - 0)/cos (6 + <f>). 




Fig. 139 



P2 is a Tnin inrmm when 6 = --^; then its value is WX 

sm (a — ^). (iii) When the inclination of the plane is less 

than the angle of repose (a < p = <t>), then the body would not slip down 

on account of its own weight. The push P required to start the body down 

is given by 

Pt = W sin^0 - a)/cos (0 + 6). 

Pt is a minimum when B = — <^; then its value is PT sin (0 — a). 

When the force P acts along the plane {d = o), then the values of Pi, P2, and 
Pa are respectively, 
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§ 2. Wedge. — In order that the force P (Fig. 140) may start the wedge in- 
ward to overcome the load Wj the friction at the three rubbing surfaces must 
be overcome also. If the three rubbing contacts are equally rough and = 
their conmion angle of friction, then the force P required to start the wedge 
inward is given by 

Pi= irtan(2<^-f-a). 




vjxer////////////ff///j 



Fig. 140 




Fig. 141 



Fig. 142 



Fig. 141 represents the three forces W, Ri, and R% acting on the block M; also 
the three forces R^' (= R^), R^, and P acting on the wedge. The angles which 
Ri, Rt, and R4 make with their normal components equal 0, since motion im- 
pends, by supposition. In Fig. 142, ABCA is a triangle for the forces acting 
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on M, AB rq)resenting W\ and CBDC is a triangle for the forces acting 
on the wedge. The given formula for P\ may be derived from these triangles 
by solving for 5Z>, which represents Pi. From the first triangle {Rt = R^^ 
/W = cos 0/sin (90 — — a — 0), ox R2 — R2" = IF cos 0/cos (2 + a) ; 
from the second triangle Pi/{Rit = Ri") = sin (2 + a)/cos 0. Therefore 
Pi = {R^' = i?/') sin (2 + a)/cos = PF tan (2 + a). 

If the wedge angle a is less than 2 <^, the wedge will not slip out under any 
load W even when there is no push P; that is, the wedge is self-locking. The 
force required to pull the wedge out, that is to lower the load W, must equal 

PT tan (2 — a), when a>4> (guide at right of Jf), 

or 

W sin (2 — a) T- cos a, when a < ^ (guide at left of M). 

In order that the force Q (Fig. 143) may overcome the resistances W, the 
frictional resistances at the four contacts must be overcome also. If the con- 






FiG. 143 Fig. 144 Fig. 145 

tacts are equally rough and 4> — their conmion angle of friction, then the force 

necessary to start the wedge down is given by 




Oi = 



2W 



cot (0 + a) — tan 



Fig. 146 



Fig. 144 represents the forces Q, Ri, and R2' acting on the 
wedge, and the forces acting on M and N, Each of the 
reactions R makes with its normal component an angle 
equal to <f> (motion impending). In Fig. 145, ABCA is 
a triangle for the forces acting on M, AB representing 
W. ACDA is a triangle for the forces acting on the 
wedge. The given formula for Qi can be derived from 
these triangles by solving them for DA, which represents 

Qi. 

If the wedge angle 2 a is less than 2 0, then the wedge 
would not slip out under any pressures W even when there 
is no push Q; that is, the wedge is self-locking. The force 
required to pull the wedge out (Af and N guided above) is 
given by 

^ cot (0 - a) + tan ^ 
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§ 3. Screw. — Fig. 146 represents a simple jackscrew much used for raising 
and lowering heavy loads through short distances. In the simpler forms, 
the screw is turned by means of a lever stuck through a hole in the head H 
of the screw. There is frictional resistance between the screw and the nut, 
also between the cap C and the head of the screw, unless the load can turn 
with the screw. Let P = the (horizontal) force applied to the lever; a = 
the arm of P with respect to the axis of the screw; W = load on the cap; 
f = mean radius of the screw, \ (r 1 + ^2) ; a = pitch angle = tan""* (A -5- 2 irr), 
where k = pitch; and = tan~V> where /x = coefficient of friction. Dis- 
regarding the friction between the cap and head of the screw, the moment 
lequired to raise the load (or move the screw against W) is given by 

Pia = Wr tan (0 + a). 

If the pitch angle is less than the angle of friction, the load would not turn the 
screw; that is, the screw is self-locking. The moment required to lower the 
load (or move the screw with W) is given by 

Pja^ Trrtan(0- a). 

}ackscrews are always made self-locking, the pitch angle a being between 4 and 
6 d^prees generally. With a = 4 degrees and = 6 degrees (m = o.i), 

P\a = 0.18 Wr and P«a = 0.035 ^''• 

Derivation of formulas for Pi and P^i At each point of contact between 
the screw and nut, the latter exerts a pressure dR whose normal and tangential 
component we call dN and dF respectively. 

(i) When the screw tends to rise, dF acts downward on the screw as shown 
at A ; and when motion impends, the angle between dR and the vertical is 
-f a. Taking the sum of the vertical components of all the forces acting 
on the screw, and the simi of the moments of all the forces about the axis 
0/ the screw, we get 

-PF + 2 Ji?cos(0 + a) = 0, or cos (0 -h a) S rfl? = W, 

and P\a — 2 rfiJsin (0 -h a) r = o, or r sin (0 -|- a)2 dR = Pia. 

These 'two equations combined give P\a = Wr tan {it>'\' ct). 
(2) When the screw tends to descend, dF acts upward as shown at B\ and 
when motion impends, the angle between dR and the vertical is — a. 
Taking the simi of the vertical components, and the sum of the moments 
as above, we get equations which yield the required result. 

To allow for the friction between the cap and the head of the screw, let 11 = 
the coefficient of friction, and R = the effective arm of the friction there with 
re^)ect to the axis of the screw. (If the surface of contact between the cap 
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and the head were fiat and a full circle, R would equal two-thirds the radius 
of the circle. But the contact is generally a hollow drde, as in Fig. 146, and 
then R is practically equal to the mean radius.) The friction moment at the 
cap is fiWR; 

(i) for raising the load, Pa = TTf tan (0 + a) + mJTJ?, 
(2) for lowering the load, Pa = Wr tan (0 — a) + fiWR. 

§ 4« Journal in Worn Bearing. — Fig. 147 represents, in section, a journal 
in a worn bearing, wear much exaggerated; the contact between the two is 
along a line practically. When the journal is about to turn clockwise and slip, 
then the bearing exerts a reaction R'y making an angle (the angle of fric- 
tion for the surfaces in contact) with the normal ON; when the journal is 
about to turn counterclockwise and slip, then the bearing exerts a reaction 
R" inclined at an angle ^ with ON, but on the other side. If the radius of the 
journal is r , then the perpendicular from the center to R' and R" equals r sin ^, 
and the circle of radius r sin ^ with center at the center of the cross section of 
the journal is tangent to R' and -R". This circle is called the friction circle for 
jotunal and bearing. For smooth contacts sin nearly equals tan or /x, and 
hence the radius of the circle practically equals fir. 





Fig. 147 



Fig. 148 



We use the friction circle as an aid to fix upon the line of action of the re- 
action between joiunal and bearing when motion impends; the line is tangent 
to the circle. For example, consider the bell crank shown in Fig. 148, the 
joiunal being i| inches in diameter and the coefiident of friction 0.3; the re- 
quirement is to determine the least force P, acting as shown, which will over- 
come Q (that is, start the bell crank to turn clockwise), and the pressure on the 
bearing then. The radius of the friction circle is f sin tan"^o.3 = 0.18 inch. 
Since there are but three forces acting on the bell crank (P, Q, and k), they 
are concurrent, that is, R acts through 0; but R is also tangent to the circle 
as shown, and so its line of action is known. To determine the values of P 
and Ry we draw AB to represent Q by some scale, and lines through A and B 
parallel to P and R to their intersection C; then BC and CA represent the 
magnitudes and directions of R and P respectively. 

(Which one of the two tangent lines to take can be determined by trial. 
Thus, trying ON, the contact between journal and bearing would be at N, and 
the tangential or frictional component of the pressure on the journal would 
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be as shown, not consistent with the assumed tendency to slipping. Obvi- 
ously the other tangent is. the correct one, and on investigating for the friction 
conq>onent of R when acting at M we find that such component is consistent 
with the asstmied tendency to slip.) 

The force P which would just permit Q to start the bell crank to turn counter- 
dockwise could be determined in a similar way. Then R would act along the 
tangent ON, and P would be represented by C'A, When P has any value 
between C'A and CA, then slipping does not impend, and the line of action 
of R cuts the friction circle. 

When a link L (Fig. 149) of a machine or structure is pinned to other parts 
or members, and there is slipping or tendency to slipping at the pins, then the 
pressure exerted by each pin on the link does not necessarily act through the 
center of the pinhole there. If slipping impends, then the line of action of 
the pressure is tangent to the friction drcle; and if the link is a two-force 
member (only the two pin pressures acting on it), then the two pressures are 
colinear and must act along a line which is tangent to both friction circles. 
Which one of the iour tangents to take in a given case depends upon the direc- 
tion of the tendency to slipping at each pin, and whether the link is under ten- 
sion or compression. To ascertain the correct tangent, try any one as the line 
of action of the two pin pressures R, and then investigate the iZ's for their 
frictional components to ascertain whether the directions of those components 
aie consistent with the directions of slip; only one tangent will satisfy all 




Fig. 149 

the conditions for a given case. For example, suppose that the tendency is 
for a to increase and fi to decrease; if the pressures put the link under tension, 
then the two pressiures act along tangent number i at points Ai and At, and 
if the pins put the link under compression then the two pressures act along 
tangent number 2 at points Bi and Bt. 

The deviations of the various tangents (Unes of action of the pin pressures) 
from the axis of the link depend on the diameter of the friction drde and the 
length of the Unk. Generally the diameter is so small compared to the length 
of the link that the deviation is small, and one may safely take the axis of 
the link as the line of action of the pin pressures so long as the link is at rest 
and for all states of tendency to slip. 

§ 5* Belt or Coil Friction. — Fig. 150 represents a cylinder about a part 
of which a bdt or rope is wrapped. If the cylinder is not very smooth, then 
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the pulls Pi and Pt may be quite unequal without causing slipping over the 
cylinder, as may be easily verified by trial. When slipping impends, then the 
ratio of these pulls depends on the coefficient of friction and on the angle of 
wrap. If P2 = the larger pull, m "" the coefficient of friction, a = the angle 
of lap expressed in radians, and e = base of the Napierian system of logarithms 
(2.718), then as proved below, 

Pj -5- Pi = c^. 

For a given value of Pi, Pi mcreases very rapidly with a as shown by Fig. 
151, which is the polar graph of the foregoing equation, P2 and a being the van* 
ables, e = 2.718, m taken as iy and Pi = OA. The following table gives values 
of the ratio P2/P1 for three values of the coefficient of friction and for twelve 
values of the angle of lap. 

Maximum Ratios Pt/Pi (Slipping Impending) 
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Derivation of Formula. — The forces acting upon the part of the belt in con- 
tact with the cylinder consist of the tensions Pi and P2, the normal pressure, 
and the friction (Fig. 152). Let p denote the normal pressure per unit length 
of arc; then the normal pressure on any part whose length is ds (enlarged in 
Fig- 153) is pds. The friction on that part may be called dF, and the ten- 
sions P and P + dP. Since the part is at rest, pds = 2 P sin J dB = Pdd, or 
p = P/r; that is, the normal pressure per unit length at any point of the con- 
tact equals the belt tension there divided by the radius of the cylinder. Wheu 
slipping impends, dF = /ipds, and since dF = dP, 

dP^ti-ds, or — = /A — = /a<». 
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Integration gives 



[iog.p],;=MH:; 

log. Pi - log. Pi = lux, or Pi = Pic^. 
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For an example consider the band-brake shown in Fig. 154. It consists of 
a rope or other band wrapped part way around a brake wheel W, the two ends 
of the band being fastened to the brake lever L; 
the lever is pivoted at Q, Obviously any force as 
P tightens the band, and if the wheel tends to tiun 
(on accoimt of some turning force, not shown), 
then P induces friction between wheel and band. 
We will now show how great a frictional moment 
(origin in the axis of the wheel) the force P can 
induce. Let M = the moment, P2 = the larger 
tension in the brake band (on the side as marked 
when the wheel tends to rotate as indicated). Pi = the smaller tension, r » 
radius of the wheel, ai = arm of Pi with respect to Q, Ot = arm of Pj, and 
a » arm of P. Consideration of the forces acting on the brake-strap shows 
that if = (Pi — Pi)r; consideration of forces acting on the lever shows that 
Pa = PiGi + Pfflt. For a given P, M is greatest when slipping impends, and 
then Pi -^ Pi = e^. These three equations solved simultaneously show that 

M^PaifT- i)r -^ {ansf^ + ai). 

For example, let P « 75 pounds, a = 10 feet, m =» l> « = 320° (=» S-S 
radians), r = 3 feet, ai = 2 feet, and oi = 9 inches. Then a -J- 2 x = about 9, 
and ef^ — 4*ii5 (see table on preceding page) ; and 

Jf = 7S X 6 (4.11 - i) 3 -5- (i X 4.11 + 2) = 765 foot-pounds. 
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CENTER OF GRAVIT7 

21. Center of Gravity of Bodies 

§ I. It is shown in Art. 7 that the resultant of two parallel forces Fi and Ft 
acting at two points A and B of any body cuts the line i4^ in a point P so that 
AP/PB = F2/F1 (Fig. 155). This proportion fixes the position of P, and 
since the proportion is independent of the angle between AB and the forces, P 
is also, so independent. Therefore if il^ were a rod and Fi and F2 the weights 
of two bodies suspended from A and B, then the resultant R of Fi and F2 wotdd 
always pass through the same point even if the tilt of the rod were changed 
slowly so as to leave the suspending strings parallel. Furthermore, if three 
parallel forces be applied at definite points A, B, and C of a body (Fig. 155), 
and if R denotes the resultant of Fi and Ft as before and R' the resultant of 
R and Ft (and so also the resultant of Fi, Fj, and Fs), then CP'jPP' = RJFt. 




This proportion fixes P' (in CP^^ and it is independent of the angle between 
the forces and the plane of ABC, Therefore if AB and CP be two rods rigidly 
fastened at P, and Fi, F2, and F% the weights of bodies suspended from A 
B, and C, then the resultant of the three forces would always pass through 
P' if the rods were slowly tiuned about leaving the strings parallel. And so if 
any number of parallel forces have definite points of application on a rigid 
body, the resultant of the forces always passes through some one definite point 
of the body, or of its extension, when the body is turned about so as not to 
disturb the parallelism of the forces. This unique point is called the center 
or centroid of the parallel forces. 

The forces of gravity on all the constituent particles of a body constitute a 
parallel force system having definite points of application; therefore all those 
forces have a centroid. That is, the resultant of the forces of gravity on all 
the particles of a body (its weight) always passes through some one definite 
point of the body, or of its extension, no matter how the body b turned about; 
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this point is called the cenier of gravity of the body. The positions of the cen- 
ters of gravity of many regular bodies are given in Art. 24, and methods for 
determining those centers of gravity are explained in Art. 23. 

We now show how to locate the center of gravity of a body (or of a collection 
of bodies) which consists of simple parts whose weights and centers of gravity 
are known. Let AfB^C, etc. (Fig. 156), , 
be the centers of gravity of certain parts 
of a body (not shown) ; Wi, Wi, Wz, etc., 
the weights of those parts; xi, yi^ Zi, the 
coordinates of il ; Xt, 3^, 229 the coordi- 
nates of B^ etc. Also let W denote the 
weight of the whole body, Q its center 
of gravity, and x, y, z, the coordinates 
of Q. Since W is the resultant of Wi, 
Wty PFj, etc., the moment of W about Fio. 156 

any line equals the algebraic sum of the 

moments of TFi, W%^ Wz, etc., about the same line (Art 8). Thus, taking 
moments about the y-axis, we get 

Wx=WiXi + WifSi+WtXz+ . . ., 

from which equation x can be determined. Similarly, by taking moments 
about the o^-axis we can get y. To get z, we imagine the body turned until the 
y-axis is vertical, — the coordinate axes are assumed fixed to the body, — and 
then take moments about the x-axis; or, what comes to the same thing, we im- 
agine the forces of gravity (PTi, Wz, Wz, etc.) all turned about their respective 
points of application until they become parallel to the y-axis, and then take 
moments with respect to the x-axis. 

A name for the product of the weight of the body and the ordinate of its 
center of gravity with respect to a plane will prove convenient; we will call 
such product the moment of the body with respect to the plane.* Then the 
equations mentioned can be rendered in the form of a proposition as follows: 
The moment of a body with respect to any plane equals the algebraic sum of 
the moments of its parts with respect to that same plane, 

(i) As an example we determine the coordinates of the center of gravity 
of a slender wire 43 inches long bent as represented by the heavy line in Fig. 157. 
If the weight of the wire per unit length b w, say, then the weights of the 
several straight portions b^inning at the left are as listed in the schedule 
under W. The co5rdinates of the respective centers of gravity are listed under 
X, y, and z; and the moments of the parts with respect to the yz, zx, and xy 
planes in the last three columns respectively. The codrdinates of the center 

* This moment does not of course have anything to do with turning effect like the ordi- 
nary moment of a force (with respect to a line or point). To distinguish these moment^ the 
first is sometimes called a statical moment, not very appropriately, however. See also 
Art. 2^ for other statical moments. 
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of gravity of the whole wire are: x = 177.5 w -r- 43 w 
43 w = 3.44 in.; « =» 192 w -^ 43 w = 4.47 m. 



4.13 in.; 5?= 148 w -5- 
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(ii) As another example, we determine the center of gravity of a flat sheet 
of tin consisting of three parts (Fig. 158), namely, a square, a semicircle, and 
an equilateral triangle. If 5 » the side of the square, and w = the weight of 
the tin per unit area, then the weights of the parts are as scheduled under W. 
Obviously, the center of gravity of the square is at the intersection of the 
diagonals; in Art 24 it is explained that the center of gravity of a semicircle 
is 4 f/3 IT distant from the center of the circle where r = radius, and that the 
center of gravity of a triangle is on the medians of the triangle and | a distant 
from any base where a = altitude measured to that base. Hence the coor- 
dinates of the centers of gravity of the parts are as scheduled under x and y. 
The moments of the parts with respect to the yz and zx planes are scheduled 
in the last two colunms respectively; hence, for the whole sheet of tin ic =» 
0.571 s^ -T- 1.826 shv = 0.313 s, and y = 0.633 ^ "^ i-S26 At; = 0.347 s. 
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§2. To Determine the Center op Gravity of the Remainder of a 
Simple Body from which one or more simple parts have been taken, we may 
use the principles of moments in modified form thus: The moment of the re- 
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mainder of a body with respect to any plane equals the moment of the whole 
minus the moments of the parts taken away. 

(iii) As an example, we determine the center of gravity of a cylinder of cast 
iron (specific weight 450 pounds per cubic foot) with a conical recess in one 
end and a cylindrical hole in the other, shown in section y 
in Fig, 1 59. The weights of the complete solid cylinder, J/'k- 4.'-'^— S '->( 
of the cone, and of the small cylinder, all as of cast iron, ~^ 

are given under W. The coordinates of the center of 
gravity of the solid cylinder and of the -parts are given 
under x and y (see Art. 34 for information on cone), and 
the moments with respect to the )K! and ex planes are 
given in the last two columns. The weight of the 
actual piece of cast iron is 327.5 — (41 + 26.2) = 260.3 
pounds; the moments of the piece equal 1637,5 ~ 
(205.0 + 78.6) = 1353,9 and 2620 - (61.5 + 314.4) = 
2244.1 inch pounds respectively. For the piece of cast 
iron, therefore, x = 1353.9 "^ =^-3 = S-^. and y = f,(, ,j^ 

2244.1 -i- 360.3 — 8-6 inches. 
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§3. ExpERiifENTAL Meihods may be resorted to for finding the center of 
gravity of a body so irregular that the foregoing methods cannot be applied. 

(i) Method of Suspension: The body is suspended from one point of it, 
and the direction of the suspending cord b then marked in some way on the 
body; the operation b repeated for another point of suspension. Since the 
crenter of gravity is in the two lines or ciirections so fixed in the body, it is at 
their intersection. 

fj ", — n (2) Method of Balancing: The body is 

j^^ ■^^"■~'*'^.^ balanced on a straight-edge, and the vertical 

plane containing the edge is marked on the 
body; the operation is repeated for two more 
balancing positions of the body. Since the 
center of gravity is in the three planes so fixed 
m the body, it is at their common point. 
FM. 160 This method is readily applied to a body in 

the fcvm of a thin plane plate; for such only two balancings are necessary. 

(5) Method of Weighing: The weight W of the body is determined, and 
then it is supported on a knife-edge B (Fig. 160) and on a point support which 
rets upon a platform scale; the reaction W of the point support is weighed, 
and the horizontal distance a of the point from the knife-edge is measured; 
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then the horizontal distance from the center of gravity to the knife-edge is 
W'a/W. In this manner the horizontal distances of the center of gravity 
from several knife-edge supports can be got and the center of gravity located. 
The distance of the center of gravity of a body from the plane through three 
points of the body can be determined if the body can be supported at the points 
and if certain weighings can be performed as described. Let A, B, and C 
(behind B and not shown) be three such points of the body (Fig. i6i) ; a = dis- 
tance of A from the line joining B and C; W— weight of the body; W = 
weight recorded by the scale when A, B, and C are at the same level as shown 





77777777779 

Fig. 162 



in Fig. 161, and W" = weight recorded by the scale when A is higher than B 
and C by any amount h (Fig. 162). Then the distance y of the center of gravity 
from the plane ABC is given by 



y=: 



h W 



a. 



Proof: From the first position it is plain that W'a = Wx\ from the second 
it follows that W^'a cos 6 = W{x cos ^ — y sin B), Solvi ng these simultane- 
ously we get y = (PF' - W") (a cote)/W\ but cot 6 = Va^ - h^ ^ h, hence, 
etc. 

22. Centroids of Lines, Surfacesi and Solids 

§ I. Lines, surfaces, and (geometric) solids have no weight, and therefore 
they have no center of gravity in the strict sense of the term as defined in the 
preceding article. However, we do speak of the center of gravity of those geo- 
metric conceptions; and we mean by the term, the center of gravity of the line, 
siurface, or volume materialized, that is, conceived as a homogeneous slender 
wire, thin plate, or body, respectively . The center of gravity of a line, surface, 
or solid is sometimes spoken of as the center of gravity of the length (of the 
line), area (of the surface), and volume (of the solid). The term cenlroid has 
been proposed as a substitute for center of gravity when applied to lines, sur- 
faces, and solids as being more appropriate; the new term is given preference 
in this book. 

If a given line, surface, or solid is imagined as materialized, then we can 
apply the principle of moments (Art. 21) to it. Thus, if PT = the weight of 
the whole materialized line, surface, or solid, Wu W^2, W3, etc., = the weights 
of all the parts into which we imagine it divided, x =" the coordinate of the 
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center of gravity of the whole with reference to some convenient reference 
plane, and rci, od, x^, etc. = the coordinates of the centers of gravity of all the 
parts respectively, then 

Wx= WiXi + W2PCi + WiPCi+ • • • . 

But the weights W, Wi, Wi, Wz, etc., are proportional to the respective lengths 
(L, Li, Li, Lgj etc.) or areas (A, Ai, A^, At, etc.) or volumes (7, Vi, Vt, Vs, etc.), 
as the case may be; and therefore it follows from the preceding equations that 

for lines, Lx = LiXi + LiX^ + L^xz + • • • , 

for surfaces. Ax = AiXi + A2pCi + AzXz + • • • , 

and for solid}s, Vx = FiXi + V2?cz + VzXz + • • • . 

The foregoing formulas can be rendered conveniently in a single statement 
of words or proposition by means of a new term which we now define. The 
fnoment of a line, surface, or solid with respect to a plane is the product of the 
length of the line, area of the surface, or volume of the solid and the coordinate 
of the centroid of the line, surface, or solid with respect to that plane. (The 
moment of a plane line or surface with respect to a plane perpendicular to 
the plane of the line or surface is also called its moment with respect to the 
line of intersection of the two planes.) The proposition or principle of mo- 
ments, then, is this: The moment of a line, surface, or solid with respect to any 
plane equals the algebraic sum of the moments of the parts of that line, surface, 
or solid into which we imagine the whole divided, with respect to that same 
plane.* The principle of moments can be used to determine the centroids of 
all geometrical bodies which can be divided up into parts whose magnitudes 
and centroids are known. Three examples follow: 

(i) Let it be required to locate the centroid of the line 
represented (heavily) in Fig. 163, the curved portion being 
a circular arc; given that each coordinate of the centroid 
of the arc is 6.366 inches (Art. 24). Let x denote the x 
coordinate of the centroid of the line; then taking moments 
about OY (the length of the line = 35.7 inches), 35.7 x = 

10 X o + 10 X S + 15-71 X 6.366, or i = 4.20 inches. 

Obviously, the y co5rdinate also equals 4.20 inches. ^°* ^^^ 

(ii) Let it be required to locate the centroid of the shaded area in Fig. 164, 
which represents the cross section of a "channel" (a form of steel beam much 
used in construction). We consider the section as divided into a rectangle, 
0.40 by 15 inches, and two trapezoids. The distance of the centroid of either 
trapezoid from its longer base is given by 3 (0.90 + 0.80) -?- 3 (0.90 + 0.40) = 
1.31 inches (Art. 24). The second column of the adjoining schedule gives the 
areas of the parts; the third, the centroidal coordinates with respect to the base 

* Of oniise these moments have nothing to do with turning efifects like the moment of a 
fence with respect to a line or a point. To distinguish these moments, the former are some- 
called sUUical moments, not very appropriately, however. 
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of the section; and the last, the moments with respect to that base. The dis- 
tance of the centroid of the entire section from the base is 7.70 H- 9.8 = 0.79 
inch. 
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Fig. 165 



(iii) Let it be required to locate the centroid of a solid consisting of a cone, 
a cylinder and a hemisphere as represented in Fig. 165; given that the 
centroid of the cone is 2 inches from its base, and that of the hemisphere is 
3 inches from its base (Art. 24). The volumes of the parts, the x coordinates 
of their centroids, and the moments with respect to the yz plane are as 
recorded in the adjoining schedule. The total volume is 4825.5 in' and 
the algebraic sum of the moments of the parts is —6433 in*; therefore x = 
""6433 -5- 4825.5 = — 1.33 inches, the negative sign indicating that the cen- 
troid of the whole solid is to the left of O. 
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§ 2. To Determine the Centroid of the Remain- 
der OF A Simple Figure from which one or more 
simple parts have been taken, we may use the prin- 
ciple of moments in the following modified form. The 
moment of the remainder of a figure with respect to 
any plane equals the moment of the whole minus tlie 
moments of the parts taken away. For example, let it 
Fig. 166 be required to determine the centroid of the shaded 

area in Fig. 166, the part of the square remaining after the triangle and the 
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quadrant have been taken away; given that the centroid of the triangle is 
2 inches from OY and 4 inches from YC, and that the centroid of the quadrant 
is 2.54 inches from OX and CX (see Art. 24). The areas, centroidai coordi- 
nates, and moments appear in the adjoining schedule. The area of the shaded 
portion is 144 — (36 + 28.27) = 79.73 square inches, and the moments of the 
shaded part with respect to the y and x axes are 864 — (72 + 266.9) — S^S-i 
and 864— (288+ 71.8) = 494.2 cubic inches respectively. Therefore i=» 
525.1 -^ 79.73 = 6.59, and y = 494.2 -^ 79.73 =» 6.20 inches. 
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23. Centroids Determined by Integration 

§ I. If it is desired to locate the centroid of a line, a surface, or a solid which 
cannot be divided into a finite number of simple parts whose lengths, areas, or 
volumes and centroids are known, and if the line, surface, or solid is ''mathe- 
matically regular," then we imagine the line, surface, or solid divided into an 
infinitely great number of parts, and apply the principle of moments. To 
find the sum of the moments of all these elementary parts involves an integra- 
tion. Thus, let L = the length of a line, i = the x coordinate of its centroid, 
dli, dLi, dLiy etc. — the lengths of elementary portions of the line, and xi, 
4!i, rTji, etc. » the x co5rdinates of the centroids of those portions respectively. 



then 



Lx = dLi • xi + dLi • Xi + dL^ • o:^ + • • • = j dL»x, 



m which dL stands for any of the elementary lengths and x for the x coordinate 
of the centroid of that dL. Similarly, for areas and volumes; and thus we 
have these formulas: 

(i)Ii= TdL.*; (2) Ai=- JdA^x; (3) Vx^ fdV^x, 

and corresponding ones for y and z (the y and z coordinates of the centroid). 

These formulas can be used to determine i, y, and z if the form of the line, 
surface, or solid is such that the integrations can be performed. In any par- 
ticular case, limits of integration must be assigned so that all elementary por- 
tions are included in the integration (summation).* Six examples illustrating 
thdr use follow: 

* The eetUraid is a mean paint. The ordinate from any plane to the centroid of a line, 
surface, or sdid equals the mean of the ordinates of all the equal elementary portions of the 
fine, surface, or solid, it being understood that the mean takes into account signs of the ordi- 
For, let xi, xt, x%, etc., be the ordinates of the elementary portions and n the number 
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(i) Circular arc; radius = r and central angle = 2 a (Fig. 167). The radius 
which bisects the central angle is a line of symmetry^ therefore the centroid is 
on that line; if that line is taken as x axis, then 3^ = o. The length of the arc = 
2 fa (a expressed in radians), dL = rd<l>, and x = r cos 0; therefore formula (i) 
becomes 



2 rax 






•rcos^ 



-£ 



cos<l>d<f>= 2f^sma] or « = (r sin a) 4- a. 



(ii) The preceding problem will now be solved without using polar coordi- 
nates. Since a^ + 3»* = r*, xdx + ydy = o, or dy = — (xdx)/y. Hence 

dL = Vdx^ + df = dxVi + x^/f = dxr/y = djcr/Vr* - jc«, 
and 2rai= ixdL=^2r I —===== 2 r^ sin a; etc. 





r- a — ->|B 

Fig. z68 



(iii) The parabolic segment AOBA (Fig. 168); altitude = a and base = ft. 
Evidently the axis of the parabola is a line of synmietry, and therefore it 
contains the centroid. K that line be taken as the x axis, then y = o. Let 
X and y be the coordinates of any point P on the parabola; then the area of the 
elementary portion shaded is 2ydx. Since the area of the segment is | ab, 
and the equation of the parabola is 4 a>^ = b^x, formula (2) becomes 



-abx 



= / 2ydx*x= —p=. I xidx= -ba^; 
Jo va«^o S 



and 



22^ 

5= -ba^-T- -ab = -a. 



of them (infinite); then the mean ordinate is (xi + «i + apt + • • •) -r- n\ also, let Q =» the 
length, area, or volume of the line, surface, or solid, and dQ » the length, area, or volume of 
the equal elementary portions; then the mean ordinate equals 



fa -f ag^ + • ' ')dQ ^ 
ttdQ 



fdQ 
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(iv) Circular sector (Fig. 169); radius = r and central angle = 2 a. The 
radius which bisects the central angle is evidently a line of symmetry, and so 
the centroid is on that line. If that line is taken as x axis, then y = o. The 
area of the sector equals r^a, a expressed in radians; dA ^ pd^*dp^ where 
p = OP and F is any point in the sector. Therefore formula (2) becomes 



r^ax 



and 



/ pd/(^dp*x^ I I pdfjidp* pco&4^\ 
= (H.»sin«)^(r*«)=^:^ 



(v) Conical or pyramidal solid; altitude = a (Fig. 170). We take the origin 
of co5rdinates at the apex, and the x axis perpendicular to the base; OMNO 
represents the projection of the cone or pyramid on the XY plane. We imagine 
the solid divided into plates or laminas parallel to the base; if the area of the 
base is called A^ say, then the area of the lamina represented is Ao^/a^^ and the 
volume of the lamina is dx • Ao^Jc^. And since the volimie of the solid is J ila, 
formula (3) becomes 

I _ r** (^ Ac? 

-Aax = I {dx • Ao^/a^) x = A/a^ I x^dx = — ; 

.3 «^o Jo 4 





Fig. 171 



hence, i = f a, that is, the perpendicular distance from the centroid to the 
base equals one-fourth the altitude. Evidently, the centroid of every lamina 
lies on the line joining the apex and the centroid of the base; therefore the 
centroid of all the laminas (that is, the solid) lies on that line. 

(vi) Octant of a sphere; radius = r (Fig. 171). Obviously i = y = i; i is 
given by 

/ {dxdydz)x. 

t/O 

Evaluating the integral and substituting for V its value, i rH, we find that 

§ 2. SxjKFACES AND SoLiDS OF REVOLUTION. — For surfaces, we use formula 
(2) and select as element the surface described by an elementary part of the 
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gmerating curve AfN (Fig. 173). Let the x axis be taken coincident with the 
axis of revolution; then the area described by a part of the generating curve 
of length ds h 2iryds. The centroid of 
this area b in the x axis, and its x coor- 
dinate is the X in the figure; hence if A 
stands for the area of the surface of 
revolution, 



f,ds-x.mi.iif:^ds. 



The limits of integration must be assigned 
so that each product xyds will be in- 
cluded in the integration. 
For solids, we use formula (3), and 
Pj^. Pjjj take as element that volume generated 

by an elementary part of the generating 
plane MPN (Fig. 173) which is included between two lines perpendicular to 
the axis of revolution. Thus, if the x axis is taken coincident with the axis of 
revolution, then PQgp generates the elementary volume, or dV = r (yi* — 
yi') dx. Now the centroid of this elementary volume is in the x axis, and its 
X cofirdinate b the x in the figure; hence if V denotes the volume of the solid 
of revolution, then 

Vx = T j (y^-y,*)dx'X, or x=yj (y,?~ yi*)xdx. 

The limits of integration are to be assigned so that each product (yj* — yi')x dx 
will be included in the integration.* 

* Tlie«rems cj Pappus and Guidinus. — These leUte primarily to the detennioation of 
the area and volume of a solid of revolution; they iovolve the centroid of the generating curve 
or plane, and are therefore mentioned in this place, (i) The first theorem states that the 
area of a surface of revolution generated by a plane curve revolved about a line in its plane 
equals the product of the length of the curve and the drcumference of the drcle described by 
the centroid of the curve. Proof; Let MN (Fig. 172) be the generating curve, L ■ length 
of the curve, 3! = the ordinate of the centroid ol L from the axis of revolution, and A « ares 
of the surface generated. Then 

A ■■ \ 2ry dL and yL = J y dL. 

Combining these equations we get .4 = L j xy, which is the proposition in mathematical 
form, (z) The second theorem states that the volume of a solid of revolution generated by a 
plane Ggiu% revolved about an axis in theplaneequals the product of the area of the figure and 
the circumference of the drcle described by its centroid. Proof: Let MPN (Fig. 173) be the 
generating plane, a = area of the plane, y = the ordinate of the centroid of a from the axis 
of revolution, and V = volume of the solid generated. Then 

V " f v(.y^ — y,') dx, and from eq, (j), ay =J(.tt — yi)dxi(yt + yi). 

Combining these equations we get T ^ a 1 ry, which is the proposition in mathematical form. 

To illustrate, we detemiiae the area of the surface generated by revolving the drcular arc 

ABC (Fig. 175) about AC, and the volume of the solid generated by revolving the figure 



For an illustration imagine the quadrant XY (Fig. 174) rotated about OX 
so as to generate a hemisphere. The positions of the centtoids of the surfa(% 
and solid generated could be computed as follows: (i) The area of the hemi- 
q)bere is 2 m*, a; = fsm^, y = rcos^, and di = r d^; hence for the area 

i- (2T-^ 2irf*) Ixyds'-ri sin <^ cos * d* - } f . 
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(ii) TTie volume of the hemisphere is § in*, yt = 
rcos^d^; hence for the volume 



Fig. 176 
r cos tj>,x=r sin ift, and dx = 



= (t 



rivr') j (V — o)xiix- (jf/a) / cos'^sinc^d0=|r 



§ 3. The centroid of an irregidar plane surface or figure can be determined 
graphically or experimentally. The graphical method requires the use of a 
{danimeter or other device for measuring an area. Let aaa'a' (Fig. 176) be 
the figure whose centroid is to be located, (i) Take OX and YX' on opposite 
sides of the figure at any convenient distance / apart, (ii) Project any width 
of the figure as aa on YX'\ connect projections bb with any point on OX as 
Q, and note the intersections cc. (iii) Repeat (ii) for other widths as a'a', and 
then connect all points like c by a smooth curve, (iv) Measure the area A ' 
included by this curve, and the area A of the given figure. Then ^7 is the 
(statical) moment of A with respect to OX (proof foUows), and hence the dis* 
tance fnam OX to the centroid hy = A'l-^A. Proof: Let w = any width 
of the figure as aa, and v/ the corresponding width cc of the derived curve; then 
the moment of A with respect to OX is 

/ ymdy= j lw'dy = t j v/ dy=lA'. 

To determine the centroid experimentally cut a piece of stiff cardboard into 
the shape of the irregular figure, and find its center of gravity by balancing 
as eiqitained in Art. 2 1 ; this point locates the centroid sought. 
ABCA about AC. llie length of the ore — 10.47 laches; the disbmce ol its centroid from 
AC •• 0.89 inch (Art. 24); hence A " 10^7 X 2r X 0.89 — 58.5 square inches. The&ieaof 
ABCA ■■ 9.06 square inches; the distance of its centroid from AC -• 0.54 indi; hence V » 
cu>6 X 3 ir X 0.54 •= 30.7 cubic inchea. 

The theorems A — £ 3 t> and V = amy can be used also for computing y It A aitd L, 
or V utd a (u the case may be), are known. 
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24. Centroids of Some lines. Surfaces, and Solids 

Circular Arc (Fig. 177). — C is the centroid; its dbtance from the center is 
(r sin a) /a, the divisor a to be expressed in radians (i degree = 0.0175 radian) ; 

the distance is also rc/s, where s = arc If the arc is flat 
then the distance of its centroid from the chord is nearly 
f A; the discrepancy is less than one-half per cent for 
arcs whose central angle 2 a is less than 60 degrees. 

When the arc is a semicircle, then the distance from 
the centroid to the center is 2 r/v = 0.6366 r. When the 
arc isa quadrant, then the distance to the center is 
2 f y/2/ir = 0.9003 r, and the distance to the radii OA and 
OB is 2 r/r = 0.6366 r. 
Triangle. — The centroid is at the intersection of the medians;, its per- 
pendicular distance from any side equals one-third the altitude of the triangle 
measured from that side. If Xi, X2, and xz are the coordinates of the vertexes 
with respect to any plane and x the coordinate of the centroid, then x = 
I (^1 + :»2 + Xz). 




Fig. 177 



k— b-M 






Fig. 178 



Trapezoid. — The centroid is on the median (line joining the middle points 
of the parallel sides) (Fig. 178); 



7 = 



(B-b)a 
6(B + b)' 



m = 



{2B-\-h)a 



n = 



{B-\-2h)a 
ziB + b) 



Two geometrical constructions for locating position on the median follow: 
(i) Extend AE (Fig. 179) so that BE = CD, and in the opposite direction 
extend CD so that DF = AB; the intersection of FE and the median GH is 
the centroid sought. (2) Divide the trapezoid (Fig. 180) into triangles by a 
diagonal as AC; find the centroids Gi and Gt of the triangles (construction 
indicated in the figure); the intersection GiG^ with the median EF is the cen- 
troid sought. 

Quadrilateral. — (i) Divide the quadrilateral into triangles by a diagonal AC 
(Fig. 181) and find their centroids G\ and ft; divide it into triangles by the 
other diagonal and find their centroids Gz and G4; the intersections of the lines 
G\Gt and G^^ is the centroid sought. (2) Divide the sides into thirds (Fig. 
182), and draw lines through the third points as shown; these lines form a 
parallelogram whose diagonals intersect at the centroid of the quadrilateral. 
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Sector of a Circle (Fig. 183). — C is the centroid; its distance from the center 
is } (f sin 0L)/ay the divisor a to be expressed in radians (i degree ^ 0.0175 
racUan); the distance also equals \rc/s, where s » arc. 




Fig. 181 




When the sector is a quadrant, then the distance of the centroid from the 
center is 4 V2 f/3 t =* 0.6002 r; and the distance to the radii OA and OB is 
4r/3x a= 0.4242 r. For a semicircle the distance from diameter to centroid 
^4^/3*' = 0.4242 f. 
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^4^\ — g 



I 



Fig. 185 



StcUif of a Circular Ring (Fig. 184). — The distance from the centroid to the 

center is 

2 F} — f* sing 

3 i? — f* a 

the divisor a to be expressed in radians (i degree =» 0.0175 radian). 

Segment of a Circle (Fig. 185). — The distance from the centroid to the 

center is 

c* _ 2 f* sin* a 

12A 3i4 

where A denotes the area of the segment. i4 = i r* (2 a — sin 2 a), the first 
a to be expressed in radians (i degree = 0.0175 radian). 





1^...... — r "~ji 



Ok— 4a --^ 



Fig. z86 



Fig. 187 
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The Area Shaded in Fig. i86, included between a quadrant and tlie tangents 
at its extremities. The distance of the centroid from the bounding tangents 
is 0.223 ff and the distance to their intersection is 0.315 r. 

Parabolic Segments (Fig. 187). — Ci and d are the centroids of the shaded 
parts. Their distances from the sides of the inclosing rectangle (a X i) are 
marked in the figure. 

Elliptic Segment (Fig. 188). — The centroid of the segment XAAX coincides 
with the centroid of the segment XaaX of the circumscribed circle; the cen- 
troid of the segment YBBY coincides with the centroid of the YbbY of the 
inscribed circle. 





Fig. 188 
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Right Circular Cylinder (Fig. 189). — C is the centroid; its distance from 
the axis of the cylinder is J (r* tan a)/A, and its distance from the base is 
i A + J (r* tan* a)/A. When the oblique top cuts the base in a diameter of 
the base (lower part of Fig. 189), then the distance from the centroid to the 
axis is fV ^ £^d to the base ^3 va. 

Cone and Pyramid. — The centroid of the surface (not including base) is on 
a line joining the apex with the centroid of the perimeter of the base at a dis- 
tance of two-thirds the length of that line from the apex. The centroid of the 
solid cone or pyramid is on the lines joining the apex with centroid of the base 
at a distance of three-fourths the length of that line from the apex. 

Frustum of a Circular Cone. — Let R = radius larger base, r = radius smaller, 
a = altitude. The distance of the centroid of the curved smiace from larger 
base is ia{R+ 2r)/{R + r); from smaller base la{2R + r)/{R H- r); 
from a plane midway between bases \ a{R — r)/{R + r). The distance from 
the centroid of the solid frustum to the larger base is 

ia{R^+2Rr+sr^)/{R^ + Rr + r^). 

Frustum of a Pyramid. — If the frustum has regular bases, let R and r be 
the lengths of sides of the larger and smaller bases, and h the altitude; then 
the distance of the centroid of the surface (not including bases) from the larger 
base is J h(R + 2 r)/{R + r). Whether the bases are regular or not, let A 
and a = the areas of the large and small bases and h the altitude; then the 
distance of the centroid of the solid from the larger base is 

ih{A + 2 VJa + 3 a)/{A + y/Aa + a). 
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Ohdisk and Wedge (Fig. 190). — The distance from the 
centroid to the base AB is 

ik{AB + Ab+aB + sab)/(2AB + Ab + aB+2ab). 

If ( s o the solid is a wedge, and the distance from the 
centroid to the base is 

^h(A + a)/{2A+a). 





'Z 


1 1 ' 


'A 



Fig. 190 



Sphere. — The centroid of any zone (smf ace) of a sphere 
(Fig. 191) is midway between the bases. The distance of the centroid of a 
segment (solid) (Fig. 192) from the base is i A(4 r — A)/(3 r — A); when A = r 
(hemisphere) then the distance is | r. The distance of the centroid of a sector 
(solid) (Fig. 193) from the center of the sphere is | (i + cos a) r = f (2 r — A). 




I 



— p — ^ 

Fig. iqx 
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EUipsoid. — Let the three axes be taken as x, y, and z coordinate axes, and 
a, bf and c to denote the semi-lengths of the corresponding axes of the ellipsoid; 
the centroid of one octant of the solid is given by jc » } a, y » f &, and 2 »= } c^ 

Paraboloid of Revolution, formed by revolving a parabola about its axis. 
Let A s height of the paraboloid, the dbtance from its apex to the base, then 
the distance from the centroid of the solid to the base is | A. 



CHAPTER VI 

« 

SUSPENDED CABLES (WIRE, CHAIN, ETC.) 

25. Parabolic Cable 

§1. Symmetrical Case. — When a cable is suspended from two points and 
it sustains loads uniformly spaced along the horizontal and spaced so closely 
that the loading is practically continuous, then the curve assumed by the 
cable is a parabolic arc as will now be shown. The symmetrical case (points 
of suspension at same level) will be considered first. Let AOB (Fig. 194) be 





• 

the cable suspended from A and B, w == load per unit (horizontal) length, 

a = span ABy f = sag, H = tension in cable at lowest point, and T = tension 
at any other, point Q (coordinates x and y). The forces acting on the portion 
OQ are H,T, and the distributed load wx (Fig. 195); this load acts at mid- 
length of X. Since the forces are in equilibrium, their n^oment-sum equals 
zero for any origin of moments; hence moments about Q give Hy = wx(x/2)^ 



a:2 = 



2H 

w 



W - 

or y=j^**. 



(l) 



This is the standard form of the equation of a parabola ; the axis of the parab- 
ola coincides with the y axis, and the vertex is at O. If we substitute for 
X and y their values for the point A {x = a/2, and y = /), then we get 
a^/4 = (2 H/w) /, or ff = wa^/Sf; hence equation (i) may be written 



x^ = 



Vf'' ""' 



y ^2^- 



(2) 



A formula for the tension T at any point Q may be arrived at as follows: 
Let (t> = slope of the curve at Q; then it is plain from Fig. 195 that 
r sin ^ = wxy and T cos <^ = H. Squaring and adding gives 

r* = w^x^ + m = w^x^ + w^a^/6AP. (3) 
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At the points of suspension, x = a/2, and the value of T at that point is 

The adjoining table gives values of T/wa for various values of //a, the sag 
ratio (denoted by n in the table). 



(4) 



r/tw- 



I.O 


0.5 


0.25 


0.125 


0.1 


b.05 


0.515 


O.SS9 


0.707 


1. 118 


1.346 


2.SS0 



O.OI 

12.81 



The length of cable for any span a and sag /or sag ratio n = f/a. — Let / = 
length of cable AB and ds = length of an elementary portion; then as in all 
plane oirves, ds^ = dx^ + dy^ = [i + {dy/dxY] dx^y or 

(fc = [i + {dy/dxY\^ dx. 

From the equation of the curve (2), dy/dx = (8 //a*) x = S nx/a] hence 

d5= {i + 64n^x^/a^)'idx. 

btegrating between proper limits (o and ^ / for s, and o and } a for x) and then 
doubling, we get 



/ = a(i (i + 16 n«)* + ^loge [4 » + (i + 16 n^J])'. 



(5) 



An approximate formula for I, much more convenient to use than the fore- 
going one, may be deduced as follows: Expanding the coefficient of dx above 
by the binomial theorem, we get 



* = (1 + 32 »*^- 512 n^-4+ .• • • jdx] 
and integrating between limits as before we find that 



= fl(i+?n«-^«* + 



/ = fl(i+-n«-^«*+ • • • ). (6) 

The following table gives values of l/a by the exact and approximate formulas, 
equations (5) and (6) respectively, for several sag ratios n = f/a. 



//a exact 

l/a approximate 



1.0 


0.5 


0.25 


0.125 


0. I 


0.05 


2- 3234 


1.4789 


1. 1478 


1.0402 


1.0260 


1.0066 






I.I417 


1. 0401 


1.0260 


1.0066 



1. 01 

1.0003 
1.0003 



§2. Unsymmetrical Case. — By this is meant a cable suspended from 
two points not at the same level; see Fig. 196, where ACB represents a cable 
suspended from A and B. In this case, also, the cable hangs in the arc of a 
parabola as will be proved presently. Let a = horizontal distance between 
points of supports (as in §1), b = vertical distance between the points, B = 
angje which AB makes with horizontal ( = tan""* b/a), x and y = coordi- 
nates of any point Q of the cable as shown, T = tension at the highest 
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point, V and W respectively = the two components of T along AY and 
AB. There are three forces acting on the part AQ, — its load wx, the 



1^ Cf 




Fig. 196 

tension T, and the tension at Q, The moment-sum for these three forces for 
any origin equals zero; with Q as origin 

-wx^x/2+ V'x - H' iQP) = o, or V'x - wx^/2 = H'iy cosO - x^ff). (i) 

This is the equation of a parabola with the axis parallel to the y coordinate 
axis. 

To express the equation of the curve in terms of the dimensions a, 6, and 
the vertical sag /i under the middle point of the chord AB: — The forces 
acting on the entire cable consist of the load wa, the tension at Ay and that at 
B. Their moment-sum with origin at ^ is 

wa • a/2 — V'a = o; hence V = wa/2. (2) 

The forces on the upper half AC consist of the load wa/2, the tension at A, 
and that at C Their moment-sum with origin at C is 



wa 



2 



?!??_ r- + H'fiCo^e = o; hence H' = —, « 

24 2 ' -^ ' 8/iCosd 

Substituting these values of V and H' in (i) gives 



(3) 



Afix 



X 



{a'-x)=y — xtaiVie, or y = (4/1 + *)- - 4/1-^ 



a 



(4) 



The vertical distance of any point as Q below the chord -45 is y X x tan 0; 
hence if we let y' denote that distance, the foregoing equation can be put into 
the more convenient form 



' = i^^a-x). 



(5) 
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The value of the slope at any point of the curve is (difiFerentiating equa- 
tion 4) 

:r = 4-H —-' 

ax a a a a 

Let a and /9 = the slope angles at A and B respectively (where a; » o, and 

X = a); then 

tana = (6 + 4/i)/a, and tan 8 = (6 — 4/1) /a. (6) 

Let xo and ^^o = the coordinates of the vertex of the parabola (where 
dy/dx = o); then 

xo = a (6 + 4/i)/8/i, and yQ={b + 4/i)Vi6/i. (7) 

Let ff and V respectively = the horizontal and vertical components of T, 
Then (see Fig. 196) 

ff = ff ' cos ^ = wa^Sfiy and 

V==r + H' sind = i wa (i + atan^A/O; 

and since T* = F* + 7«, we find that 



T = 



wa^r 

wi' 



( 



i+(tan^ + 



m-H^- 



, sin^ 
2ni 



I. 



(8) 



where «i = sag ratio fi-i- AB = fi-^ asecO. The last expression shows 
that for given w, a, and tti, the tension T increases as the angle is made 
larger; also that for given w, a, and 6, T increases as rii is made smaller.* 

Length of the Parabolic Arc AB (Fig. 196). — Let ai = the length of the 
chord AB, ni = sag ratio /i -H au and h = length of the arc AB. Also let 
ds = length of an elementary portion of the arc; then 

(fe = [i + (dy/dxy]^ dx. 

From the equation of the curve (4), we can get 

l=f (■-¥)+--[*"■(■-")+-']-'• "> 

This last value of dy/dx substituted in the foregoing expression for ds gives 

ds = \i + 8»i(i — 2-j 2 fill 1 — 2-1 + sin ^> secddx. 

Now this equation is in the form ds = {1 + XysecBdx, where 

X = 8 ni (i — 2 x/a) [2 m (i — 2 x/a) + sin 0], 

• Let MN (Fig. 197) represent the load on the cable AB, and let 
MO and NO be parallel to the tangents at A and B (Fig. 196) re- 
spectively; then OMNO is a force triangle for the three forces act- 
ing on the cable AB, and OM represents T and NO represents S. 
It is plain from the figure that OR tan a— OR tan (3 » MNy or 
OR (tan a - tan jS) = MN, But Oi2 = rcosa = 5cos/?, and 
MN = wa; henoe 

7 cos a (tan a — tan^) =wa = 5cos/9 (tan a — tan 0), 

Subotituting the values of tan a and tan 5 given by equation (6), we 

find that 

Toosa = waySfi = 5cos/?. Fic. 197 
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Unless the sag is relatively large ds and secBdx axe nearly equal at all pomts 
along the curve (see Fig. 196); hence (i + X) is nearly equal to i at all points, 
which means that X is small compared to i. Therefore, we may expand 
(i + X) by the binomial theorem, and drop all terms except the first few 
without serious error. Thus we have as a close approximation (fc = (i + 
\X-lX^)secedx, 

li= f\i + hX-iX^) secSdx. 



and 



Substituting for X and X^ their values, and integrating we finally get 

/i = ai(i + Jcos2(?.«i2-yni*). 



(10) 



If the approximation made in the derivation of formula (10) is not per- 
missible in a given case, then one might determine the exact length of the 
cable AB somewhat as follows when a, b, and/i are given: We first locate the 
vertex O of the parabola of which the cable is a part from equation (7). The 
vertex will be found either between A and B. on the cable (Fig. 198), or 



< 




AV 



\ 






Fig. 198 



Fig. 199 




beyond B (Fig. 199). Then we determine the length of the arcs AOA' and 
BOB' by means of equation (s), §1, and finally the length h of the arc ^4-6 from 

Zi = i AOA' + i BOB' for Fig. 198, or /i = i AOA' - i BOB' for Fig. 199. 

For example take a = 800 feet, b = 300 feet, and /i = 200 feet. Let xq and 
yo = the coordinates of the vertex. From equation (7) 

(300 + 4 X 200) 800 ^ , (300 + 4 X 200)* _ 

*• = 8X2CX) SSO, and yo ^^^^^ 378.5. 

Hence the cable hangs as shown in Fig. 200. The length AA' = 1348.6 feet 
according to (5), (a = iioo and n = 378.5 -^ iioo); the length BB' = 530.9 




\<"-2S0'->k- SSO' 

Fig. 200 

feet according to (5), (a = 500 and n = 78.5 -^ 500). Hence AB 
i X 1348.6 + iX 530.9 = 939.8 feet. 
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26. Catenary Cable. 

§1. Symmetrical Case. — A chain or flexible cable suspended from two 
points and hanging freely under its own weight or a load uniformly distributed 
along its length assumes a curve called (common) 
catenary. Let A and B (Fig. 201) be the points of 
suspension of such a cable, C its lowest point, Q any 
other point of the cable, 5 = the length CQ, H = ten- 
sion at C, r = tension at Q, = slope of the curve 
at Q, w = weight of load per unit length of cable, and 
c = a length so that cw = H or c = H/w, The forces 
acting on CQ are H, T, and ws. Since they are in 
equilibrium, T cos 4> = H, and T sin ^ = wj; hence 
tan ^ = ws/H = s/c. But tan = dy/dx^ therefore Fig. 201 

dy/dx = s/c. (i) 

Now since ds^ = dx^ + dy^y {ds/dyY = {dx/dyY + i and {ds/dxY = i + 
{dy/dxY) also 




/i£Y ^ c^ 
\dyl s' 



2+i=— ;i— and 



m- 



i+^ = 



2 



c^ + s' 
^2 



(2) 



Integrating the first one of these equations we get y = (c* + j^)l + i4 where 
i4 is a constant of integration. But y = c where 5 = 0, therefore A = o, 
and hence 

y^ = c^ + s^, or ^2 _ ^2 _ ^2^ ^^ 

Integrating the second differential equation we get 



. = clog.g±v/©'+z] 



+ I = {Tsinh"*-, 
the constant of integration being zero (x = o when s = 0). From (3) 



(4) 



5 = 1 c (^/« - ^^Z*') =(;sinh-< 

c 



is) 



To obtain the cartesian equation of the catenary we combine (3) and (4) 
or (3) and (5) so as to eliminate 5. Thus squaring (5) and comparing with 
(3) we get easily 

(6) 



X 



y^\c (e*/'^ + <r«/^) = ccosh-. 



or 



a: = cloge|^zh 



['^\/©*-^] = "°^*»-1- 



(7) 



The slope angle 4> at any point in terms of the coordinates of the point 
(x,y,5) is given by 

tan = Vc = i (^^'^ - ^'^0 = sinh (x/c). (8) 
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See equations (i) and (5). And from equations (2) and (3), we get 

sin0 = 5/y and cos 4* "^ c/y. (9) 

It foUows from the equilibrium equation T sin ^ = te;^ and (9), that 

T = wy, (10) 

that is, the tension at any point Q equals the weight of a length of cable reach- 
ing from Q to the directrix OX, Hence T increases from C to i4. According 
to the definition of c 

H = ivc. (11) 

In passing, it may be noted that since T cos <!> == E, the horizontal com- 

y. ponent of the tension at any point Q — wc^ constant 

~3^ for a given suspended cable. 

— '""'^ As in the preceding article, let a = span AB (Fig/ 

202), / = sag, and / = length of cable ACB. Any 

two of the three dimensions a, /, and / determine the 

catenary, as will be shown presently. For the point 

Af X = ^a, y =f + Cy and 5 = ^ /. Hence substi- 

j I ^ tuting in equations (3), (4), and (6) respectively we 

get 
Fig. 202 

{f+c)^^c^ + ll\ or c// = i (///)« -i. (30 

\a = c sinh"^ (J //c), or \ a/c = sinh"* (i l/c). (4') 

and f+C'=c cosh (J a/c), or / + (J/c) = cosh (J a/c), (6') 

When / and / are given (3') gives c, and then a may be gotten from (40 or 
(6'). When a and/ are given (6') determines ,c but the equation cannot be 
solved directly, — only by trial or by some similar method; having thus 
determined c, I may be gotten from (3') or (4'). When a and / are given, 
(4O determines c (solution by trial), and then / may be gotten from (3') or 

(60. 

Inasmuch as these trial methods are generally long, computations on some 
catenary problems may be facilitated by means of diagrams. In Fig. 203 
the curves marked A give the relation between f/a and l/a for values of 
f/a from o to 0.5 and (corresponding) values of l/a from i to about 1.50. 
For example, let a = 800 feet and / = 160 feet. Then f/a = 0.20, and the 
corresponding ordinate (over f/a = 0.20) to ciu^e A reads i.io; liexice 
l/a = i.io, and / = 800 X i.io = 880 feet (length of cable). 

Most practical catenary problems involve the strength of the wire or cable 
and the load per unit length of wire. For such problems we have, in ad- 
dition to (3O, (4O and (60, 

T = w(f+c), or T/w=^f+c, (iiO 

where T = the greatest tension (at the points of support), which should of 
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course not exceed the strength of the wire. Most of these problems can be 
solved by trial only, unless a diagram is available. For example, given the 
stroigth r of a wire, the load per unit length w, and the span a; required 
the proper length of wire /. Here 

r/wa=f/a + c/a. (n") 

TTiis equation and (60 contain only two unknown quantities / and c, and the 
two equations determine / and c. But they can be solved only by trial. 
After/ and c have been ascertained, then / may be computed from (3*) directly. 
The curves marked B in Fig. 303 show the relation between //a and T/iea. 






Values rf f ■•- a 
Fio. 103 

llius if //a = 0.30, as in the preceding illustration, then the corresponding 
ordinate to curve B (over f/a = 0.20) reads 0,85; hence T/wa = 0.85 and 

T = 0.85 VMl*. 

* Fig. 303 wu prepared from plate II of Mr. Thomas' paper mentioned in the ' footnote 
at tbe end of this chapter. (For cases of relatively imalt sag ratios, see that plate.) The 
curves maited A might be prepared as follows; (i) Assume different values of l/f; (it) com- 
pute the corresponding values of e/f by means of (j*); (iii) compute values of I/c 
hoail/c — (l/f) + (f/f); (iv) compute values of a/c from (4O; (v) compute values of l/a 
fawn l/a - (f/c) T (oA); (vi) compute values of f/a from f/a - {l/a) + {///). Finally 
plot values of f/a and i/a. ^Ibit adjoining schedule fpves the computed values for l/f — $ 
H an ^lustration.) 

/// c/f l/c a/c l/a f/a c/a T/vx, 

S 1.6250 1.9048 . 1.6946 i-"37 o."47 0-59°° 0.8147 

To plot curves B wc would continue the computation, first computing values of c/a from the 

values of a/c already obtained, and then values of T/wa from T/va = f/a + c/a. Finally 

vilues b cdumns vi and viii of the schedule when plotted fumish the dcared gt^ih. 



§ 2. Unsymmetsical Case (points of suspension not on same level). — The 
cable uniformly loaded along its length hangs in an arc of 8 catenary. The 
vertex C may be on the cable (between the points of suspension A and B) as 
in Fig. 304, or beyond the lower point of suspension as in Fig. 205. In either 




figure, a = the horizontal distance between A and B,b = the vertical distance, 
= angle between MB and the horizontal, / = sag or vertical distance AC, 
and I = arc AB. Most problems in this case as in the symmetrical case 
can be solved only by a trial method; hence diagrams are practically neces- 
sary in this case also. 



1 2.00 
+ 

I- 
^160 



In Fig. 206 there are two groups of curves relating to this unsymmetrical 
case; the group occupying the lower right-hand portion consists of graphs 
showing the relation between f/a and t/a (values at right-hand margin) fw: 
ten values of b/a (slope of AB, Figs. 304 and 205). The other group counts 
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of graphs showing the relation between f/a and T/wa (values at left-hand 
margin) for the same ten slopes {T = tension at higher point of support and 
w = weight of cable per unit length). To illustrate, let a = 200 feet, b = 40 
feet, / = 240 feet, and le; = 2 pounds per foot. On the curve for b/a = 0,20 
in the lower group, we find the point whose ordinate l/a = 1.20 and note 
that the abscissa of that point is f/a = 0.385. Hence / = 200 X 0.385 = 77 
feet. On the curve for b/a = 0.20 of the upper group, we find the point 
whose abscissa is 0.385 and note that its ordinate T/wa = 0.90. Hence 
r = 2 X 200 X 0.90 = 360 pounds.* 

* Fig. 206 was made from certain of the (more extensive) figures in Mr. Robertson's paper 
mentioned in the footnote at the end of this chapter. The following is an explanation of 
a method for the construction of such a figure. Let h = arc AC and /] — arc BC (Figs. 204 
and 205); also let yi and 3^ » ordinates of A and B respectively, and ka and (i — k)a = the 
abscissas of A and B. Then for i4, a; = *a, y = yi and s — A; for 5, « = (ife — i)a, y ■» yj. 
and s =^ h. Hence, substituting in equations (3) and (6) of §1, we get 



©;-(?)■-■■ 

— = cosh k - » 



and 



and 



(^y-(?)*- 

^= cosh (*-!)- 

c c 



(30 
(6') 



c c 

At the higher point of support A (Fig. 204 or 205), y ^ yi; hence according to equation 
(lo) §1, the tension at that point = wyi^ and 



wa a \c I \c) 



This equation, (3'} and (60, constitute the basis of the method. We first assume a value 
of kf say 0.6, and different values of a/c (say 0.02, 0.04., etc.); then (i) compute values of 
ji/c and yx/c from (60 corresponding to those values of a/c (and k »= 0.6); (ii) compute 
the values of li/c and h/c from (4O to correspond; (iii) compute values of l/c from 
l/c = (/j/c) -f {k/c)\ (iv) compute values of f/c from//c = {yi/c) — i. Finally compute- b/a 
from b/a = [(yiA) — (yi/c)] -5- (a/c) (see Figs. 204 and 205); l/a from l/a = (l/c) -i-ia/c); 
f/a [from f/a = (f/c) -r (a/c); and T/wa from T/iva = {yi/c) ■^ (a/c). (See schedule ) 
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Wc now plot values of b/a and l/a as in Fig. 207, and get a curve (marked k = 0.6); plot 
Talues of b/a and f/a as in Fig. 208, and get a curve (marked k =» 0.6); plot values of b/a 
and T/wa as in Fig. 209, and get a curve (marked k - 0.6). In a simQar manner we take 
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§3. Approximate Solutions of Catenary Problems. — If the cable is 
suspended from two points at the same level and the sag is small compared 
to the span so that the slope of the catenary is small at every point, then the 
load (weight) per unit length of span is nearly constant and equal to the 
weight of the cable per unit length. Hence the catenary coincides very 
nearly with a parabola of the given span and sag, and the formulas and re- 
sults of the preceding article §1 (s3m:mietrical case) may be applied to the 
case here under consideration without serious error. 

That the catenary agrees closely with a parabola can be shown otherwise 
as follows: Expanding the exponentials in the equation of the catenary, 
(6) §1, we get 



c 






X 



and €-*/<' = 1 1 i j,+ 

c 2 c* 3 c* 



hence the equation of the catenary may be written 



-K=+?+---> 



Neglecting the higher powers of the small quantity -, we have as dose 

c 

approximations 

y = c + 0^1 2 Cy or ac* = 2 c (y — c). 

These are equations of a parabola whose axis coincides with the y co5rdinate 
axis and vertex c distant above the origin of coordinates. 

If the supports A and B are not at the same level (Fig. 196) and the sag / 
of the cable is small compared to the distance between the points of support, 
then the slope of the catenary is nearly constant and the load per unit length 
of horizontal distance is nearly constant (zc; sec ^, where w = weight of cable 
per unit length, and B = angle BAX). Hence the catenary coincides very 

k B 0.7 say, and make computations i, ii, iii, etc., as described; then plot three more curves 
(Figs. 207, 208 and 209). Then we repeat for still other values of k. 

From the three sets of curves (Figs. 207, 208, and 209) we pick out sets of corresponding 
values of //a, //a and Tjwa for the several values of 6/a. Thus for hi a = 0.2, we find the 
adjoining tabulated values from the curves. 





6/a » 0.20 




k 


//« 


//« 


T/w 


0.6 

0.7 

etc. 


I. IS 
1.06 

etc. 


0.35 
0.25 

etc. 


0.91 

1.30 
etc. 



Then we plot these values of //a and l/a and get the curve marked h/a = 0.20 in lower group, 
Fig. 206; also we plot values of f/a and T/wa and get the curve marked b/a = 0.20 in the 
upper group of Fig. 206. In a similar way we tabulate and plot for other values of b/a (0.30^ 
0.40, etc.) and complete the diagram (Fig. 206). 
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nearly with a parabolic arc of the given (oblique) chord AB and sag /i, and 
the formulas of the preceding article §2 (unsymmetrical case) may be ap- 
plied to the cable under consideration without serious error, it being under- 
stood that w of §2 = (weight of cable per unit length) X sec 6. 



27. Cables with Concentrated Loads 

§1. Weight of Cable Negligible. — Let Fig. 210 represent a cable ACB 
suspended from two given points A and B, C being a given point from which 
a load is suspended. If the cable can be " laid out" in a drawing, the ten- 
sions, in AC and BC can be determined easily by constructing the force tri- 
angle PQRP for the load W and the two tensions. PQ = W according to 
some convenient scale; FR and QR (parallel to AC and BC respectively) 
rq>resent the tensions in AC and BC. Or, if one wishes to avoid graphical 
methods the two tensions {Ti and Ti) may be computed by solving the tri- 
angle algebraically. Such solution would give 

Ti = IF cosjS/sm (a + /3) and T2 = Wcosa/sin (a + p), 

where a and /3 are the angles which AC and BC make with the horizontal 
(Fig. 210). 

4' 

I 




2000/la. 



Fig. 210 



Fig. 2X1 



When several bodies are suspended from given points on the cable, the 
cable takes up a definite position, but it is not easy to determine the slopes of 
the s^ments of the cable and the tensions. The difficulty lies in the alge- 
braic computation. For example, consider the case represented in Fig. 211. 
The given data are shown in the figiu'e; the lengths are dfawn to scale^ but 
the mdinations of the segments of the cable may not be correct, being un- 
knoim as yet. Let the inclinations be called a, fi, and 7 as shown; and Ti, T29 
and Tz = the tensions in OA, AB, and BN respectively. At each point of 
su^>ension of a load (A or B) there are three forces acting; at A, the load 
1000 pounds, Ti, and T^j and at B, the load 2000 pounds, T2, and Tz. Con- 
sideration of forces at A and of those at B gives respectively 

Ticosa = TqCos/S and Ti sin a — Ta sin j8 = 1000 
Ttcosfi = Tzcosy and Ta sin /3 -f- Ts sin 7 = 2000. 
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It is plain from the geometry of the figure that 
8 cos a + IOC0S/3+ 12 cos 7 = 20, and 8 sin a + 10 sin /3 — 12 sin 7 = 4. 

These six equations may be solved simultaneously for the six unknowns 
(Tif Tiy Tzy a, p, and 7); the actual solution is not simple. For similar cases 
with more than two loads, the work of solving the equations increases rapidly 
with increasing number of loads. 

Suspended loads can be chosen so as to hold points of suspension {A, By 
etc.) in certain definite positions. For instance let it be required to de- 
termine Wif Wi, etc., to hold a cable in the position shown in Fig. 212. We 





may assiune any value for one of the weights and then compute the values 
of the others. Thus taking Wi = 1000 pounds say, then we compute the 
tension in AB from a force triangle for the three forces acting at A. PQXP 
is such a triangle, where PQ = 1000 pounds (according to any convenient 
scale) and PX and QX are parallel to OA and AB respectively; then XQ 
represents the tension in -45. The next step is to find the value of W2 which 
corresponds to such tension in AB; so we draw a force triangle for the three 
forces acting at B one of which is the determined tension in AB. This force 
triangle is QXRQ, and so RQ represents W2 and XR represents the tension in 
BC. Finally, we draw the force triangle RXSR for the three forces acting 

at C, one of which is the determined 
tension in BCy and thus find that Wz 
is represented by SR. Obviously any 
three weights TTi, W2, and Wz in the 
proportion of PQ, QR, and RS would 
hold the cable in the specified position. 
§2. Weight of Cable Not Neg- 
ligible. — It is assumed in the fol- 
lowing discussion that the cable segments are quite flat so that they are 
practically parabolic arcs (see preceding article §3). Then the weight of any 
segment of the cable is practically the same as the weight of a length equal to 
the chord of the segment. Let ABC (Fig. 213) be a cable supported at A and 
C, a load being suspended from the cable at its middle point B. Given the 
span -4C = 2 a, the length of the cable = 2 /, the weight of the cable per unit 




Arr. 27 115 

length = Wy and the load = W; reqmred the sag (depth of B below AC) and 
the tension at A. This (apparently) simple problem is determinate but prac- 
tically imsolvable on account of algebraic difficulties. The equations are 
easily set up. Thus let ai= the (unknown) length of chord AB^fi = the sag 
of the cable below the chord as in Fig. 196, 5 = the tension and p = the slope 
of the cable at B (Fig. 196). Then according to equations (10) and (6) re- 
spectively of Art. 25, § 2 

(i) - = i + -(-- waj and tan^ = — ^^- (2) 

According to the footnote, on page 105. 

5 cos/3 = (wai/a) aysfi. (3) 

From the three forces acting at B {W, 5, and 5), it is plain that 

2SsinP = W. (4) 

These four equations determine the unknowns appearing in them, ai, /i, 5, and 
fi. Thus by division, the last two give tan /3 = 4 Wfi/waia; equating the two 
values of tan P and transforming, we get 



ai wa ai ▼ \ai/ ai 

This equation and (i) contain only two unknowns, the ratios (a/ai) and (/i/ai), 
and the equations determine the ratios. Supposing the ratios determined we 
may find ai since a is given, and then /i. Exact simultaneous solution of 
equations (i) and (5) is impossible, but each equation may be graphed and 
then the coordinates of their intersection would be the desired values of a/ai 
and /i/ai. 

The converse of the preceding problem is much simpler. It is this: Given 
the span i4C = 2 a, the chord AB = ai, the sag/i, and the weight of the cable 
per unit length w; required the load W. Equations (2), (3), and (4) give in 
succession /3, 5, and W. Equation (i) gives the length /.* 

* For other information on the subjects of this chapter, particularly as related to elec- 
tric transmission lines, see the following: University of Illinois Bulletin, No. 11 (191 2) by 
A Gruell; Transactions American Institute of Electric Engineers, Vol. 30 (191 1), papers by 
Wm. L. Robertson, Percy H. Thomas, and Harold Pender and H. F. Thompson. These 
papexs contain extensive tables and diagrams, and discuss effects of temperature changes. 
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CHAPTER VII 

RECTILmEAR MOTION 

28. Velocity and Acceleration 

§ I. Velocity. — When a point moves so that it traverses or describes 
equal distances in all equal intervals of time then it is said to move imiformly, 
and we call the motion uniform. All other motions we call nonuniform. By 
velocity of a moving point is meant the time-rate at which the point is moving, 
or describing distance. To express the magnitude of any velocity we must of 
course compare that velocity to some particular velocity as a standard or unit. 
Any velocity — that of light, for example — might be taken as standard; but 
it is more convenient to take the velocity of a point moving imiformly and 
describing a unit of length in a imit of time for a standard. Thus, we use the 
foot per second, mile per hour, etc. The word per in these names of velocity- 
units is quite commonly replaced by the solidus sign /; thus, foot per second, 
mile per hour, etc., are abbreviated to ft/sec, mi/hr, etc.* 

In any uniform motion the velocity may be computed by dividing the dis- 
tance traversed in any interval of time by the interval. Thus, if t> = the 
velocity. As = the distance traversed, and A/ = the interval of time, then 

V = ^5/^t. (i) 

In any nonuniform motion the rate of moving is not constant but changes 
continuously, as we all realize. Not all, however, have a clear notion of the 
value of the rate, or velocity, at a particular instant of the motion. To bring 
this matter up definitely, let us consider the following example: — In a certain 
launching, the ship moved through the distances given after s in the adjoin- 
ing schedule in the times given after L 

t — o 2 4 6 8 lo 12 14 i6 seconds; 

^ = o 34 9.3 17.3 27.4 39.6 53.4 69.4 88.0 feet. 

Any displacement divided by the time required for that displacement we 
regard as the average velocity for that time; thus, in the last 8 seconds the dis- 
placement is 60.6 feet, and 60.6 -^ 8 = 7.57 ft/sec is the average velocity for 
that time. (Obviously a constant velocity of this value would produce a dis- 
placement of 60.6 feet in 8 seconds.) In the adjoining table we have listed 

* For dimensions of a unit velocity, see Appendix A. 
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AiCsecs.) 


As (ft.) 


V, (ft/sec) 


8 to 16 = 8 


60.6 


7. 57 


8 to 14 = 6 


42.0 


7.00 


8 to 12 B 4 


26.0 


6.50 


8 to 10 = 2 


12.2 


6.10 



the displacements (under A5) for the intervals 8 to 16, 8 to 14, etc. 
(under A/); and also the average velocities (under Va) for these intervals, 
respectively. Apparently, the, average velocity for the intervals 8 to 9, 
8 to 8J, 8 to 8i, etc., continues to decrease, approaching a definite Umit as 
the interval of time approaches zero. The column of average velocities sug- 
gests that the definite limit might be about 5.8 feet per second. The exact 
value of the limit is the rate at which the ship was moving at the time 

8 seconds. 

Summarizing now: — Let A5 = distance traversed in any interval A/, and 
r« = average velocity for that interval; then in any kind of rectilinear motion 



Va = As/ At. 



(2) 



The value of the velocity at a particular instant of the interval is the limiting 
value of the average velocity for the interval, as the interval is taken smaller 
and smaller but always including the particular instant. In the calculus 
notation, this limit is ds/dt\ hence if » = velocity, then 

V = ds/dt, (3) 

Here s means the (varying) distance of the moving point from 
any fixed point in the path. 

Formula (3) can be used for finding the value of r in any 
motion in which the relation between s and / is known. Thus, 
suppose that a point is known to move so that its distance (in 
feet) from the starting point always equals four times the 
square of the time (in minutes) from starting, that is, 5 = 4 /^; 
then V — ds/dt = 8 <. This is the general formula for v in this 
motion; that is, the formula holds for all instants and all 
positions of the moving point. Thus, at the instant / = 2 
minutes, 1^ = 8X2= 16 feet per minute; at the position s = 

100 feet, / = Vioo-T- 4 = 5 minutes and r = 8 X 5 = 40 feet 
per minute. 

For another example of the use of formula (3) we consider a "crank and con- 
necting-rod mechanism " (Fig. 218). OP is the crank, mounted on its shaft 
at O, PC is the connecting rod, C is the crosshead; (i4 is a piston and AC the 
piston rod). When the crank is rotated the crosshead is constrained to move 




Fig. 21^ 



in a. straight line by the guides G. We will now find a general fonnula for the 
velocity of the crosshead (and piston) when the crank rotates unifonnly. l*t 
r = the length of crank, / = length of connecting rod, c = rjl, n = number 
of revolutions of the crank per unit time (assumed constant), u = angle in 
radians described by crank per unit time (« = am), s = varying distance 
of the crosshead from its highest position, 9 = the "crank angle " QOP, and 
( = time required for the crank to describe the angle 6(= ut= 2 imt). 
Obviously, there is a definite relation between i and $ (or t), and this relation 
we need in order to get ds/dt or v. When the crosshead is in its highest posi- 
tion, its distance from equals l + r; hence for any position, s ^ (I + r) — 
CQl=OQ, TOQ according as the crank OP is above or below OX. Now 
CQ = iP - r* sin* 9)i = / (1 - c* sin* fl)*, and OQ = ± r cos *; hence 
s = (/ + r) - / (i - c»sin*fl)* - f cosfl. 
Differentiating the expres^on for s with respect to t, we get ds/dt, or v; and 
remembering that d$/dt = w, we can easily reduce the result to 

I . . . c sin 2 \ 

D=rw(smff + — , . ,„,. )■ 

V 2(1 - c'sm*#)V 

From this general formula we can get the value of 11 for any particular case. 
Thus, let r = 10 inches, ( = 30 inches (then c = J), and m == 100 revolutions 
per minute (u = 2 ir 100 = 628 radians per minute). When the crank is at 
O/'o say, fl ~ 90° and the formula gives c = 6280 inches per minute = 523 
feet per minute. 

The expression dsj^ in equation (3) may be positive or negative; therefore r 
must be regarded as having the same s^ that dsjdi has. Now dsjM is pod- 
tive when 5 increases algebraically, and dsjdi is negative when s decreases 
algebraically; hence the sign of the velocity of a moving point at any instant 
is positive or negative according as s is increasing or decreasing then, that is the 
sign is the same as that of the direction in which the point is moving then. 

When the mathematical relation between s and i is unknown, then equation 
(3) cannot be used to determine the velocity at a particular instant. But if 
the displacements of the moving point are known for 
a number of known intervals beginning or terminating at 
the instant in question, then a fair approximation to the 
desired velocity can be obtained from the values of the 
average velocity for those intervals as explained in 
the launching illustration preceding. One may determine 
the limit of the average velocities approximately by 
' graphical methods. Thus, in Fig. 219 we have plotted 

the average velocities of the launching example in a manner which is ob- 
vious and then joined the plotted points by a smooth curve; this curve 
was extended, as seemed best, to the vertical through pomt 8. The ordinate 
% A represents approximately the limit sought, that is the velocity at the 8th 
second. Another graphical method is explained in § 2 of the following article. 
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§ 2. Acceleration. — A nonuniform motion is said to be accelerated, and 
the moving point is said to have acceleration. If the velocity changes uni- 
formly, that is by equal amounts in all equal intervals of time, the motion 
is uniformly accelerated; if the velocity does not change uniformly, then the 
motion is nonimiformly accelerated. 

By acceleration of a moving point is meant the rate at which its velocity is 
changing. To express the magnitude of any acceleration we must compare 
that acceleration to some particular acceleration as a standard or unit. Any 
rate of velocity-change — that of a freely falling body, for example — might 
be taken as a unit of acceleration but it is more convenient to take the accel- 
eration of a point whose velocity changes uniformly by one unit (of velocity) 
m one unit of time. Thus, we have the foot-per-second per second, the mile- 
per-hour per second, etc. And, abbreviating the word per as before, these 
would be written ft/sec/sec (also written ft/sec *), mi/hr/sec, etc.* 

In a uniformly accelerated motion (u.a.m.), the acceleration may be computed 
by dividing the velocity-change which takes place in any interval of time by 
the length of the interval. Thus, if a = acceleration, Av = the velodty- 
change and Li = the interval, then 

In a nonuniforndy accelerated itMon the i^te of change of the velocity is not 
constant but it varies continuoAy from instant to instant. To arrive at a 
definite notion of the value of tiftate or acceleration at a particular instant, 
let us consider an example. The adjoining schedule gives values of velocity 
and time taken from a '^ starting test " of an electric street railway car. 



1 = 

9 as O 



z 

2.8 



5-3 



345 6 789 10 seconds; 

7.7 9.9 11.9 13.7 15.2 16.4 17.3 18.0 miles per hour. 



Any velodty-change divided by the time required for the change we regard as 
the average acceleration for that time; thus, during the first six seconds the 
velodty-change is 13.7 miles per hour, and 13.7 -^ 6 = 2.28 miles per hour per 
second is the average acceleration for the first six seconds. (Obviously a 
uniform acceleration of this value would produce in six seconds a velodty- 
change of 13.7 miles per hour.) 



Al (sees.) 


A9(mi/hr) 


0. (mi/hr/sec) 


oto6 = 6 


13.7 


2.28 


I to6 = S 


ZO.9 


2.18 


2 to 6 = 4 


8.4 


2.ZO 


3 to 6 = 3 


6.0 


2.00 


4 to 6 « 2 


3.8 


1.90 


5 to 6 « I 


1.8 


1.80 



* For dimensions of a unit acceleration, see Appendix A. 
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In the adjoining table we have listed the velocity-changes (under Av) 
for the intervals o to 6, i to 6, 2 to 6, etc.; and also the average accel- 
eration (under aa) for the same intervals. Obviously the average accelera- 
tion for the intervals $1 to 6, sf to 6, etc., continues to decrease, approaching 
a definite limit as the interval approaches zero. The column of average 
accelerations suggests that the definite limit might be about 1.7 miles per 
hour per second. The exact value of the limit is the rate of change of 
velocity, or the acceleration, when / was 6 seconds. 1 

Summari2dng now: — Let A» = the velocity-change in any interval of time 
A/, and «« = average acceleration for that interval, then in any kind of recti- 
linear motion 

aa = Atj/A/. (S) 

The true value of the acceleration at a particular instant of the interval is the 

limiting value of the average acceleration as the time interval is taken smaller 

and smaller but alwa3rs including the particular instant; or in the calculus 

notation 

a = dv/dt = d^s/dt\ (6) 

Formulas (6), respectively, can be used for finding the value of a in any 
rectilinear motion if the relation between v and t or s and t are known. Thus 
suppose that a point is known to move in a straight line so that the velocity 
(in miles per hour) always equals one-tenth of the square of the time (in 
seconds) from the start, that is t» = o.i <^; then a = dv/dt = 0.2 /. This is 
the general formula for a in this motion; for instance, at 3 seconds after start- 
ing a = 0.6 miles per hour per second. 

For another example of the use of equation (6), we consider the motion of 
the crosshead of the crank and connecting-rod mechanism described in § i. 
There we found that 



(. . , c sin 2 ^ \ 
sm ^ H ; )• 



Differentiating this with respect to / and remembering that w is constant, we 

get dv/dt or 

,/ ^ , cco^2B + (? sin* &\ 
a = rw'fcos^H = — )• 

V (i-c«sin2^)* / 

From this general formula, we can get the value of a for any special case. Thus 
as in § I, let r = 10 inches, / = 30 inches (then c = J), and n = 100 revolu- 
tions per minute (« = 2 t 100 = 628 radians per minute). When the crank 
is at OPo (Fig. 218), then ^ = 90 and the formula gives a = — 410 inches 
per second per second. For meaning of negative sign, see next paragraph. 

The expression dv/dt, equation (6), may be positive or negative; therefore a 
must be regarded as having the same sign as has dv/dt. Now dv/dt is positive 
when the velocity increases algebraically, and dv/dt is negative when the 
velocity decreases algebraically; therefore the sign of the acceleration of a 
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moving point at any instant is positive or negative according as the velocity 
is increasing or decreasing (algebraically) then. Thus acceleration is posi- 
tive or negative according as positive or nega- 
tive velocity is being taken on in the motion. 
By direction of acceleration is meant the direc- 
tion of the velocity which is being taken on. 

When the mathematical relation between v and 
/ (and 5 and /) are unknown, then equation (6) 
cannot be used to determine the acceleration at 
a particular instant. But if the values of the 
velocity are known at a number of known in- 
stants near the instant in question, then a fair approximation to the accel- 
eration desired can be obtained from the values of the average acceleration 
for intervals beginning or terminating at the instant in question, as explained 
in the car-starting example preceding. Fig. 220 shows a construction for 
determining the limit of the average acceleration in the example referred 
to. The ordinate 6 A represents the limit approximately. Another graphic 
method is explained in the next article under § 2. 

Nole on Rate of a Scalar Quantity, — The foregoing explanations of two particular rates 
(vdodty and acceleration) wiU now be generalized so that hereafter we will not need to de- 
rive the expressions or formulas for other rates which will come up for discussion. 

By a scalar quantity is meant one which has magnitude only, not direction also. An 
amount of money, the volume of a thing, the population of a city, etc., are scalar quantities. 
Let X and y denote two scalar quantities which are related to each other so that any change 
in one produces a change in the other. If all equal changes in x produce equal changes in y, 
then y is said to vary imiformly with respect to x and y is called a uniform variable. If all 
equal changes in x produce unequal changes in y, then y is said to vary nonuniformly and y 
is called a nonuniform variable. 

11 y is a uniform scalar, then the graph which represents the relation between x and y is a 
stfiiight line obviously, as for example in Fig. 221 where y\ and yt respectively denote values 
ol y cDrreqx>nding to xi and xt (values of x). The meaning of "rate of y with respect to x " 
or "jr-rate of y " is quite generally understood; it is the change in y per unit change in x. The 
vahie of the rate is computed by dividing any change in y by the corresponding change in x. 
Hius, if Ax and Ay » corresponding changes in x and y (xs — xi and yi — yi), and r = x-rate 

of y, then 

f = Ay/Ax. 

Evidently r is the same for all values of x, that is, the rate of a uniform scalar is constant 





Fig. 221 

11 y is a nonuniform scalar then the graph which represents the relation between x and y 
is a curved line, as for example in Fig. 221 where yi and yt represent values of y which corre- 
wpaod to xi and xt respectivdy. Any change in y divided by the corresponding change in x 
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is commonly called the average rate of y with respect to x for the range xt — xi. Thus, if 
fa — average «-rate of y for the range Ax {— xt — xi) ia x, then 

fa * Ay/Ax. 

The average rate is represented by the slope of the chord AB^ for tan BAC » Ay /Ax. 
The value of the average jc-rate of y depends on the amount of the range Ax. It approaches 
a definite value as Ax is taken smaller and smaller, xt approaching xi for instance. This limit- 
ing value is taken as the true or instantaneous rate of y at the value y — yi{oTx ^ xi). Thus, 
if f « «-rate of y at any value of y, then 

f = lim (Ay /Ax) « dy/dx. 

The »-rate of y at y « yi is represented by the limit of the slope of the chord AB tis B ap- 
proaches Ay that is, by the slope of the tangent at A. 

By means of the foregoing formula, we can determine the x-nte of y provided that we know 
the precise relation between x and y, that is, the equation y = / (a;). In case we do not know 
this equation but do know values of y corresponding to several values of x, then we can de- 
termine the jc-rate of y at one of the values of a; approximately. This approximate value can 
be obtained from the average rates for ranges of x which begin or terminate at the value of 
X for which the rate is desired as already explained in some of the preceding examples. 

§ 3. Features of a Motion Determined by Ktegration. — In the 
preceding article we showed how to determine the velocity from the dis- 
tance-time (S't) law, and the acceleration from the velocity-time (v-t) law. 
The process, in each case, is one of differentiation. By means of the reverse 
process, integration, one may determine the s-t from the v-t law, and the v4 
from the a-( law. We explain further by means of examples. 

Suppose that a point moves in a straight line according to the law v = 60 / 
+ 4. In all cases of rectilinear motion v = ds/dt, ox ds = v dt; hence in the 
present instance, ds = (60 / + 4) di. - Integration gives 5 = 30 /^ + 4 ^ + C, 
where C is a constant to be determined from "initial conditions." Let us sup- 
pose that s is reckoned from the place where the moving point is when < = o, 
or that 5 = when < = o; then substituting these (simultaneous) values of 
s and / in the equation containing C, we get o = o + o + C, or C = o. Hence 
the S't law is 5 = 30 <* -|- 4 /. We might have integrated "between limits,** 

thus j ds ^ j (60/ + 4) dt, or 5 = 30^ + 4 /, 

the lower limits being the simultaneous values of 5 and t from the given initial 
conditions. 

For another example, we will suppose that a point moves in a straight line 
so that a = cos t, initial conditions being » = 4 when t*= o. 

In all cases of rectilinear motion a = dv/dl, or dv = adt; hence, in this 
instance, dv = cos tdt. Integration gives v = smt + C. Substituting the 
(initial) simultaneous values of v and / in this equation we find 4 = o + C, or 
C = 4; hence t; = sin < -|- 4 is the law sought. Or, integrating between limits 
we get 

pv Pi 

COS idt, or i; — 4 = sin U 
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If the a-s law for a motion is given, then the v-s law can be found by 
integrating vdv = a dsy which follows from a = dv/dt == (dv/ds) (ds/di) = 
(dv/ds) »• Thus, suppose that in a rectilinear motion a = 2^ + 3, initial 
conditions being v = 10 when 5 = 4; then 

jvdv= I (2 5 +3) (fa, or it)^ = 5* + 35 + C. 

Initial values substituted in the last equation give C = 22, and hence J »* = 5* 
+ 35+ 22. And in any rectilinear motion 

Jads= I vdv = iiv^-'Vi^), 
*i t/»i 

where Vi and v^ are values of the velocity when s = Si and 5 = 52 respectively. 
The formulas a = dv/dt and v = ds/dt can be used to get "time." These 
can be written di = (i/a) dv and di = (i/t;) ds; hence by integration 

/a — /i = / - d», and /i — <i = / -efa. 



«/»i «* */«i 



These respectively give the time required for v to change from Vi to Di, and for 
s to change from Si to ^2. 

Uniformly Accelerated Motion, — Let a = the value of the (constant) accel- 
eration, and vq = the velocity at the instant from which time is reckoned, and 
5o ^ the distance of the moving point from the origin at that instant. (Some- 
times Vo and Sq are called initial velocity and initial distance, respectively.) 
Since a is constant, integration of a ^'dvjdt gives at once v = a< + Ci, and 
from the initial conditions (» = i^ when / = o), Ci = ii^, hence 

t; = fl^ + fjb. (i) 

From V = ds/dt = a/ + Wo we find by integration that 5 = § a/* + «b< + C2, 
and the initial conditions (^ = 5o when ^ = o) make C% = sq; hence 

s = ^aP + VQt + SQ. (2) 

Eliminating / between (i) and (2) we find that 

2 a (5 — 5o) = »* - VqK (3) 

If the initial velocity and distance == o, then 

V — at, 5 = i at^j and 2 oj = »*. (4) 

Although uniformly accelerated motions are important practically, the 
student is advised not to make a special effort to memorize the foregoing 
formulas (i, 2, 3, and their special forms, 4). But, if he will memorize them, 
then he should also remember that they are for a special motion, constant 
acceleration. All students ought to be able to discuss a uniformly accelerated 
motion nonmathematically — by means of elementary notions somewhat as 
in the following example: The velocity of a certain train can be reduced by 
braking from 40 to 20 miles per hour in a distance of 1600 feet. In what dis- 
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tance would braking stop the train from 40 miles per hour, supposing the 
retardation to be the same at all velocities? Since the velocity changes imi- 
formly, the average velocity during the reduction from 40 to 20 miles per hour 
equals one-half of 40 + 20 or 30 miles per hour; and the time required for the 
reduction of velocity or travel of i6oo feet (= 0.303 miles) is 0.303 -5- 30 
=0.0101 hours, or 36.4 seconds. The time required to stop the train from 40 
miles per hour would be twice 36.4 or 72.8 seconds; and, inasmuch as the 
average velocity during the stoppage woidd be one-half of (40 -}- o) = 20 
miles per hoiu: or 29.3 feet per second, the distance travelled in the 72.8 seconds 
would be 29.3 X 72.8 = 2133 feet. 

29. Motion Graphs 

The features of rectilinear motion, discussed in the preceding article, can be 
represented nicely by certain curves described in the following: 

A distance-time (s4) graph for any motion is a curve drawn "upon" a 
pair of rectangular reference axes so that the coordinates of any point on the 

ciu:\'e represent corresponding, or simulta- 
neous, values of ^ and t, where / = the time 
elapsed from some instant of reckoning (usu- 
ally taken at the instant of starting), and 5 
= the distance of the moving point from 
some fixed point chosen as origin (usually 
taken at the place of starting). Fig. 222 is 
the s-t graph for the launching mentioned 
in § I of the preceding article. Since the slope of the s-t graph is proportional 
to ds/dt and v = ds/dt^ the slope at any point of the graph represents the 
velocity at the corresponding instant, according to some scale. The slope 
scale depends on the scales used for plotting the s-t graph. Thus, in Fig. 222 
the scales are i inch of ordinate = 100 feet and i inch of abscissa = 10 seconds, 
hence, a slope of imity = 100 (feet) -^ 10 (seconds) = 10 (feet per second). 
Thus, the velocity at ^ = 8 seconds, where the slope is BC -^ i4C = 6.54, is 
5.4 feet per second. Instead of interpreting the slope in this way, that is by 
a slope scale, we might determine the velocity as follows: draw the tangent 
line at the point A in question, drop a per- 
pendicular from any point B in the tangent 
to the horizontal through A, measure CA 
and CB according to the proper scales and 
compute the ratio BC -7- AC (as measxu'ed); 
this ratio equals the desired velocity. Thus, 
in Fig. 222, AC = 5 seconds, CB = 27 feet, 
arid i^ = 27 -^ 5 = 5.4 feet per second.* 

* Several instruments have been devised recently for drawing a tangent to a plane curve. 
A very simple one is represented in Fig. 223. It consists of a metal stiaight-edge A with a por- 
tion of one side polished to a minor. OB represents a curve on a piece of paper across wHic^ 
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The velocily-time (v-t) graph for any rectilinear motion is a curve drawn 
upon a pair of rectangular reference axes so that the coordinates of any point 
of the curve represent corresponding, or simultaneous, values of the velocity 
V and time /. The curve in Fig. 224 is a v-/ graph for the car-starting test 
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mentioned in § 2 of the preceding article. The slope of the v-t graph at any 
point represents the acceleration at the corresponding instant. To actually 
determine the acceleration from the graph, the slope must be interpreted by 
proper scale or be computed in a manner analogous to that explained in the 
foregoing under distance-time graph. Thus, at the fifth second, the accelera- 
tion is represented by the slope of the tangent at A; since AC = 2.5 seconds 
and CB = 4.8 miles per hour, the acceleration = 4.8 -7- 2.5 = 1.92 miles per 
hour per second. 

The "area under the curve " (between the curve, the time axis, and any two 
ordinates) represents the displacement for the interval of time represented by 
the distance between the ordinates. Proof: Let tn = velocity scale-number 
and n = time scale-number, that is 

unit ordinate (inch) = m units of velocity (feet per second) ; 
unit abscissa (inch) = « units of time (seconds). 

Thus, let X and y be the lengths (inches) of the coordinates of any point P of 
a v-4 curve (Fig. 225); then the corresponding values of v and t are my and nx. 



the stxaight-edge is laid at random but so that a portion of the curve is reflected from the 
mirror. The image CD and the curve CO are not smoothly continuous; there is a cu^ at C 
But if the instrument be turned about C until the cusp disappears, the curve merging smoothly 
into its image, then the straight-edge A is normal to the curve OB at C. Having located the 
normal at C, it is easy to draw the tangent. The principle of this instrument is the basis of 
Wagener's derivator (see Gramberg's Technische Messungen) by means of which the slope of a 
curve at any point can be read directly, without drawing the tangent or normal. An auto- 
graphic form of (mirror) derivator has been devised by A. Elmendorf (see Set. Am. Suppl. 
for Feb. 12, 1916). 

Guillery's "aphegraphe" is another instrument for drawing a tangent to a plane curve. 
A metal strip or batten must first be fitted to the cmve before the instrument proper can be 
applied. For full description of the aphegraphe, see Mem. Soc. Ing. Civ. de France, Bull, for 
April, 191 1, where M. Guillery also explains how he applied his instrument to determine the 
axxideration-time curves for several mechanisms, and in particular the a4 curve for the "tup" 
of an impact testing machine during a blow. 



Further let (i and tt = the times corresponding to xj and xt and to si and 5i, the 
values of s (space); and A = area. Then 
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(see preceding juljde) ; and il (»w») = Ji — Si. Hence 

(m») is the scate-number for inteiprctating the area. 

Thus, in Fig. 224, one-inch ordinate = 30 miles per 

hour = 29.3 feet per second, and one-inch abscissa = 

335 J seconds; hence one square inch = 29.3 (feet pet 

second) X 5 (seconds) = 146.5 feet. The area may be interpreted more 

directly by multiplying the average ordinate measured by the scale of 

ordinates (hence equal to the average velocity for the time interval) by the 

length of the interval. Thus, in Fig. 224 the average ordinate represents 10.9 

miles per hour =16 feet per second, and the time interval is 10 seconds, 

hence the displacement is 160 feet. 

The accetcration-time (a-t) graph for any rectilinear motion is a curve 
drawn upon a pair of rectangular reference axes so that the coSrdinates of any 
point of the curve represent corresponding, or simultaneous, values of the ac- 
celeration a and the time *. The "area under the curve" represents the 
velocity-change for the time interval represented by the distance between the 
ordinates. For the area under the curve is given by 



I a dl, and tii — Vi = I adt 



(see preceding article). To determine the numerical value of the velocity- 
change, the area must be interpreted by scale or be computed in a manner 
analogous to that explained in the foregoing under veloctty-time graph. 

The velocity-distance {v-s) graph for a rectilinear motion is a curve drawn 
upon a pair of rectangular axes so that the coordinates of any point of the 
curve represent corre^mnding, or simultaneous, 
values of the velocity v and distance j. Fig. 226 
is the v-s graph for an air-brake test on a pas- 
senger train.* The subnormal at any point of tie 
graph represents the acceleration at the corre- 
sponding instant. For, any subnormal as BC is 
given by AC tan BAC = vdv/ds, and from the 
preceding article a = dv/dl = {dv/ds) (ds/dt) = 
V dv/ds; hence BC " a. To actually determine 
the value of a from a subnormal we must use the P™- ^'^ 

proper scale, depending on the scales used for plotting the v-s graph. For Fig. 
226 one-inch ordinate = 50 miles per hour, and one-inch abscissa = 1000 feet 
= 0.19 nule; hence the subnormal scale is one inch =50^-5-0.19 = 13,150 miles 
per hour per hour — 3.65 miles per hour per second. The subnormal BC 

• "Aii^brake Testa — Westinghoiwe," Page 397. \I ^ 




>^ 



AsT. 29 



129 



= 0.72 inch; hence the (negative) acceleration at A (when the train had made 
600 feet from the place where braking began) was 0.72 X 3.65 = 2.63 miles 
per hour per second. 

The accderatiofhdistance (a-s) graph for a rectilinear motion is a curve 
drawn upon a pair of rectangular axes so that the co5rdinates of any point on 
the graph represent corresponding, or simultaneous, values of a and s. "Area 
under the curve" (between the curve, the s axis, and ordinates ai and oj) 
represents one-half the change in the velocity-square corresponding to the 
change oj — ai or 5j — si. For, the area is given by 

J' ads= I vdv = ^(vs? — vi*). 

The reciprocal acceleraUon-velocUy l-'V] graph for a rectilinear motion is 

a curve drawn upon rectangular axes so that the coordinates of any point 
on the curve represent corresponding, or simultaneous, values of i/a and v. 
"Area under the curve" (between the curve, the v axis, and ordinates i/ai 
and i/ot) represents the time required for the acceleration to change from 
ai to Os, or velocity from Vi to Vj. For, the area is given by 






The reciprocal velocity-distance (—sj graph for a rectilinear motion is a 

curve drawn upon rectangular axes so that the coordinates of any point on 

the curve represent corresponding, or simul- g 

taneous, values of i/v and s. "Area imder | 

the curve " (between the curve, the s axis, ^ 

and ordinates i/vi and i/vi) represents Si 

the time required for the velocity to change 

from Vi to Vi. For, the area is given by 



J^*-(fa= f dt^ti-ti. 



Example. — A mechanism is to be de- 
signed for producing a rectilinear motion 
whose acceleration-time graph is shown 
in Fig. 227. There are three distinct 
laws of acceleration. In the first and 
last quarter seconds the acceleration is 
constant and equals 16 feet per second 
per second; in the second quarter the ac- 
celeration decreases uniformly from 16 to 
— 48; and in the third it increases uniformly from —48 to 16. Preliminary 
to the design it is necessary to find the distance-time law; this we proceed 




Figs. 227, 228, 229 
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to do, but first we get the velocity-time and distance-time graphs approxi- 
mately. 

During the first quarter of a second the velocity changes imiformly, and 
the change is 16 X J = 4 feet per second; and if the initial velocity is zero, 
then OA (Fig. 228) is the velocity-time graph for the first quarter second. 
Since the velocity changes uniformly in the first quarter second, the average 
velocity equals J (o -f 4) = 2 feet per second, and the displacement during 
the quarter "=2X1=^) foot. If the initial distance is zero then O and A 
(Fig. 229) are points on the distance-time graph. In a similar way interme- 
diate points could be computed. 

In the second quarter the acceleration varies uniformly. The average 
acceleration for the interval from i to A second is 8 feet per second per second; 
hence the velocity-change for that interval is 8 X xV = J foot per second, and 
the velocity at ^ = t\ is 4 + J = 4.5 feet per second, and B (Fig. 228) is a point 
on the velocity-time graph. In a similar way, C, D, and intermediate points 
could be determined. The portion AD ]s curved, and the average velocity 
for any interval cannot be ascertained so simply. But estimating the average 
ordinate for the third eighth of a second to be 4.4, then the displacement for 
that interval is 4.4 X | = 0.55 feet, and C (Fig. 229) is another point on the 
distance-time graph. In a similar way we might determine other points 
approximately. Determination of the graphs for the third and fourth quarter 
seconds by this method presents no diflSculties, so we pass on to a second 
(mathematical) determination of the graphs. 

In the first quarter, dv/di = 16, or dv = 16 dt; hence v = 16 / + C But 
in accordance with initial conditions assumed, v = o when / = o; hence 
C = o, and zi == 16 / is the equation of the velocity-time graph for the first 
quarter. From that equation we find for / = J, t> = 4 as before. Since 
V = ds/dt, ds = vdi = 16 tdt, and s = Sfi + C. In accordance with initial 
conditions assumed, ^ = o when / = o; hence C = o, and s = Sfiis the equa- 
tion of the distance-time graph for the first quarter. From that equation we 
find for / = J, 5 = J as before; at 1= I, j = J foot; etc. 

In the second quarter, a = 80 — • 256 1, equation of AD (Fig. 227); hence 
dv = (80 — 256 /) tft or r = 80 / — 128 fi + C. We found that t; = 4 when 
t = i; therefore4 = 80 X J - 128 X tV + C, orC = - 8, and» = 80^ - 128/*- 8 
is the equation of the velocity-time graph for the second quarter. Continu- 
ing, ds/dt = 80 / - 128 <* - 8, or s = 40P - 42^? - St + C] but 5 = J 
when / = i, hence C = f , and 5 = 40 ? — 42? /* — 8 / + | is the equation 
of the distance-time graph for the second quarter. 

The equations of the graphs for the remaining quarters could be obtained 
in a similar way. Care must be taken in determining the constants of inte- 
gration; use no value of / (and corresponding value of v or s) which does not 
fall within the period to which the equation imder consideration pertains. 
The remaining equations are — 
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For the third quarter Far the fourth quarter 

a = — 176 + 256 1 a = 16, 

t^ = — 176 < + 128 /* + 56 » = 16 < — 16, 

5= -88^ + 42!?+ 56/- 10 5 = 8/»- i6<+ 8. 

Graphs for Uniformly Accelerated Motion. — Fig. 230 shows the acceleration- 
time graph for a rectilinear motion; in the first six seconds a = 4 feet per 

second per second, in the next ten seconds a \\ o 
and in the last 8 seconds a = — 3 feet per second 
per second (the negative sign meanmg retardation). 
Fig. 231 shows the corresponding velocity-time 
graph, it being assumed that there is no initial 
velocity. Fig. 232 shows 
the corresponding dis- 
tance-time graph, initial 
distance being taken as 
zero. Fig. 233 shows 
the a-s and v-s graphs; 
AB-CD'EF is the former, 
and OGHJ is the latter. 
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30. Simple Harmonic Motion and a Similar One 

§ I. Simple Harmonic Motion (S.H.M.). — If a point moves uniformly 
along the circumference of a circle then the motion of the projection of that 
point on any diameter is called a simple harmonic motion. Obviously the 
projection {Q) moves to and fro in its path, and travels the length of the 
diameter twice while the point (P) in the circimiference goes once aroimd. 
By amplitude of the s.h.m. is meant one-half the length of the path of Q, equal 
to the radius of the circle. By frequency of the s.h.m. is meant the nvunber of 
complete (to and fro) oscillations of the moving point Q per unit time, equal to 
the nimiber of excursions of P around the circimiference per imit time. By 
period of the s.h.m. is meant the time required for one complete to and fro 
oscillation of the moving point Q, equal to the time required for one excursion 
of P around the circle. By displacement of the moving point Q is meant its 
distance from the center of the path; it is regarded as positive or negative 
according as Q is on the positive or negative side of the center. 

Let us now consider a simple harmonic motion to ascertain approximately 
its nature. Suppose that the circle (Fig. 235) to be the path of P, and the 
vertical diameter, say, the path of Q. The y-t (space-time) and the yS 
graphs for the motion of Q can be constructed very easily. We mark any 
number, say sixteen, equidistant positions of P, and number them consecu- 
tively and also the positions of Q to correspond (Fig. 234). Then on an exten- 
sion of the horizontal diameter we lay off any convenient length oT to represent 
360^ or the period, and divide oT into sixteen equal parts numbering the points 
of division as shown. Finally we project points o, i, 2, etc., of the circle upon 
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the verticals through the corresponding points o, i, 2, etc., of oT. These 
projections are on the y-t or y-B graph. The slope of the graph at any 
point represents the velocity of Q at the corresponding instant; hence the 




Fig. 234 

velocity of Q is greatest at the middle of its path, and equals zero at the ends 
of the path. The arcs o-i, 1-2, 2-3, etc., are equal, and are therefore 
described by the moving point P in equal intervals of time. The lengths 
o-i, 1-2, 2-3, etc., in the diameter are described by Q in the same equal 
intervals of time; hence the average velocities of Q for those intervals are pro- 
portional to those distances. For comparison, the distances were laid off 
from 0; OA = o-i, OB = 1-2, OC = 2-3, and OD = 3-4. Carefully com- 
paring these distances, we see that the numerical difference between succes- 
sive average velocities increases; hence the acceleration increases in value 
as Q moves from o to 4. In fact the acceleration is zero when Q is at the 
middle, and greatest when at either end of its path (proved below). 
We now examine s.h.m. more carefully, using the foUowing notation: — 

f = amplitude (radius of the circle), 

» = frequency, 

09 = 2 Tn (abbreviation), 09 bemg angle in radians swept out per unit tinie 

by OP, 
Xj y, or 5 = displacement, 

i = time after some convenient origin as described later, 
V = velocity of the s.h.m. at the time t, 
a = acceleration of the s.h.m. at the time /. 

When Hme t is reckoned from the instant when Q was at middle of its path and 
moving in positive direction. — Suppose the circle (Fig. 235) to be the path of P, 

which moves in sense indicated by arrow, and let us 
consider the motion of the projection of P on the verti- 
cal diameter, from now on called V instead of Q. Let 
6 = angle XOP] then, since / is time elapsed since P 
was at X, ^ = 2 imt = «/ and d$/dt = «. It is plain 
from the figure that y = r sin ^; and since » = dy/dt = r 
{dd/dt) cos e, 

Fig. 23s p = ro) cos 6 = rta cos od. (i) 

These are (general) formulas for v in terms of d and / respectively. 
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Since cos ^ = sin (S + ^tt), v = r<a sin (6 + i t). This formula for v sug- 
gests an easy method for drawing a v^ graph, showing how the velocity 
varies with 6, and hence with /. First we draw an auxiliary circle with radius 
equal to 2 vrn according to any convenient scale; divide the circimiference into 
any convenient number of equal parts, as sixteen; and number the points of 
division as in Fig. 236, that is 90^ ahead of the numbers in Fig. 234. On an 
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extension of the horizontal diameter we lay off oT to represent 360°, and sub- 
divide this into the same number of equal parts (sixteen), munbering as shown; 
then 01, 02, etc., represent 6 = 22^**, 6 = 45°, etc. Finally we project points 
o, I, 2, etc., of the circle toward the right to meet corresponding vertical lines 
through points o, i, 2, etc., of oT. These points of meeting are on the v-B 
graph, for the coordinates of any point on 'the ciirve are corresponding, or 
simultaneous, values of 6 and rco sin (0 + ) ir), or v. 

Inq[)ection of the ih6 graph verifies what was said about the acceleration. 
It shows clearly that the velocity of the moving point V (Fig. 235) changes more 
iq;>idly when V is near the ends of its path than when near the center; hence 
the acceleration of 7 is greater near the ends than near the center. Since the 
ih$ graph is also a v-/ graph, the slopes of the graph represent, to proper 
scale, values of the (varying) acceleration. The curve is steepest when 6 = 90® 
and 270^ (when 7 is at the ends of its path), and horizontal when 6^0 and 
180° (when 7 is at the center of its path); hence again the acceleration is 
greatest at the ends of the path, and zero at the center. When the moving 
point V is approaching the center of its path — from either side — then V is 
getting up speed, and hence the acceleration of F is directed toward the center; 
when V is receding from the center, then V is slowing down, and hence the 
acceleration is directed toward the center. Therefore the acceleration is 
always directed toward the center. 

A general formula for acceleration in a s.h.m. will now be derived. We take 
the motion of V (Fig. 235) for that purpose, and let a = the acceleration at any 
time L Now a = dv/dt, v — r<a cos 6, and d$/dt — w; hence 

fl= — fcD^sin^ = — fw^sinco/. (2) 

These are (general) formulas for a in terms of 6 and t respectively. 

Since sin ^-^ — sin (d + t), a = rw* sin (^ + t). This last formula sug- 
gests an easy method for drawing the o-^ graph, showing how a varies with 



134 



Chap, vn 



dy and hence also with /. First we draw an auxiliary circle (Fig. 237) with 
radius equal to rw* according to any convenient scale; divide the circumfer- 
ence into any convenient number of equal parts, say sixteen; and number 




Fig. 237 

them as in the figure, that is 180° ahead of the numbers in Fig. 234. On an 
extension of the horizontal diameter we lay off OT to represent 360°, and sub- 
divide OT into sixteen equal parts numbering as shown; then 01, 02, etc., 
represent 6 = 2 2 J**, d = 45°, etc. Finally, we project points o, i, 2, etc., of 
the circle horizontally to meet the corresponding vertical lines through points 
o, I, 2, etc., of the line OT. These points of meeting are on the aS graph, 
for the co5rdinates of any point on the curve are corresponding, or simulta- 
neous, values of 6 and rw* sin (6 + t), or a. 

In Fig. 238 the foregoing described distance, velocity, and acceleration graphs 
are superimposed; the solid curve is the y-6 graph, the dashed curve the 
v^ graph, and dot-dash curve is the a-6 graph. 





360 6 

Fig. 238 Fig. 239 

Time dakd from the instarU when Q was at the positive end of its path. — We 
might continue to regard the s.h.m. as taking place in the vertical diameter 
of Fig. 23 s, reckoning time from the instant when P was at Y. It will be more 
convenient to consider the motion of the projection of P on the horizontal 
diameter; then we measure B and / as before. It is easy to show that 

x=^rcQi&B=rcos(»>t\ p= — rcosin^= — rcosinw/; a= — rco^cos^ = — rco^cosarf. 

Time dated from the instant when Q was at some intermediate point. — Let / 
be reckoned from the instant when P (Fig. 239) was at some point as Po> and 
let 6 = PdOP and c = XOPq. This latter angle is called angle of lead; but 
angle of lag when Po is below OX. Now, XOP = + e = (at + e. In the 
s.h.m. executed by F, 

y = r sin (^ -f- c) ; v = ru) cos (^ + c); a = — r«* sin (tf + c). 

In the s.h.m. executed by H, 

x = r cos (6 + e); » = — rw sin (^ + c) ; a^ — ro? cos (^ -|- c). 



Formulas jor Velocity and Accderation in Terms oj Displacement. — These 
do not dq)end on the way in which time is reckoned. Referring to the fore- 
going f ormula:3 we see that 

v = u Vr* — s* = tar Vi — (s/tY, 
o = — «*i, 
where s stands for displa cement x or y. 

The graph of v o) Vr* — j" is the velodty-displacement graph for any 
s.h.m.; it is an ellipse. Fig. 341 shows that graph for the motion of the pro- 
jection of P on the horizontal diameter of the circle. When P is where indi- 
cated say, the velocity of F is represented by the ordinate HV. The graph of 
a =— u*j is the acceleration-displacement graph; it is a straight line. The 
diagonal line in the figure is the a-s graph for the motion of H. The acceler- 
ation of H is represented by the ordinate HA. 
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Mechanism for Producing a Simple Harmonic Motion. — The mechanism 
represented in Fig. 342 consists of a crank C and a slotted slider 5. The slider 
is constrained by fixed guides G so that it can be moved to and fro only (verti- 
cally in this figure). The crank-pin P projects through the slot of the slider; 
hence if the crank be turned, the crank-pin presses against and moves the 
slider. If the crank be turned uniformly then every point of the slider exe- 
cutes a simple harmonic motion. 

5 2. Crank and Connecting-rod Mechanisu (Fig. 243). — When the 
crank is rotating uniformly, the motion of the crosshead (and piston) resem- 




bles a simple harmonic one quite closely, as will be shown presently. Exact 
formulas for the position, velocity, and acceleration of the crosshead for any 
position of the crank were derived in Art. 28. The formulas are not simple. 
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The following approximate formulas (i, 2, and 3) are simpler and quite accu- 
rate, as will be shown. 

As in Art. 28, let r = length of crank, / = length of connecting rod, c = r//, 
n = number of revolutions of crank per unit time (assvuned constant), co => 
angle in radians described by crank per \mit time (w = 2 im), s = the varying 
distance of the crosshead from its position most remote from the crank, 6 » 
the crank angle P^PP, and t = time required for the crank to describe the 
angle ($ == (ot = 2 imt). It follows from the geometry of the figure, as 
explained in Art. 28, that 

Now (i — c* sin* ^)» = I — i c* sin* ^ — J c* sin* $ — etc. (binomial expansion). 
And since c is generally less than }, the third and succeeding terms in the series 
are very smaU and negUgible; hence we have as a good approximation 

/(i-c«sm*^)i = /(i-ic»sin*^) = /(i-i^* + i.c*cos2^), 

and 5 = f (i — cos ^) + J cr (i — cos 2 6). (i) 

Now if we differentiate this with respect to t, we get ds/di or v (velocity of the 
crosshead), and remembering that d$/dt = ci>, we finally jget 

p = fo) (sin 5 + § c sin 2 ^). (2) 

Differentiating again and remembering that <a is constant we get dv/dt or 

a = f«* (cos ^ + c cos 2 d). (3) 

Because of our way of measuring s, the positive direction is from the cylinder 
toward the crank. Positive velocity v means that the crosshead is moving 
toward the crank, and positive acceleration a means that velocity toward the 
crank is being added to the velocity. 

In order to furnish a comparison between the foregoing approximate formu- 
las and the exact ones of Art. 28, we give in the adjoining table the values of a 
for the case c = 3J for a few values of the crank angle 6 (Fig. 243). 



e 


a, exact 


a, approx. 


o*» 


+ 1.286 f«* 


+1.286 r«* 


30 


+ 1.01S 


+1.009 


60 


+0.357 


+0.357 


90 


—0.298 


-0.286 


120 


-0.643 


-0.643 


ISO 


-0.717 


-0.723 


180 


-0.714 


-0.714 



To find the acceleration of the crosshead when the crank is at the '' head-end 
dead-center " (crank at OPq) we put ^ = o, and find from either the exact or 
approximate formula that 

a = r«* (i + c). 
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To find the acceleration at the "crank-end dead-center*' we put 6 = 180°, and 
find from either the exact or approximate formula that 

a = — fw* (i — c). 
To show that the motion of the crosshead C is approximately simple har- 
monic we show that its motion resembles the motion of Q (Fig. 243) which is a 
simple harmonic one. In Fig. 244 we have marked nine corresponding posi- 
tions of Q and C. Thus points o to 



8 are the positions of Q when the crank 
angles are 0°, 22^°, 45°, etc., and 
points O, I, II, III, etc., are the corre- 
sponding positions of C. In the lower 
part of Fig. 244 the paths of Q and C 
(with the points i, 2, 3 and I, II, III, 
marked upon them) have been brought ojr 
together for comparison. It is seen 
that the actual distances described by 
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Fig. 244 
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Q and C in any interval of time are ^ - | 
nearly the same, and so the motion 
of C is nearly the same as that of Q, 
The three intermediate lines in the figure are paths of C with points corre- 
sponding to I, 2, 3, etc., for three other lengths of connecting rod. And we 
see that the longer the rod the more nearly is the motion of the crosshead 
simply harmonic. 

To arrive at a more complete comparison of the motions of C and Q, we will 
derive the formulas for the position, velocity, and acceleration of Q correspond- 
ing to equations (i), (2), and (3). The variable distance of Q irom Pq (Fig. 

243) we will call 2, then 

2 = r (i — cos 6). (4) 

Differentiating with respect to t, we get for velocity of Q 

r = f o) sin 6, (5) 

and differentiating again we get for accel- 
eration of Q 

a = f«* cos 0. (6) 

Now compare (i) and (4), (2) and (5), and 
(3) and (6) and note that the' formulas for 
the motion of C contain an "extra '' term. 
Each of these terms depends on c (= r/l), 
or on the "obliquity" of the connecting 
rod (maximum inclination of the rod to the 
line of stroke OC). The smaller c (the 
longer the rod in comparison with the 
crank), the smaller are the extra terms, and so the longer the rod the more 
nearly is the motion of the crosshead a simple harmonic one. 
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Fig. 245 presents a comparison of the motion of the crosshead C and the 
motion of Q. The solid lines refer to the first motion and the dashed lines to 
the second. Ve is the velocity-distance (vs) graph and Ae'is the acceleration- 
distance (a-s) graph for the motion of C. Vq is the velocity-distance graph 
and ^g is the acceleration-distance graph for the motion of Q. The graphs 
for C were drawn for a connecting rod three cranks long (c = 1-5-3). For 
longer rods the graphs for C would come much nearer the graphs for Q. 

31. Motioii and Force 

The preceding discussion of motion deals, for the most part, with displace- 
ment, velocity, and acceleration; it does not refer at all to the forces acting 
upon the moving bodies. In this article we explain in what manner any rec- 
tilinear motion of a rigid body depends upon the forces acting upon it. 

§ I. First View and Form of the Fundamental Principle. — In Art. 
2 it is explained that the units of force most used by engineers are the so-called 
gravitation units, equal to the earth-pulls on certain things called standards of 
weight. These units have slightly different values at different places; thus 
we have the London poimd-force, the New York poimd-force, etc. Some 
writers define the pound-force as any force equal to the earth's attraction on 
the standard pound weight at London or at sea level in latitude 45°, thus 
making the unit force invariable or an ^'absolute " one. Besides these units 
there are others; see § 2 of this article. 

In Art. 2, we explained also that the word weight is used in at least two 
senses in common parlance (see footnote, page 4). But we will continue to 
use it in a single sense, to connote the earth-pull on a body, and we employ a 
separate word (mass, see § 2 of this article) to connote the amount of substance 
or stuff in a body. Our two weighing devices, beam-scale and spring-scale, 
differ in a certain feature which is worth noting here. A beam-scale measures 
the weight (earth-pull) of a body in terms of the local unit of force, say the 
pound force for the place where the weighing is done; a spring-scale measures 
the weight of a body in terms of an invariable imit, say the particular pound 
force for which the scale was graduated. A beam-scale will not detect the 
change in the weight of a body with change of place because the magnitude of 
the unit (pull on the poise) changes just as the weight of the body changes. 
A spring-scale if sufficiently accurate will detect change in weight with change 
of place. 

First-hand knowledge of the relation between motion and the forces acting 
on the moving body must rest on observation or experiment. Let us consider 
a simple case of motion, that of a falling body. The motion takes place imder 
the action of the weight of the body and the resistance of the surroimding air. 
But if the falling body is quite dense, the air resistance is negligible compared 
to the weight until the velocity becomes quite large. Observations have shown 
that such a body falls with a constant acceleration of about 32 feet per second 
per second at moderate velocities, and we infer that any force equal to the 
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-weight of the body would, if acting alone on that body, produce an acceleration 
of the value stated. 

We are now led to inquire what is the effect on a body of an applied force of 
some other magnitude, say a force equal to double its weight or one-half its 
weight? If we could intensify or dilute the earth-pull upon a body by a 
(gravity) lens or screen, then we could make a body fall under a force differing 
from its own weight and ascertain the answer to our question by observing the 
fall. Unfortunately for our purpose, we cannot so concentrate or dilute the 
force of gravity but we can dilute it indirectly by means of an "Atwood ma- 
chine," designed for that pmpose. The essential parts of that machine are a 
light pulley P mounted on a smooth horizontal axle (Fig. 246), some blocks of 
metal which can be suspended as shown by a light flexible 
cord, and a timing device for getting the acceleration of A 
and B when the system is allowed to move. Neglecting the 
small influence of the pulley, axle, and cord, we regard A and 
B as the body moved and the difference in their weights 
{Wh — W^o) as the driving force. Experiments with this ma- 
chine show that A and B move with constant acceleration, 
and when runs are made with various driving forces — all 
metal pieces being used each time — then the accderaUans in the ^^ ^^7 
differenl runs are directly proportional to the driving forces. In 
this machine the driving force can be made very small but it cannot be made 
larger than the weight of all the metal pieces. It would seem that the force- 
acceleration relation stated holds even for driving forces larger than the weight 
of the body moved; and we assume that when any forces are applied successively 
lo the same body so as to make it move in a straight line, then the accelerations are 
proportional to the forces respectively. Or, if F and F' = the magnitudes of two 
forces applied to any body in succession, and a and a' = the accelerations 
respectively, then 

F/F' = a/a\ 

If FT = the weight of the body, g = the acceleration due to gravity (IT), F 

and a as above, then the foregoing principle gives also F/W = a/g, or as it is 

more conunonly written, F = (W/g) a. 

Generally, a moving body is under the influence of more than one force. 

When the body moves in a straight line, the resultant of all the forces acting upon 

His a single force acting in the direction of the acceleration (proved in Art. 35). 

Therefore the resultant hcts no component at right angles to the line of motion; 

or, the algebraic sum of the components of all the forces acting on the body along 

any line al right angles to the path equals zero. Thus, if the path is taken as an 

X axis and two lines at right angles to each other and to the path as y and z 

axes, then 

2F„ = o, 2F, = o, and ^F^^R, 

where SF*, SFy, and HFg stand for the algebraic sums of the x, y, and z com- 
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ponents of all the forces acting on the body, and R denotes their resultant. 

Furthermore, as proved in Art. 35, 

W 
R = !^a. (i) 

g 

Any unit of force may be used for R and W in equation (i), and any unit for 
g and a. When a gravitational unit of force is used — such are most conven- 
ient in engineering caloidations — then, strictly, the niunerical value of g used 
should correspond to the "locality " of the unit-force used. That is, when one 
is about to make a calculation by means of equation (i), implying the New 
York pound-force say, then he should use for g its value for New York. As 
already stated, the variation in ^ is negligible in most engineering calculations, 
and we generally use 32.2 feet per second per second or even 32 for simplicity. 
Non-gravitational units, the dyne for example, may be used in equation (i). 
But when such units are preferred, then equation (2) is to be preferred in place 
of equation (i). 

Examples. — When a body moves in a straight line and if all the forces act- 
ing on it are known so that R can be computed, then the acceleration can be 
determined easily by means of equation (i). If the acceleration is known 
then we can determine R easily, and from R we can find out something 
about the forces acting on the body. 

I. -4^(Fig. 247) represents a body being dragged along a rough horizontal 
surface £ by a pull P acting as shown. Suppose that the body weighs 100 
poimds, P = 40 pounds, and the friction resistance = 10 poimds. We will 
find the acceleration of A and the normal component of the force exerted 
between A and B. The forces acting on A are represented in Fig. 248, N de- 
noting the normal component of the reaction of 5 on -4, friction being the other 
component. Resolving at right angles to the path, we get iV + 40 sin 20** 
= 100, or iV^ = 86.3 pounds. Resolving along the path, we get i? = 40 cos 20^ 
— 10 = 27.6. Equation (i) gives 27.6 = (100 ■¥ 32.2) a, or a = 8.9 feet per 
second per second. 



100 \ lbs. 



A ^-; 



Fig. 247 



^ 



Fig. 248 



40^ 
lbs- 





Fig. 249 



Fig. 250 



2. A (Fig. 249) represents a body being dragged up the rough inclined" plane 
5 by a pull P equal to 50 pounds; A weighs 60 pounds and the coeflScient of 
friction for A and B is J. We determine the acceleration. Three forces act 
on -4, namely the weight, the pull, and the reaction of B. The last force is 
represented by two components {N and F) in Fig. 250. Resolving at right 
angles to the path, we get iV = 60 cos 30° = 52 ; hence F = 52 4- 4= 13 pounds. 
Resolving along the path, we get i^ = 50 — 13 — 60 sin 30® = 7 pounds; hence 
7 == (60 -r 32.2) a, or a = 3.75 feet per second per second. 
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3. A certain passenger elevator gets up speed at the rate of 4 feet per second 
per second, and can be stopped at the rate of 8 feet per second per second. 
We discuss the pressure on the shoes of a standing passenger weighing 160 
pounds, during an ascent. The forces acting on the man are his own weight 
and the pressure P of the floor on his shoes (upward). During acceleration the 
resultant of these forces is upward, hence F is larger than 160 pounds and 
R = P — 160. Equation (i) becomes P — 160 = (160 -r 32) X 4 = 20, or 
P = 180 pounds. During the next period, constant speed, a = o and P = 160. 
During retardation the acceleration is downward and hence R also. There- 
fore R = 160 — P = (160 -f- 32) X 8 = 40, or P = 120 pounds. 

4. We determine the reaction of the car (Fig. 251) on A during the period 
of getting up speed at the rate of 2 feet per second per second; A weighs 1000 
poimds. We suppose the floor of the car so rough that A does not slip. There 
are two forces acting on A (Fig. 252), its own weight and the pressure P of 
the floor. This latter force must be inclined as shown to furnish a component 
on i4 in the direction of the acceleration. Resolving at right angles to the 
path, we get P cos ^ = 1000; resolving along the path, we get /J = P sin ^ = 
(1000 -5- 32.2) X 2. Solving these two simultaneously we find that P == 1002 
pounds and ^ = 3° 33'. (The horizontal component of P is friction. To 
prevent slipping the floor must be rough enough to fiunish such a resistance.) 
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5. A box (Fig. 253) containing a body A slides down a rough inclined plane B 
whose inclination is 40°. The box weighs 300 pounds, A weighs 150 pounds, 
the coefficient of kinetic friction "between " box and plane is J, and A is per- 
fectly smooth. We determine the acceleration of A and box, and the pressures 
between them. Fig. 254 represents all external forces acting on A and box, the 
reaction of the plane B being represented by two components, F and N. Re- 
solving at right angles to the path, we get iV = 150 cos 40° + 300 cos 40° 
= 345, hence F = 345 -^ s *= ^9* Resolving along the path, we get -R = 300 
sin 40** + 150 sin 40° — 69 = 220 = (450 -4- 32.2) a, or j = 15-75 feet per 
second per second. Fig. 255 represents all the forces acting on A, where P and 
Q are the pressures exerted by the front and bottom of the box respectively. 
Resolving along the direction of the motion we get R = 150 sin 40® — P 
= (150-5-32.2)15.75, or P = 23.1. Resolving along the normal we get 
Q = 150 cos 40^ = 115 pounds. 

6. A body slides down a plane under the influence of gravity and the re- 
action of the plane only; required the acceleration. Let W — weight of the 
body; fi » coefficient of friction; a = inclination of the plane; N =» normal 
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pressure; and P = friction. Then resolving forces normally to the path we 
get N =^W cos a; therefore F = ^iN = iiW cos a. Resolving along the path 
we get R — W^a — F^W (sin a — /i cos a) = (PF t- g) a, or 

a = g(sina — /icosa). 

If the plane is perfectly smooth /i^ o, and a = g sin a. 

§ 2. Second View and Form of the Fundamental Principle. — ^^Physi- 
dsts avoid the (common) double meaning of the word weight by employing 
the word mass to connote amount of material, substance, or stuff, in a body, 
and weight to connote the earth-pull on the body. Such usage is followed in 
this book. Material is measured in different ways; for example, liquids gen- 
erally by gallon, earthwork by cubic yard, cloth by square yard, brick by thou- 
sand, iron by ton, etc. But mass means amount of substance as measured 
by a beam-scale. Our standards of mass (conunonly and legally called " stand- 
ards of weight ") are the pound and the kilogram. These are certain pieces 
of metal preserved in London and Paris respectively. The mass of a body, 
measured as just explained, does not change with change of locality, and this 
is in accordance with our conception of material, substance, or stuff. 

The force-acceleration relation, F = (W/g) a, can be put into an alternative 
form which is preferable from some points of view. Thus suppose that two 
bodies whose weights at the same place are Wi and W2 are subjected to equal 
forces F; let g = the acceleration due to gravity at the place and ai and at 
= the accelerations produced by the two forces F. Then F = (Wi/g) ai 
= Wi/g) <h, or 

That is, the accelerations of the two bodies are inversely as their weights at the 
same place; and since the masses of two bodies are proportional to the 
weights (at the same place), the accelerations of the two bodies are inversely 
proportional to their masses. This relation and that between the accelerations 
produced in a body by two different forces acting singly can be expressed in 
one statement as follows: — Whenever a force acts upon a body so as to make U 
move in a straight line, then the acceleration produced is proportional to the force 
directly and to the mass of the body inversely, or a (xF -7- m. This proportion- 
ality can be put into the form of an equation, 

F=^Kma, 

where K is a, proportionality factor whose value depends, on the units used 
for expressing magnitudes of F, m, and a. This is the alternative form 
mentioned. 

We may fix the value of IT in two ways: — (i) choose luiits of F, m, and a 
at pleasure, and deduce the value of /T; or (2) choose a value of K and imits for 
any two of the quantities F, m, and a, and then deduce the proper unit for the 
third quantity. On plan (i) we choose, for example, the poimd-force, the 
pound-mass, and the foot per second per second as units for F, m, and a, and 



^^ — r^ rt Mii 



Art. 31 143 

then determine K by reference to any motion in which F, m, and a are known. 
The 'motion of a falling body is such a one. Thus when a body "weighing " 
say 10 pounds falls, then F = 10 poimds, w = 10 pounds, and a = about 32.2 
feet per second per second, and we have 10 = if X 10 X 32.2, or K = 1 -r- 
32.2. On plan (2) we take K equal to unity for simplicity, and then (i) choose 
units of m and a at pleasiu-e, and deduce the proper unit of F; or (ii) choose 
units of F and a at pleasure, and deduce the proper unit of m. (i) Physickts 
take the gram as imit mass, and the centimeter per second per second as imit 
of acceleration; then the corresponding unit of force {K = 1) is such a force as 
would give to the gram an acceleration of one centimeter per second per 
second. They call this force the dyne, (ii) If we take the pound 2\^ unit of 
force, the foot per second per second as unit of acceleration^ then the corre- 
sponding imit of mass {K = i) is such a mass which will sustain an acceleration 
of one foot per second per second under the action of a force of one pound. 
This unit of mass has no generally accepted name, but it is sometimes called 
"engineers' unit of mass," also "slug " and "gee-pound." 

A set of units for which K = 1 is called a systematic set of units ^ also a 
kinetic set. We will always use systematic imits and thus always have F = ma, 
or when several forces make a body move in a straight line, 

R = ma. (2) 

where R denotes the resultant of those forces. For a falling body R = W and 
a = g; thus when systematic units are used 

W = mgy or w = W/g. (3) 

Therefore R = (JV/g) a as in § i. 

To arrive at a notion of the magnitude of the unfamiliar imits d3me (force) 
and*slug (mass), let us consider the well-known force-mass-acceleration rela- 
tion in the case of a falling body. A body whose mass is one gram, falling at 
Paris, falls under the action of a force (earth-pull) of one Paris gram, and has 
an acceleration of 981 centimeters per second per second. Hence a force of 
0.001019 (=1-5- 981) Paris grams would give to a body whose mass is one 
gram an acceleration of one centimeter per second per second. Therefore 
that force is the dyne, that is 

I d3me = 0.001019 Paris grams (force). 

A body whose mass is one pound, falling at London, falls under the action of a 
force (earth-pull) of one London pound, and has an acceleration of 32.2 feet 
per second per second. Hence a force of one London poimd would give to a 
body whose mass is 32.2 pounds an acceleration of one foot per secxmd per 
lecond. Therefore, that mass is the slug, that is 

I slug = 32.2 poimds (mass). 



CHAPTER Vin 

CURVILmEAR MOTION 

32. Velocity and Acceleration 

§ I. Velocity. — In common parlance, velocity of a moving point at a 
certain instant means the rate at which the point is describing distance then. 
So miderstood, velocity has magnitude and sign only, and is therefore a scalar 
quantity. In the preceding chapter (on rectilinear motion) we used the word 
in this sense; in the present chapter we use the word in a broader sense — so 
that it is a vector quantity whose magnitude is the rate at which the moving 
point is describing distance at the instant in question and whose direction is 
the same as that of the motion then. 

11 s ^ the (varying) distance of the moving point from some fixed origin 
in the path, the distance being measured along the path, then the magnitude 
of the velocity at any instant equals the value of ds/dt for that instant. Or if 
V = magnitude of velocity, 

V = ds/dt. (i) 

If the point is moving uniformly, then the rate at which distance is described 
is constant, and is given by A5/A/, where Ls is the distance described in any 
interval A/. The direction of the motion at any instant (and the direction of 
the velocity then) is along the tangent to the path at the position of the 
moving point at that instant. To illustrate, imagine a lo-foot wheel mounted 
on a horizontal axis which points north and south, and suppose that the wheel 
is rotating at 180 revolutions per minute clockwise when viewed from the 
south. When a certain point on the rim is in its highest position then the 
velocity of the point has a magnitude of 2 ir 5 X 180 = 5655 feet per minute, 
and the direction of the velocity is horizontal from west to east. 

The magnitude part of a velocity is called speed by some writers; we follow 
this usage. Thus in the preceding illustration the speed is 5655 feet per minute ; 
while the wheel turns, the speed of the point is constant but the velocity 
changes in direction. 

§ 2. Acceleration. — The acceleration of a moving point at any instant 
is the rate at which its velocity — not speed — is changing then. If V de- 
notes the (varjdng) velocity of a moving point and v the (varying) speed, then 
the definition states that the acceleration is dV/di and not dv/dL Inasmuch 
as most readers are imf amiliar with the rate of a vector quantity — the rate 
chapters in most books on differential calculus deal with rates of scalar quanti- 
ties only — we explain in considerable detail just what is meant by the rate of 
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change of a velocity, but first we explain for subsequent use a motion graph 
called 

Hodograph. — This is a ciurve which shows how the velocity of a moving 
point varies. It is constructed by laying off vectors from a point to represent 
successive velocities, and then the free ends of the vectors are joined by a 
smooth ciirve. The curve is the hodograph for the motion. Thus, suppose 
that ABCD (Fig. 256 ) b the path of a moving point P, and that the vectors at 
A, ByCj and D represent the velocities of P when at A, B, C, and D respec- 
tively. If (/A', (yB\ CfC, and (yU (Fig. 257) are drawn (from any point Cf) 




Fig. 256 




. c-ji 



C* ci 



01 bed 
Fig. 258 



to represent the velocities respectively, then the curve A'B'C'iy is the hodo- 
graph for the motion of P from A to D. The increment or change in the 
velocity while P moves from A to D say is represented by the vector A'ly 
(in magnitude and direction). The change in the speed = length (fiy — 
length CyA'. (The hodograph should not be confused with the speed-time 
curve. The latter is represented in Fig. 253 where ab, he, and cd represent the 
times required for P to move from A to B,B to C, and CtoD respectively, and 
the ordinates over a, b, Cy and d represent the speeds at ^4, ^, C, and D.) 




Fig. 259 



Fig. 260 



\b \A 2.0 2.2 2.4Sec4. 

Fig. 261 



We are now ready to explain the meaning of rate of change of velocity; we 
base our explanation on a simple case of curvilinear motion. Suppose that a 
point P starts at Q (Fig. 259) and describes the circle shown in such a way that 
the distance traversed (in feet) equals double the cube of the time after start- 
ing (in seconds), or 5 = 2 /•. Required the acceleration say, when / = 2.4 
seconds, or 5 = 2 X 2.4* = 27.65 feet. The curve in Fig. 260 is the hodograph 
of the motion for the interval from / = 1.6 to / = 2.6, containing the instant 
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in question. It was constructed from the adjoining schedule, computed from 
s ^ 2fifd ^ 5/20 (radians) = 2.865 s (degrees), and v = ds/di = 6 ^, 



l(8ec.) 


s (ft.) 


• (deg.) 


» (ft/aec) 


1.6 


8.192 


23-5 


15.36 


1.8 


11.664 


33.4 


19.44 


2.0 


16.000 


45.8 


24.00 


2.2 


21.296 


61.0 


29.04 


2.4 


27.648 


79-2 


34.56 


2.6 


35.152 


100.7 


40.56 



Vectors (/A', (YB', (yC, etc., represent the velocities of P when t = 1.6, 1.8, 
2.0, etc., as marked. Vectors A '£', 5'£', C'£', and Z/E' represent the velocity- 
increments for the intervals 1.6 to 2.4, 1.8 to 2.4, 2.0 to 2.4, and 2.2 to 2.4 
seconds re^ectively. The magnitudes of these increments were scaled from 
the original hodograph drawing (the scale of which was one inch = 5 feet per 
second) and are recorded in the adjoining schedule under AF. 



Al(8ec.) 


AV (ft/sec) 


AV/At 
(ft /sec /sec) 


Av (ft/sec) 


Aif/AI 
(ft/8cc/aec) 


1.6 to 2.4 = 0.8 
1.8 to 2.4=0.6 
2.0 to 2.4=0.4 

2.2 to 2.4»0.2 


28.75 
25-15 
19-55 
"45 


35-9 

41.9 
48.9 

57-2 


19.20 
15-12 

10.56 
5-52 


24.0 
25,2 
26.4 
27.6 



Now the magnitude of the average acceleration for the interval 1.6 to 2.4 
seconds is 28.75 "^ ^-^ ~ 3S«9 ^^^^ P^'^ second per second, and the direction 
of that average acceleration is A'E\ The magnitudes of the average accelera- 
tions for the intervals 1.8 to 2.4, 2.0 to 2.4 and 2.2 tp 2.4 also are given under 
A7/A/; the directions of those average accelerations are respectively B'E^, 
CE\ and ZXE'. 

Now the acceleration when / = 2.4 seconds is the limit of these average 
accelerations, as A/ is taken smaller and smaller but always terminating at 
/ = 2.4. The magnitude of this limit, which is the magnitude of the accelera- 
tion sought, is the limit of the magnitudes of the average accelerations. This 
limit can be found approximately by plotting as in Fig. 261, where ordinates 
equal to the computed average accelerations were erected at the proper points 
on the time-base, thus determining the solid curve abed. Any other ordinate 
represents an average acceleration for an interval terminating at / = 2.4 
seconds, thus the ordinate at 2.1 represents the average acceleration for the 
interval 2.1 to 2.4. The curve abed may be extended a short distance without 
error, and therefore the ordinate over / = 2.4 is approximately the limit of the 
values 35.9, 41.9, etc., and it represents closely the magnitude of the accelera- 
tion at < = 2.4 seconds. This ordinate scales 66.5 feet per second per second 
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on the original drawing already mentioned. The direction of this acceleration 
is the limit of the directions of the average acceleration, and obviously this 
limit is the tangent to the hodograph at E\ On the original drawing the angle 
between this tangent and the horizontal is 24 degrees. 

For emphasis by contrast we will determine the way in which the speed 
changes during the motion under consideration. Speed-increments are listed 
under Ar in the schedide; average rates of change of speed for the respective 
time-intervals are listed under Lv/Lt. The limiting value of these averages, 
as A/ is taken smaller and smaller but always terminating at / = 2.4, is about 
28 feet per second per second, and this is the rate at which the speed changes 
{dv/dt) at / = 2.4 seconds. 

We now generalize the foregoing. Let AB (Fig. 262) be the path of a moving 
point P, and let C/A' and O'B' be the velocities of P when at A and B respec- 
tively. Then vector A'B' is the velocity-in- 
crement for the interval A/ while P moves 
from A to B; (chord A'B') -^ A/ is the mag- 
nitude of the average acceleration for the in- 
terval, and the direction A'B' is the direction 
of the average acceleration. The magnitude 
of the (instantaneous) acceleration of P when ^^- ^^* 

passing A is the limit of (chord A'B') -7- A/, as 5 is taken closer and closer to 
A; and the direction of the acceleration is the limit of the direction of A'B^ 
as B approaches A^otB' approaches A\ Now lim (chord A'B') -^ A/ = lim 
(arc A'B') -?■ A/ = ds'/dl where ds' is the elementary portion of the hodo- 
graph at A\ and s' is the distance of P' (the point in the hodograph corre- 
^x>ndiD^ to P) from any fixed origin on the hodograph; and the limiting 
direction of the chord A^B' is the tangent at A\ Finally, 

the acceleraHon of P is a vector quanUiy equal to ds'/dt and paraUel 
to the tangent to the hodograph at the point P* corresponding to P. 

It should be noted that the acceleration of P is not directed along the tan- 
gent to the path but always toward the concave side of the path. It may be 
noted also that since the velocity of P' equals ds'/dt and is directed along the 
tangent to the hodograph at P', 

the acceleration of P is the same as the velocity of its corresponding point P', 

it being understood that s' (distance on the hodograph) must be measured 
by the scale of the hodograph diagram. 

As an example of the use of our final result, that the acceleration of P is given 
by the velocity of its corresponding point in the hodograph, we determine the 
acceleration of a point which describes a circle at a constant speed. Let P 
(Fig. 263) be the point, r = radius of the circle, and v = the speed of P. The 
hodograph is a circle whose radius equals v\ A' corresponds to A and P' to P; 
and hence A'O'P' equals Q, We measure the distance s (traversed by P) from 
Ay and s' (traversed by PQ from A', Then s' jv = 5/r, or s' = 5tj/f. Now 
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the velocity of P' equals is'ldX = {dsldS) {v/r) =» p*/f , and the velocity of F' 
is directed along the tangent at JP' (parallel to the radius OP); hence the 

acceleration of P is directed from P to O and 
its magnitude is v'/r. 

The method for determining acceleration 
used in the preceding example is difficult to 
apply in most motions. Why then was the 
method developed at length? To make plain 
qi the meaning of acceleration in curvilinear 
motion and particularly to show students, 
in an elementary way, that acceleration in 
curvilinear motion does not equal dv/dt and is not directed along the tan- 
gent to the path in general. Thus in the preceding example it was found 
that the magnitude of the acceleration is v^/r, whereas dv/dt = o since v 
I's constant; also it was found that the acceleration is directed along the 
normal to the path. In the motion discussed at length (where 5 = 2 /*), it 
was found that the magnitude of the acceleration when / = 2.4 seconds is 
about 66.5 feet per second per second; but, since v = ds/dt = 6 /*, dv/dt — 
12 < = 28.8 for / == 2.4.* 
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33. Components of Velocity and Acceleration 

§ I. Components of Velocity. — Velocity, like any other vector quantity, 
can be resolved into components. For our purpose components parallel to axes 
of coordinates (as x, y, and z) are most usefid; such components are called 

* Note on Rale of Change of a Vector Quantity. — We shall have to deal with the rates of 
vector quantities other than velocity. Therefore we now generalize our notions on the rate 
of this vector quantity (velocity) just arrived at so as to prepare for the rates of these other 
vector quantities for future use. Let OAj OB, OC, etc. (Fig. 264), represent successive 
values of any vector p, in magnitude and direction, vector Qf represent- 
ing p at time ti, OB at time tt, OC at time ^, etc. The changes in p during 
the intervab ti to ti, ti to /«, ti to (4, etc., are represented by the vectors 
AB, AC, AD, etc. The average rate of change in the vector p during 
any of these intervals may be found by dividing the change by the 
time; thus for the interval /i to tt the average rate — AB + (tt — /i), 
and this rate is a vector whose direction is AB, For the interval /i to 
/i, the average rate — AC -r (tt — /i) and the direction of the rate is AC. 
In general, both the magnitude and the direction of the average rate 
of a vector depend on the length of the interval for which the average 
rate is taken or computed. By true or instantaneous rate of change of 
the vector at the time ti, say, is meant the limit of the average rate AB -i- (1% — ti) aattis taken 
closer and closer to /i. The magnitude of this limit » limit of chord AB -i- (tt^ ti) » limit 
of arc i4B -^ (fe — /i) = dS/dt where dS = elementary portion of the arc ; the direction of 
the limit is the direction of the tangent to the arc at A. 

Imagine a point P to move in the curve AD so that the vector OP represents the vector 
p at each instant. The velocity of P — dS/dt and its direction at any instant is tangent to 
the curve at the point where P is at the instant; hence the time-rate of p is the same as the 
velocity of P (the moving end of p). 
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Axial Companenls, — Let x, y, and z = the (changing) coordinates of a 
moving point F, and v„ Vyy and v, = the components of the velocity of P 
parallel to the x, y, and z coordinate axes respectively; then 

Vx = dx/dt, Vy = dy/dt, v, — dz/dL (i) 

(Proof follows.) These formulas state that each axial component of the 
velocity at any instant equals the rate at which the corresponding coordinate 
of the moving point is changing then. In the following derivation of the for- 
mulas we assimie for simplicity that the path of the moving point is a plane 
curve — in the xy plane; proof can be extended readily to include the case of 
a tortuous, or twisted, path. Let P (Fig. 265) be the moving point, v = the 
magnitude of the velocity of P, and a = the angle which the tangent at P 
makes with the x axis. Then Vx = v cos a, and Vy =^ vsin a. But v = ds/dt, 
cos a = dx/dSy and sin a = dy/ds; hence 

_ds dx ^dx J _ ^ ^ _ ^3^ 
^'~dids~dt' ^"""^ ^'"dtds^dl' 





Fig. 265 



Fig. 266 



For an example, we determine the x and y components of the velocity of a 
point P which moves in the circle of Fig. 266 according to the law s = 2t^, s 
being in feet and / in seconds. (This is the motion discussed at length in the 
preceding article.) It is plain from the figure that jc = 20 cos B = 20 cos 
(5/20) = 20 cos (o.i^*); hence 

r, = — 20 sin (o.i^) 0.3 ^2,= — 6 & sin (o.i^). 

When / = 2 seconds, say, Vx = —6 X 4 sin (0.8 radians) = — 24 sin 45.8° = — 
17.2 feet per second. The negative sign means that the component of the 
velocity is directed toward the left. In a similar way it can be shown that 
r, = 6^cos(o.i?). 

Other Components. — The velocity of a moving point P is directed along the 
tangent to its path at the point where P is at the instant under consideration; 
hence, the tangential component of the velocity equals the velocity itself, and 
the velocity has no normal component (along the normal to the path). For 
formulas for components of velocity along and perpendicular to the radius- 
vector of the moving point see Hoskihs' "Theoretical Mechanics," Ziwet's, 
or any other standard work on that subject. 

§ 2. Components of Acceleration. — Acceleration is a vector quantity, and 
can be resolved into components therefore. The most useful components for 
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our puqx)ses are: — (i) Those parallel to axes of coordinates (x, y, and z), called 
axial components; (2) those parallel to the tangent and normal to the path of 
the moving point at the place where the point is at the instant in question.* 
Axial ComponerUs. — Let a»y Oy, and a» = the axial components of the 
acceleration of a moving point P, and as in § i let Vg, Vy, and v, = the (varying) 
axial components of the velocity of P, then 

Ox = dvx/dty Oy = dvy/dt, an = dvJdL (2) 

(Two proofs follow.) These formulas state that each axial component of the 
acceleration of P at any instant equals the rate at which the corresponding 
axial component of the velocity of P is changing then. Since », = dx/dt^ 
Vy = dy/di, and Vm = dz/diy we have also 

a, = dH/dfi, Oy = d^y/dfi, a, = d^z/dt\ (3) 

In the following proof it is assimtied for simplicity, that the path of the 
moving point is a plane curve — in the xy plane. The proof can be extended 
readily to include the case of a tortuous or twisted path. Let P (Fig. 267) be 
the moving point, and O'F' (Fig. 268) be parallel and equal to the velocity v; 





Fig. 267 Fig. 268 

then P' is the pomt "corresponding " to P, and the direction of the accelera- 
tion of P is tangent to the hodograph at P' as indicated. Let a = the mag- 
nitude of the acceleration, and a' = the angle between the acceleration and 
the X axis. Then a* = a cos a' and o^ = a sin a'. But a = ds'/dt^ where ds^ 
denotes elementary length on the hodograph (see Art. 32); and since the 
coordinates of P' are Vx and Py, cos a' = dvg/ds'^ and sin a' = dvy/ds'. Hence 

dvx 
di' 



ds' dvx 




J ds' dv^ dvi, . 



* For discussion of components along and perpen- 
dicular to the radius-vector drawn from any fixed 
^Q origin to the moving point see texts referred to in § i . 
t The following is an alternative proof: — Let AB 
(Fig. 269) be a portion of the path of the moving point 
Py and let (/A' and (/B' represent the velocities of i> 
when at A and B, Then A'B' represents the change 
in the velocity while P moves from A tx> B, and A'Af 
and A'N represent the x and y components of this velocity-change. Let A'Q, tangent to the 
hodograph at A\ represent the acceleration of P when at A. Then 

A'B'., . ^ A'B'cosB'A'M ,. A'M 



Fig. 269 



fl, = a cosa' = lim -r-- lim (cosBM'Jfcf) = lim 



» lim 



A^ — ^ £U A^ 

But A'M ^ (yX - CyX' = increment in the x component of the velocity = A09; 
«, * lim (Atx/^) B doz/dt. In a similar way one could prove that Oys dvy/dt. 
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For an example we determine the x and y components of the acceleration 
in the motion of the preceding example (see Fig. 266). In that example it was 
shown that the general value of the x component of the velocity (true for any 
instant) is r, = — 6 /* sin (o.i (*) ; hence 

dvs/dt (or as) = — 12 / sin (o.i fi) — 1.8 ^ cos (o.i /*). 

And when / = 2.4 seconds, say, a, = — 29.4 feet per second per second. In a 
similar way the value of ay can be f oimd from the general expresssion for Vy. 

Tangential and Normal Components. — They will be denoted by at and a» 
resj)ectively; other notation as before, and r = radius of curvature of the path 
at the point occupied by the moving point at the instant in question. Then 

at = dv/dt = d^s/df^, and «» = v^/r. (4) 

(Two proofs follow.) These formulas respectively state that at = the rate 
at which the speed (magnitude of the velocity) changes, and that an is propor- 
tional to the square of the speed directly and to the radiusof curvature inversely. 
Where the speed is increasing, dv/dt is positive and at has the same direction 
as the velocity; where the speed is decreasing, dv/dt is negative and at is 
opposite to the velocity in direction. The normal acceleration an is always, 
directed from the moving point toward the center of curvature. (The words 
tangential and normal refer to the tangent and normal to the path at the 
point where the moving point is at the instant in question.) 








Fig. 270 Fig. 271 

Let AB (Fig. 27o)*1)e the path of a moving point P,v — velocity of P at A^ 
r + At = its velocity at B, and Ad = the angle between the normals (and the 
tangents) to the path at A and B, Also let O'A' and O'B' be equal to and par- 
allel to V and » + Ap respectively; then A' and B' are on the hodograph and 
an^e A'CfB' = Ad. The acceleration of P when at -4 is parallel to the tan- 
gent A'Q. Let A'Q represent a; then A'M and A'N respectively represent 
the tangential and normal components of a. Hence 



ds' 
ai = acos0 = -37COS0, and 

at 



an= asm4> = ^r-sm^. 

at 



To continue the proof, we need to recall certain formidas from calculus. Let 
CC (Fig. 271) be any curve, a convenient "pole," p and p + Ap the radius 
vectors of C and C, A7 the angle COC', A/ the arc CC, i the angle between 
OC and the tangent at C. From calculus, 

sin ^ = p dy/dl and cos^ = dp/dl. 
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These formulas when applied to the hodograph (Fig. 270) become 

sin ^ = » dBjds! and cos ^ = dv/ds^ 
Hence 

ds^ dv dv , ds' de dS dJd ds ^ ^ 

''''^ItdP'^Jr ^^ '^'^li''d^''^''ir''dsTrT' 

For an example we determine the tangential and normal components of the 
acceleration in the motion of the two preceding examples. Since ^ = 2 (•, 
» = 6 /^ and dv/di = 12 / = fl«; at / = 2.4 seconds, say, a« = 28.8 feet per 
second per second. Also an = i^A = 3^ t^/20 = 1.8 /*; at < = 2.4, a» = 59.7 
feet per second per second.f 

The (resultant) acceleration can be obtained from its axial or tangential and 
normal components. Thus 

a = Va,2 + ay^ + a,« = Va** + a*^ 

The angles which a makes with the re, y, and z axes are given respectively by 

cos"^ (ax/a)y cosr^ (Av/o)) and cos~^ {a»/a). 

The angle which a makes with the normal equals tan~^ (at/ an). From a = 
(at^ + On*)^ it appears that a does not equal a« (= dv/dt) in general; only when 
an = o. And a* (= v^/r) = o only when t; = o or r = oc, that is, where the 
moving point reverses direction of motion or where the radius of curvature is 
infinitely great. 

* The following is an alternative proof: — Let AB (Fig. 272) be a portion of the path of 
the moving point Py and O'A' and C/B^ represent the velocities of P when at A and B respec- 
tively. Then the curve A'B' is the hodograph ior AB; the chord A'B' represents the change 
in the velocity while P moves from A to B; and the tangent A' a represents the accden^ 
tion a oi P when at A, Let » = the magnitude of the velocity at -4, v + A» = that at B, 
AS — the angle between the normals (and the tangents) at A and B, and the angle be- 
tween the acceleration and the velocity at A, Then at = a cos0 = 

A/ At at i^ 

,. AtcosA^ — r(i — cosAd) ,. Av ^^ ,. sin*}^ dv i ,. AB ^^ dw 

lim rr = lim-rrcosA^— 2rlim — r^ — = -r, plim-r-:^ =-^' 

At At At dt 2 At dl 

Referring to the figure it will be seen that On — ^ sin ^ » 

At At At At 

,. sinA^ I 1' ^^ ' An r ^ I dd 1 ds f^ 

V lim h lim — sm A0 = v lim ho = r-T-«=r- -—« — • 

t Some students find it difficult or impossible to realize that acceleration of a point in 
curvilinear motion has a component along the normal to the path at the place where tl^e 
moving point is at the instant in question, notwithstanding detailed calculations (as on pages 
145 and 146) for a specific case and mathematical derivation of the general formulas for the 
normal component of acceleration. 

Let us consider the matter from the perplexed student's own standpoint. He may as^ 
" If the moving point has an acceleration along the normal, why does it not acquire velocity 
along the normal ? ** If he will grant that velocity cannot be acquired instantaneously l>\it: 
only with lapse of time, then it is easy to show that velocity is acquired along the nonxisiX, 
Thus to take a concrete case, suppose that a point P is moving in the curve (Fig. 272); ooxk^ 



AsT. 33 



IS3 



Simple Harmonic Motion (see Art. 30). — The fact that the components 
of the velocity and acceleration — along any line — of a moving point P 
equal the velocity and acceleration of the projection of the point on that same 
line, enables one to get the formulas for velocity and acceleration in a 
simple harmonic motion very easily. Thus let P, Fig. 273, be a point describ- 
ing the circle uniformly, and Q its projection on the horizontal diameter; 
then the motion of Q is a simple harmonic one (Art. 30). Let the amplitude of 
the s.h.m. (radius of the circle) = 2 feet, and the frequency of the s.h.m. 
(revolutions of P per unit time) = 100 vibrations per minute. Then the 
velocity ofP=2irX2X 100 = 1260 feet per minute = 21 feet per second, 
directed along the tangent at P as shown; and the acceleration ofP= 2i*-7- 2 
= 220 feet per second per second, directed along the radius PO. Now when 
PO makes an angle = 30° say, then the velocity of Q is 21 sin 30** = 10.5 
feet per second; the acceleration oiQ = 220 cos 30^ = 180 feet per second per 
second, directed toward O whether P is travelling clockwise or counter clock- 
wise. Evidently the greatest velocity of Q obtains when Q is at 0; that value 
equals 21 feet per second. The greatest acceleration of Q obtains when Q is at 
either end of its path; that value is 220 feet per second per second. 








Fig. 273 Fig. 274 

General formulas for velocity and acceleration in simple harmonic motion 
can be as easily derived. Let r = amplitude, n = frequency. Then the 
velocity of P = 2 Trrn and its acceleration = 4 ttVw* -j- r = 4 ir^nV. Hence 
velocity and acceleration of Q are respectively (see Fig. 273) 

— 2 Tirn sin 6 and — 4 ir^nV cos B. 

§ 3. Projectile Without Air Resistance. — Let « = the velocity of 

projection (initial velocity), and a = the angle of projection (angle between 

direction of projection and the horizontal), x and y = the coordinates of the 

projectile P (Fig. 274) at any time t after projection, v = the velocity of P, and 

sider the interval while P moves from A to B. Let (yA' and C/B' represent the velocities 
at A and B respectively; then A'B' represents the velocity acquired by P in the interval, 
and this acquired velocity has a component not only along the normals at A and B, but 
along any other normal to AB. Or, the student may say, *' Since the velocity is always 
directed along the tangent — and hence has no normal component — there cannot be an accel- 
eration along the normal." But here is a case which may convince him: a ball thrown 
obliquely into the air. The acceleration of the ball, due to gravity, is at all times vertically 
down, and this acceleration has for every position of the ball a component along the normal 
at that position. (Strictly the acceleration is not quite vertical by reason of air resbtance, 
but neglecting this fact is of no consequence here.) 
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a = the acceleration of P at the time /. The only force acting on the pro- 
jectile during flight is gravity. Hence the acceleration of the projectile is 
vertically downwards at all times and equal to g (Art. 34), or a, = o and 
Oy = — g. Since there is no ac acceleration, the x velocity remains constant 
during the flight, and we find that value from the initial conditions {u, a) to be 

Tx = w cos a. (i) 

The y velocity is decreased at all times by the y acceleration — g. In the 
interval t, that decrease is gt, and since the initial y velocity is m sin a, the y 
velocity at any time t is given by 

Vy = usina — gt. (2) 

Since the x velocity remains constant, the x displacement in the interval t is 

given by 

« = wcosa*/. (3) 

The y velocity varies uniformly with the time; hence the average y velocity 
for the interval / is i [(« sin a + (« sin a — gt)] = usina — ^ gt. The y dis- 
placement for the interval equals the product of the average y velocity and 

the time or 

y = wsina-/ — ig/^f* (4) 

Foregoing results determine the velocity and position at any time /. They 
may be arrived at more directly by integrating the given equations 

dvx , dVj, 
fl.= -^ = o, and 0, = -^ g. 

Thus integrating the first equation we find that Vg = Ci, where Ci is a constant 
of integration whose value for reasons already stated is u cos a. Integrating 
the second equation we find that Vy = — gt-\-C2 where d is another constant 
of integration. From the initial conditions Vy — usiaa when / == o, and on 
substituting these values of Vy and t in the last equation we find that d = 
M sin a; thus Vy=— g< + «sina as before. Now integrating Vg = dx/dt = 
u cos a, we get « = « cos a • < + Cs. From initial conditions x = o when 
/ = o; therefore v = o + Cz, or Cz = o, and x = ucos a • / as before. Inte- 
grating Vy = dy/dt = — g/ + M sin a, we get y=— Jg<* + wsina»/ + C4. 
From initial conditions y = o when / = o; therefore o = o + o + C4 or 
Ca = o, and y = — i g/* + « sin a • / as before. 

The trajectory (path of the projectile) is a portion of a parabola as can be 
shown from the equation of the trajectory. To arrive at the equation we may 
combine equations (3) and (4) so as to eliminate /. Thus we find that 

y 2 tt* cos* a — xi/fi sin 2 a — go?. (5) 

Range and Greatest Height. — At the end X of the range, y = o; hence the 
time of flight is given by « sin a/ — ^ g/* = o, or < = (2 m sin d)/g. The range 
R equals the value of x in equation (3) when t = the value just found; thus 

2^ = (w« sin 2 a) -5- g. ' 
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R also equals the value of x in equation (5) when y = o. The formula for R 

shows that the range is greatest — for a given velocity of projection — when 

a = 45°. That greatest value is u^/g. 

At the highest point of the trajectory Vy = o; hence the time of flight to 

that point is given by « sin a — g/ = o, or / = (« sin a) -J- g. The height H 

of the trajectory equals the value Of y in equation (4) when t = the value just 

found; thus 

AT = i (tt sin a)* 4- g. 

H also equals the value of y in equation (5) when « = J U. 

34* Motion of the Center of Gravity of a Body 

In Art. 31 we found that any rectilinear motion of a body depends in a very 
simple way upon the forces acting on the body. The relation between the 
motion of the center of gravity of a body (whether rigid or not) which has any 
sort of motion however complicated is also quite simply related to the forces 
exerted on the body as we shall see presently. 

§ I. A Pakticle is a body so small that its dimensions are negligible in 
comparison with the range of its motion. In any motion of a particle no dis- 
tinction need be made between the displacements (velocities or accelerations) 
of different points of the particle, for they are equal or practically so; and 
by displacement (velocity or acceleration) of the particle is meant the dis- 
placement (velocity or acceleration) of any point of the particle. 

"Laws of Motion.^' — i. When no force is exerted upon a partide then it 
remains at rest or continues to move uniformly in a straight line. 2. When a 
single force is exerted upon a partide, then it is accelerated; the direction of the 
acceleration is the same as the direction of the force, and its magnitude is propor- 
tional to the force directly and to the mass of the particle inversely. 3. When one 
partide exerts a force upon another, then the latter exerts one on the former; and 
the two forces are equal, colinear, and opposite. 

These are essentially Newton's Laws of Motion. The form of statement here 
used differs however from that in which he annoimced them (1687). They 
are based on observation and experience. Newton was led to them through 
his study of the motions of heavenly bodies. No other moving bodies have 
been so Accurately and extensively observed, and the agreement of the laws 
and those motions constitutes the best evidence of the correctness of the laws. 

Law 3 has already been referred to (page 43, footnote). This law is doubted 
by some b^inners in this subject. The doubt is sometimes expressed in this 
way: "When a horse pulls on a cart, then, if the cart pulls back on the horse 
an equal amount (as the law states), why is it that they generally move for- 
ward? " Close attention to the forces which act on the horse and on the cart 
should dear up this doubt. There are three forces exerted on the horse, — 
his weight (exerted by the earth), the pull of the cart, and the reaction exerted 
by the roadway on his hoofs. When the horizontal (forward) component of 
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the reaction on his hoofs exceeds the pull back by the cart then the horse starts 
forward. There are three forces acting on the cart, — its weight (exerted 
by the earth), the pull of the horse, and the reaction of the roadway on the 
wheels. When the pull exceeds the horizontal (backward) reaction of the 
roadway then the cart starts forward. Or, the motion of horse and cart 
together may be explained like this: There are four forces acting upon the 
pair, — the weight of the horse, that of the cart, the reaction of the roadway on 
the horse, and that on the cart; the horse and cart start to move when the 
horizontal component of the reaction of the roadway on the horse exceeds that 
on the cart. 

Law 2 is discussed at length in Art. 31 for the case of rectilinear motion, but 
is not referred to there as a "law." It covers curvilinear motion, as well as 
rectilinear, inasmuch as no reference to kind of motion is made in the law. 
We cannot give a real illustration of a particle moving under the action of a 
single force. But imagine a particle projected in some way, and then sub- 
jected to a single force inclined to the direction of projection; the particle 
would move in a curved path. (A ball in flight through the air is a near ap- 
proach to our imagined illustration. This ball is acted upon by two forces, 
earth-pull and air resistance; at moderate velocities the latter may be neg- 
ligible in comparison with the former.) The law states that the direction of 
the acceleration of the particle agrees at each instant with the direction of the 
force, and that the magnitude of the acceleration is directly proportional to 
the force and inversely proportional to the mass of the particle (a « F -r- m, 
where a = the acceleration, m = the mass of the particle, and F = the force 
acting upon it). It is shown in Art. 31, § 2, that the proportion a oc F/m can 
be written as an equation F — Kma where if is a constant whose value depends 
on the units used for F, w, and a. Units may be chosen so that -ff = i; such 
units are "systematic units"; for example, d)nie (force), gram (mass), and 
centimeter per second per second (acceleration). We will continue to take 
IT = I (as in Art. 31), thus implying the use of systematic units. 

Law I is really included in law 2. For if there is no force acting on a particle 
during any particular interval of time, then the particle has no acceleration 
during the interval (according to law 2) ; and hence the velocity of the particle, 
whatever it may be, remains xmchanged. Thus, if the velocity is zero at the 
beginning of the interval, then the velocity remains zero, that is the particle 
rests; if the velocity is not zero initially, then the velocity remains constant 
in magnitude and direction, that is the particle moves uniformly and in a 
straight line. This fact is important enough to warrant its statement in a 
separate law. 

The word inertia is used in Mechanics to refer to the property of the matter 
involved more or less in laws i and 2. It refers to the fact that the natural 
state of a particle is rest or uniform rectilinear motion, that a particle is reluc- 
tant, as it were, to change that state, and responds only to an outside influence 
which we call force. We also express this fact by saying that matter is inert. 
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" Force of inertia " is a term which students sometimes use to express a notion, 
but generaUy in a vague way. For example, concerning the motion of a 
hockey puck projected without spin along the surface of smooth ice, it is stated 
sometimes that the puck is lurged on by the (or its) force of inertia. This 
statement is at variance with the laws of motion. The only forces acting on 
the puck, after projection, are gravity and the reaction of the ice. There is no 
force urging the puck onward; it moves onward — for a time — because it 
was (forcibly) projected, and in spite of the retarding influence of the reaction 
of the ice. Were it not for this influence (friction), the puck would move 
across the entire field of ice at constant velocity, not because of any force urg- 
ing it onward but because of no force to change its natural state (of uniform 
rectilinear motion). 

For another illustration, imagine a yard stick moimted on a vertical axis, 
the wide sides of the stick being horizontal; also imagine a coin laid on the 
upper side and near the end of the stick remote from the axis, and that several 
pins are stuck about the coin to hold it in place when the yard stick is rotated. 
If the pins are not too strong and firm, then the stick may be rotated so rapidly 
that the pins will give way, and the coin will "fly off." Or, as some would 
say, the coin will be "thrown off by the force of inertia." Such statement 
is at variance with the laws of motion. The following is a description of the 
phenomenon in accordance with those laws. Before the stick is rotated, there 
are two forces acting on the coin, — its own weight (or gravity) and the re- 
action of the stick (upward and equal to the weight). When the stick is ro- 
tated, the coin is forced into an imnatural state (curvilinear motion) by some 
of the pins. We know from our experience and observation that the coin 
presses against the outer pins (remote from the axis) and that those pins press 
against the coin. Thus there is no force acting on the coin tending to throw 
it off the stick; on the contrary, the pins exert forces to hold it on. The coin 
eventually flies off — as the speed is increased — because the pressure of the 
coin against the pins gets large enough to make them give way; then the pins 
can no longer restrain the coin, and it takes on a natural state of motion. 
This motion is along the tangent to the (circular) path previoiisly described 
by the coin at the point where the coin is supposed to have 
broken loose, and with velocity equal to that of the coin at failure. 
Of course this natural motion isshort-lived, because after the coin 
has left the stick, it is subjected to a single imbalanced force 
(gravity) which interferes with the inclination — as it were — 
of the coin to move along the straight line mentioned (tangent). 

When several farces act on a particle then the particle has a 
definite acceleration at each instant, which might of course equal ^®- ^7S 
zero under certain circumstances. Let F', F", etc. (Fig. 275), be forces acting 
on the particle P, and a = the acceleration, and m = the mass of P. Obviously 
some single force R acting alone would give the particle that same accelera- 
tion. According to the second law R would have to act in the direction of the 
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acceleration and equal ma. This force is the resultant of the forces F\ F", etc., 
which actually produce the acceleration.* Let a = the angle between the di- 
rection of the acceleration and any line, say the x axes of a coordinate frame. 
Then R cos> a = ma cos a, or i?, = ma^ where R^ and a, denote the x com- 
ponents of R and a respectively. But R^ equals the algebraic sum of the x 
components of F'y F", etc. (Art. 4), and hence SF, = wo,. 

§ 2. Two OR More Particles considered collectively are called a system 
of particles. We conceive a body (whether rigid or not) as consisting of parti- 
cles, that is, as a system or collection of particles. Among the forces exerted 
upon any particle of a body some may be exerted by the particles of another 
body; such a force has been called an external force with reference to the body 
under consideration (Art. 10). A force exerted on a particle of a body by 
another particle of the same body is called an internal force with reference to 
the body. According to the third law of motion, if one particle of a body 
exerts a force upon another, then the second exerts a force upon the first; and 
these two forces are equal, colinear, and opposite. Hence, a system of internal 
forces consists of pairs of equal j colinear, and opposite forces. 

Let Fig. 276 represent a body, not rigid necessarily, points i, 2, 3, etc., being 
constituent particles of the body; let Fi, F2, F3, etc., be the external forces 

acting on the body, the other vectors (not lettered) 
being internal forces. Imagine the last equation of § i 
(which states that the algebraic sum of the com- 
ponents — along any line — of all the forces acting 
on a particle equals the product of the mass of the 
particle and the component of its acceleration along 
the line) written down for every particle of the body, 
and then imagine the left-hand members to be added 
and also the right-hand members; these sums are 
equal of course. To the first sum the internal forces 
contribute nothing, since those forces occur in certain pairs as already ex- 
plained; hence the simi depends only on the external forces. We will de- 
note the algebraic sum of their components along some line, say an axis of x, 
by 2F, as customarily. The second sum is f»'a«' + m"az" + • • • where m\ 
w", etc., denote the masses of the particles and a,', aj\ etc., the x components 
of their accelerations respectively. A simple expression for this siun can be 
found as follows: — Let a:', x", etc., be the a;-co6rdinates of the particles at 
any instant of the motion, and x = x-coordinate of their mass-center f at that 
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instant; then 



m'x' + m"x" + 



= xZm. 



* This foxce R is called resultant in accordance with the definition of the term in Art. 3, 
where first used. For if R were reversed, then acting alone it would give the particle an acceler- 
ation — a; and acting together with the forces F', F", etc., the acceleration would be zero. R 
therefore is "equivalent " to F', F", etc. All the relations between concurrent forces and their 
resultant developed in Statics hold here also for F', F", etc., and R. 

t Mass-center is another name for center of gravity. The former term seems more appro- 
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Differentiating with respect to time, we get 

fn!vj + rnf'vj' + • . . = ti,Sm, 

where r,', vj\ etc., are the x components of the velocity of the respective par- 
ticles, and Vs is the x component of the velocity of the mass-center. DiflEeren- 
tiating again we get 

m'aj + mf'aj' + • • • = a^m, 

where 5, is the x component of the acceleration of the mass-center. If now we 
equate these simplified expressions for the sums mentioned we get 

2F. = Jkfa., (i) 

where M is written in place of 2 m, the mass of the whole body, for simplicity. 

Since 2Fx does not include internal forces, a. does not depend on those forces; 
that is to say, the acceleration of the mass-center of a system of particles does 
not depend at all upon internal forces. 

Equation i is a mathematical form of an important principle which we will 
call the principle oj the motion of the mass-center. It may be put into words as 
follows: In any motion of a body (whether rigid or not) the algebraic sum of the 
components (along any line) of all the external forces equals the product of the 
mass of the body and the component of the acceleration of the mass-center along 
that line. It is worth noting that equation (i) is just like the last equation of 
§ I which relates to the motion of a particle. Hence, the motion of the mass- 
center of a body is the same as though the entire mass of the body were con- 
centrated at the mass-center with all the external forces acting on the body 
applied to such dense point parallel to their actual lines of action. The use 
of systematic units (Art. 31) is presupposed; but if W/g be written in place 
of M (see Art. 31, § 2), where W is the weight of the body, then 

2^x = mg)a. (2) 

and any unit may be used for F and IT, and any unit for g and a*. 

Any number of equations like (i) or (2) can be written in a given case of 
motions-one equation for each possible direction of x, y, 2, «, etc. Only 
three of these equations would be independent; the others would be super- 
fluous. Thus we would have 

2F, = Ma^, ZFy = Afdy, 2F. = Ma,. 

When the mass-center describes a curve then it is usually more convenient to 
resolve along the tangent to the curve, the (principal) normal, and at right 
angles to the plane of the first two directions. The component of the acceler- 
ation in this last direction equals zero; calling the components in the first two 

priate in the present discussion. Since masses of bodies are proportional to their weights 
(at the same place), we may substitute mass for weight in the formulas for the codrdinates 
of the center of gravity (or mass-center) in Art. 21. (Mass-center is generally defined with- 
out reference to center of gravity, and then the identity of the two points is demonstrated.) 
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directions at and 'in respectively, we tiien have for our tiiree equations of 
resolution 

SF, = Max, SFn = AfSn, SF, = o, 

where YiFi^ ^Fn, and HFz stand for tiie algebraic sums of tiie components of 
all the external forces acting on the body, along the three lines of resolution 
just named. , 

Examples. — i. Fig. 277 represents a flat car on which there is a body A 
weighing 4000 poimds. Suppose that the car is on a curve with no elevation 

of outer rail; that the speed of the car is 
increasing at 2 miles per hour per second. 
Required the reaction of the car on A at 
the instant when the velocity is 40 miles 
per hour, and where the radius of the 
curve is 1000 feet. There are two forces 
acting on ^4, its weight and the reaction 
of the car. For simplicity we imagine the 
reaction resolved into two components, normal pressure N (vertical) and 
friction F (horizontal); next we imagine F resolved into two components, 
along the tangent and the radius of the path of the center of mass of A, and 
we call them Fi and Fj respectively (see Fig. 277), where A is shown in plan 
and elevation. Therefore 

SF« = Fi = Mat, 2Fn = Fj = Many and 2F, = N - 4000 = o. 

Now at = 2 miles per hour per second »= 2.93 feet per second per second. 
The velocity is 40 miles per hour or 58.7 feet per second, and therefore On = 
58.7' -7- 1000 = 3.44 feet per second per second. The force-acceleration 
equations become Fi = (4000 •¥ 32.2) 2.93 = 364 poimds, Fj = (4000 -r- 
32.2) 3.44 = 427 poimds, and N = 4000 pounds. The reaction sought equals 

V (4000' + 364^ + 4272) = 4039 poxmds. 

We have assumed that A and the floor of the car are rough so as to furnish a 
frictional force large enough to hold A in place o n the 
car; the necessary holding force = ^^(364* + 427^ = 
561 pounds. 

2. A circular cylinder C (Fig. 278) is laid in a box 
which is mounted on a board as shown, and the whole 
thing is then rotated about a vertical axis AB, The 
weight of the cylinder is 30 pounds, AC = 2 feet, and 
the rate of rotation (constant) = 60 revolutions per 
minute. The pressures of the box on the cylinder 

are required. There are three forces acting on the cylinder, — its weight, 
the pressmre Pi of the bottom of the box, and a pressure Fa exerted by 
one of the ends of the box. We assume that the cylinder rests against the 
lower end; the complete solution will determine whether the assimiption is 
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correct. Because the rate of rotation is constant there are no pressures on the 
cylinder in the direction of motion (perpendicular to paper). The velocity 
of the mass-center = aTaX6o= 754 feet per minute = 12.5 feet per second; 
hence a = 7S feet per second per second, directed toward the axis of rotation. 
Now 2F, = i*! sin 30° — Pt cos 30° = (30 -i- 32.2) 78, and 2F» = Pi cos 30° 
+ Pi sin jo" — 30 = o. Solving them simultajieously for Pi and Pi we get 
Pi = 62.3 and Pt=— 48.0 pounds. The negative sign means that we mltde 
a wroi^ assnmptioii as to Pjj it acts downward and is exerted by the upper 
end of the box. 

3, A simple conicai pendvlum consists of a "bob " suspended from a fixed 
point by a cord, arranged so the bob and cord can be rotated about a vertical 
through the fixed point. See Fig. 279 which represents such a pendulum by 
side and end views; AB is a forked vertical shaft; GC are guides fastened to 
the shaft, between which the bob may swing. When the shaft b rotated, the 
cord will deflect from the vertical. We now detennine this deflection for any 
constant speed of rotation. Let / = length of cord, from point of suspension 
to the center of the bob; 9 = angle of deflection; n = number of revolutions 
per unit time; W = weight of bob; T = tension in the cord. The bob is 
under the action of W, T, and the pressure P of one of the guides possibly; 
hence 

SF, = rsine = 2f5„; 2F, = Tcosfl - W= o; 2P, = P = J/5,. 
When the speed is constant as here assumed, the deflection is constant, and the 
center of the bob describes a horizontal circle of radius I sin 8. The velocity 
of the center = 2 t i sin 9 • m; hence 5, = 4 -rhtH an 0, and TsinO = (W/g) 
4 r*nH sin 6. Solving this and T cos d = W simultaneously for we get 
cosfl = g-i- {4**»*0- Also T = W^irHH-i- g; and since 0| = o, P = o. 
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n of Outer Rait on Curves. — Fig. aSo represents a car " on a curve " in 
a railway track. We discuss certain features of the pressures of the car upon 
the track as the car runs around the curve. Imagine the rail pressure on each 
wheel resolved into three components, — one parallel to the ties (so-called 
flange pressure), one perpendicular to the track, and one parallel to the rails. 
Unless the curve is quite sharp, the forces of each of these three sets of com- 
ponents are parallel. We will suppose them parallel, and call the resultants 
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of the three sets Ri, Rt^ and Rt respectively. Besides these three resultants 
there are acting on the car the weight W^ the pull Pi of the car ahead, and the 
pull Pt of the car behind. Unless the curve is quite sharp Pi and P% are practi- 
cally parallel to the tangent to the curve under the middle of the car; we will 
assume them to be so. Then resolving along the normal (or radius of the 
curve), the vertical, and the tangent to the curve, we get 

RiQo&4> + Rt^4> ^ W ^ g)lin^ {W ^ g)vyr, 

where v = velocity of the car and r = radius of the curve; 

-i^isin0 + P2Cos<A-W^ = o; and Pi - Pa - /^s = (W^-5-g)5|. 

Solving the first and second simultaneously for Pi and Rt we get 

Pi = pr( — cos^ — sin0J, and Pi = irf — sin^ + cos^j- 
It is obvious from the expression for Pi that the resultant flange pressure may 
be equal to zero for certain values of v, r, and 4>, It will be zero if (v^ cos 0) 
-^ ^ = sin 0, or 

tan = v*/gr.* 

* This formula, or some modification of it, is used to determine the proper elevation of the 
outer rail on railroad curves, except as noted below. The following is a practical rule deduced 
from the formula: "The correct superelevation for any curve is equal to the middle ordinate 
of a chord [of the curve] whose length in feet is i.6 times the speed of the train in miles per 
hour." On the Pennsylvania Railroad the rule is modified as follows: " No qseed greater 
than 50 miles per hour should be assumed in determining the superelevation by the above 
method even though higher speed may be made. No superelevation exceeding 7 inches is 
permissible and none exceeding 6 inches should be used except at special locations on passenger 
tracks." The formula was deduced on the basis that resultant flange pressure should = zero. 
The same formula is arrived at by making ties of the track perpendicular to the resultant 
pressure between the floor of the car and any object resting upon it, or perpendicular to a 
plumb line suspended in the car. 



CHAPTER IX 

TRANSLATION AND ROTATION 

35. Translation 

• 

A translation is such a motion of a rigid body that each straight line of the 
body remains fixed in direction; there is no turning about of any line of the 
body. The coupling or side rods of a locomotive (connecting the driving 
wheels on either side) have a translatory motion when the locomotive is 
running on a straight track. It should be noticed that our definition 
does not require rectilinear motion of each point of the moving body. But 
rectilinear translations are most common, and such translations have been 
quite fully discussed in Art. 31. 

The motions of all points of a body in translation are alike. For, let A and 
B be any two points of the body, and A' and B' be the positions of those points 
in space at a certain instant and A" and B^' their positions at a later instant. 
By definition of translation the lines A'B^ and i4"J5" are parallel; and since 
the lines are equal in length the figure A'B' WA" is a parallelogram; and 
A' A" and B'W (the displacements of A and B respectively) are equal and 
parallel. Since the displacements of all points of the moving body for any 
interval, long or short, are equal and parallel, the velocities of all points at any 
instant are alike, and hence also the accelerations. By displacement, velocity, 
and acceleration of a body having a motion of translation is meant the dis- 
placement, velocity, and acceleration respectively of any one of its points. 

The general principle of Art. 34, relating to the motion of the mass-center of a 
body moving in any way, when applied to a translation, takes this form: the 
algebraic sum of the components — along any line — of the external forces 
acting on the body equals the product of the mass of the body and the com- 
ponent of the acceleration of the body along that line. This gives three in- 
dependent '' equations of motion," namely, 

where x, y, and z denote three noncoplanar lines of resolution. 

The resultant of all the external farces acting on a body having a motion of trans- 
lotion is a single force; its line of action passes through the nuiss-center, the force 
is directed like the acceleration of tite body, and its magnitude equals the product 
of the mass of the body and the acceleration.* Assuming that the resultant is a 
single force, most students will accede to the second statement in the foregoing 

* The student is reminded that the resultant of a system of forces is a force, a couple, or a 
pair of noncoplanar forces (see Chapter I). 
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prcq>ositioa, on the basis of their experience; foi, they will say, if the resultant 
did not pass through the mass-center, the body would turn and not have a 
translatory notion. But it can be demonstrated as follows: X^t Fig. z8i 
represent the body and points i, 3, 3, etc., its constituent particles; the 
external forces acting on the body are not shown. Suppose that the accelera- 
tion b directed, say, toward the right, and let a = the magnitude of that 
acceleration, and ni}, m%, ntt, etc. = the masses of the particles respectively. 
Then the resultants of aU the forces acting on the several particles equal re- 
spectively ffiifl, fMtfl, Mia, etc., all directed like the acceleration, as represented 
in the figure. Now this system of imaginary forces (resultants) is equivalent 
to alt the real forces, external and internal, acting on the system of particles; 
and the resultant of the imaginary system and that of the real system are 
identical in magnitude, line of action, and sense. But the internal forces occur 
in pairs of equal, colinear, and opposite forces (Art. 34), and so constitute a 
balanced system and contribute nothing to the resultant of the real system. 
Hence, the resultant of the external system and that of the imaginary system 
are identical. We proceed now to ascertain the resultant from the Utter 
system. 
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The imaginary system (I) counts of parallel forces proportional to the 
masses of the particles, and the lines of action of the forces pass through the 
particles respectively. The system of earth-pulls (gravity, G) likewise con- 
sists of parallel forces proportional to the masses of the particles, and the lines 
of action of these pulls pass through the particles respectively. Hence systems 
/ and G are very similar; and if we imagine the body turned so that the line 
AB (paraUel to a) in Fig. 281b vertical (Fig. 282) then systems / and G are still 
more alike. The difference b in the magnitudes of corresponding forces; the 
forces of / are respectively proportional to the forces of G. It follows that the 
line of action of the resultants of systems / and G coincide (in the body) ; but the 
resultant of system G passes through the mass-center of the body; and hence 
the resultant of system / (and the resultant of the external system) also passes 
through the mass-center. From Fig. 281 it b obvious that the resultant of the 
external system is a single force directed like the acceleration, and equals 
mifl -\- wijo -4- ■ ■ ■ = aSm = Ma. 

The algebraic sum of the moments, or torque, of all the extermd forces about any 
line through the mass-center equals zero, for the resultant of those forces has no 
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moment about such line. This prindple gives three independent moment 
equations: 

r, = o, Ty = o, r, = o, (i) 

where Tg, Ty, and T, denote the moment-sums for three noncoplanar lines 
through the mass-center. Or we may take moments about any three lines 
and equate the torques of the external forces about the lines to the moments 
of the resultant (Ma) about the same lines respectively. 

Examples. — i. A (Fig. 283) is a rectangular prism weighing 2000 pounds. 
The car is being started at 4 feet per second per second. Required the pressure 
of the car on the bottom of the prism. There 
are only two forces acting on the prism, — its 
own weight and the required pressure P. See 
the figure where P is shown resolved into two 
components (Pi and Pj) at the base of the prism. 
The (unknown) distance from the point of ap- 
plication of P to the center of the base is de- 
noted by X. SFy = Pi — 2000 = Moy = o, or 
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Fig. 283 

Pi = 2000; SPx = P2 = (2000/32.2) 4 = 248. Hence P = V(2ooo* + 2482) = 
2015 pounds, and the inclination of P to the vertical = tan~^ (248/2000) = 
8® 25'. To determine x we take the torque, of the forces acting on the prism, 
about the horizontal line through the mass-center and perpendicular to the 
direction of motion and equate to zero. Thus 248 X 2.5 — 2000 ac = o, or 
X = 0.31 feet = 3.72 inches. {P2 = 248 pounds is friction, and the floor and 
prism must be rough enough to develop such a value, to prevent the slipping, 
here assumed not to occur. Thus the coefficient of friction must be not less 
than 248 -t- 2000 = 0.124 or about one-eighth. If the coefficient were less 
than one-eighth, the friction developed imder the prism, say 200 pounds, could 
not give the prism an acceleration of 4 feet per second per second, only 3.22. 
Hbnce the prism would eventually be left behind. The prism is not "thrown 
off by the force of inertia " in such a case, as some would describe the phe- 
nomenon, but the car slips out from under the prism.) 

2. C and C (Fig. 284) are two parallel cranks, their shafts being connected 
mechanically so that they rotate together with equal speeds and in the same 

direction. B is a bar pinned to the cranks. We 
discuss the forces acting on B when the mechanism 
is in motion. There are three such forces ; the weight 
of B and the pressures of the pins on B. We will 
neglect the weight, or assimie that the plane of the 
cranks is horizontal so' that the bar lies upon the 
cranks and the supporting forces balance the weight. 
If the bar is uniform then it seems reasonable to 
assume that the pin pressures Q are parallel; if so they must be equal since 
the algebraic simi of their moments about the mass-center of B equals zero. 
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Moreover, the resultant of the pin pressures ^ Q + Q^ Ma, where M = mass 
of the rod and a = its acceleration, and the pressures act in the direction of a. 
The acceleration of the bar is the same as that of the center of either pin P. 
If the cranks be made to turn imiformly, then the acceleration is in the direc- 
tion PO and it equals v*/r (Art. 32), where i^ = velocity of P and r = PO; 
hence 2 Q = Mv^/r = (JV/g) (rVO, or Q = i Wv^gr. 

3. Imagine a locomotive raised up off its track, and that steam is 'Humed 
on " so that the drivers are made to rotate at constant speed. If the connect- 
ing rod on one side be detached — the drivers being driven from the other 
side — then the side rod on the first side would be under the action of pin 
pressures just like those discussed in the preceding example. Each pressiu'e 
equals ^ Mv^/r, directed along its crank radius and toward the crank shaft. 
(The weight of the rod induces pressures equal to ^W upwards.) 

When the locomotive is running on its track, then there is superimposed 
upon the motion of the side rod just discussed the forward (or backward)' 
motion of the locomotive as a.whole. The velocity of the side rod equals the 
vector sum of v and the velocity of the locomotive; and the acceleration of the 
rod equals the vector svun of the acceleration v^/r and that of the locomotive. 
Now when the velocity of the locomotive is constant its acceleration is zero, 
and the acceleration of the side rod is still v^/r and parallel to the cranks and 
directed as explained in example 2. Hence, even when the locomotive is 
running on a track, the pin pressures on the (lone) side rod are as when the 
locomotive is "jacked up " and running. Let V = speed of locomotive, R = 
radius of driving wheels; then v = Vr/R, and the pin pressures = J (W/g) r 
V^/R^ (weight of rod neglected). For example, let W — 275 poimds, r = i 
foot, R — 2.7s feet, and 7 = 60 miles per hour = 88 feet per second; then 
the pin pressures = J (275/32.2) X i X (88 -s- 2.75)* = 4425 pounds. 

Locomotive Side Rod. — We give here another solution of the side rod prob- 
lem (see preceding examples). In Fig. 285 each pin pressure on the rod is 

represented by two components, hori- 
zomtal and vertical. The vertical com- 
ponents are equal since the sum of the 
moments of all the forces acting on the rod 
(pressures and weight) about the center 
of gravity (at mid-length of the rod) 
equals zero; hence both vertical com- 
ponents are denoted by the same letter 
F. The horizontal components are Xi and -X'2. Let a = the total, or abso- 
lute, acceleration of any and every point of the rod when the cranks make any 
angle with the downward vertical, and a« and Oy = the horizontal and verti- 
cal components of a. Then 

Xi-X2 = M(h, and 2 7 - TT = 3f a„, or 7 = i{W + May). 

* 

Presently we show how to find a, and a^ for any position of the cranks. Then 
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from the above we can determine Xi — X% and F. The values of Xi and X2 
depend upon the load or pull on the locomotive, and how it is distributed 
among the driving wheels. But Y does not depend on the pull, only on W 
and Oy. 

We now discuss the motion of one of the crank pins with the view of obtain- 
ing formulas for a. and fly. Let V = the velocity of the locomotive, ^ = its 
acceleration, R = radius of the driving wheels, and 
r = length of the cranks (CP, Fig. 286). It will 
be convenient to refer the motion of the crank-pin 
P to the coordinate axes shown; OY is the position 
occupied by the crank when P was in its lowest 
position. Let s be the distance of C from OY, and 
X and y the coordinates of P. Then 



and 



s= RB, 

x^ s — rsind, 

y = R — rcosd 




Fig. 286 



Now a, = (Px/dt^ and Oy = cPy/dP, and for use below V = ds/dt = Rdd/dt, or 
dS/di = V/R. Thus 



dx 
dl 

dy 
Tl 



a« = 



:j7 — rcos6*37 = K — rcos 
at at 



«.^ = f{x-Icos«); 



= ^{^-i^^OJ + V^^0'^^A(^i-^cos0^ + ^rsme; 



• ^ d$ tr ^ • ^ 

rsm^*^=K^smd; 
at K 

-37 -=zsm + V -^cos 6 • -j: = i4 -ssm^H- ^;f cos^. 
at K K at K K* 



Thus it is seen that Ox and Oy depend on the velocity and acceleration of the 
locomotive. The largest values of a, and Oy obtain at high speed, and then the 
A terms (in the expressions for a« and ay) are small and negligible compared to 
the V terms. So when we neglect these terms or when the acceleration of 
the locomotive is zero, then 

a, = (V/Py r sin 6, and jy = {V/Py r cos 6. 

When the rod is in its lowest position, ^ = o, a, = o, Oy = (7/-R)V, Xi = Xt, 
and F = i W + § (W/g) {V/R)hr; the forces F act upward on the rod. 
When = 90°, a, = (7/i?)V, ay = o; the resultant of the two forces X acts 
toward the right and equals (W/g) (V/R)^ and F = § W. When the rod is 
in its highest position $ = 180®, a, = o, Oy = — {V/R)h; Xi = -Y2, and F = J 
H^ - i (W/g) {V/R)h; for high speeds F acts down on the rod. When 
B =s 270®, Ox = —{y/K)h, ay = o; the resultant of X\ and Xt acts toward the 
left and equals {W/g) (V/R)^, and F = i IF. 
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36. Moment of Inertia and Radius of Gyration 

§1. General Principles, Etc. — Perhaps every student has observed 
that the efifort required to start a body to rotating about a fixed axis seems to 
depend not only on the mass of the body but also on the remoteness of the 
material of the body from the axis of rotation. Fig. 287 represents a simple 

apparatus by means of which one can roughly ''sense " 

this fact. It consists of a vertical shaft S to which a 

grooved pulley P and cross arm A are fastened rigidly, 

and a heavy body B which can be clamped on the cross 

arm. The pull or turning effort may be applied by 

means of a cord wrapped about the pulley. It is shown 

in the following article that this "rotational inertia " 

of a body is proportional to the "moment of inertia " of the body about the 

axis, and this article is devoted to a discussion of moment of inertia, as a 

preparation for the following article.* 

The moment of inertia of a body with respect to a line is the sum of the prod- 
ucts obtained by multiplying the mass of each particle of the body by the 
square of its distance from the line. Or, if / = moment of inertia, fni, nit, fnt, 
etc. = the masses of the particles, and n, fa, rs, etc., their distances respectively 
from the line or axis, then 

or if the body is continuous, then 



-/ 



dM-r^ (i) 

where dM denotes the mass of any elementary portion and r its distance from 
the line about which moment of inertia is taken. The elementary portion 
must be chosen so that each point of it is equally distant from the line, 
else there is doubt as to what distance to take for r . 

It is plain from the foregoing formulas that a unit of moment of inertia de- 
pends upon the imits of mass and distance used. There is no single- word name 
for any unit of moment of inertia. Each unit is described by stating the units 
of mass and distance involved in it, and in accordance with the "make-up " 

* Euler (1707-83) introduced the tenn ''moment of inertia/' and he explained its appro- 
priateness (in his "Theoria Motus Corporum Solidorum/' p. 167) somewhat as follows: The 
choice of the name, moment of inertia (Ger. tragheits-moment), is based on analogies in the 
equations of motion for translations and rotations. In a translation the acceleration is 
proportional directly to the "accelerating force" and inversely to the mass, or "inertia,** 
of the moving body; and in a rotation the angular acceleration is proportional directly to 
the moment of the accelerating force and inversely to a quantity, Zmr', depending on the 
mass or inertia. This quantity, to complete a similarity, we may call "moment of inertia." 
Then we have for translations and rotations respectively, 

linear acceleration — (force)/(inertia or mass); and 
angular acceleration — (moment of force)/(moment of inertia). 
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of the unit. Thus, when the poimd and the foot are used as imits of mass and 

length respectively, then the imit of moment of mertia is called a pound-foot 

square; when the slug (about 32.2 pounds) and the foot are used, then the 

unit moment of inertia is caUed slug-foot square.* 

The moment of inertia of any right prism — cross section of any form — 

with respect to any line parallel to the axis of the prism can be computed m a 

special way, preferred by some. Thus if we take as elementary portion a 

filament of the prism parallel to the axis, then dM — {ad A) 8 where a = the 

altitude of the prism, dA = the cross section of the filament, and 8 = density; 

and n 

I = ad I dirK (2) 

This integral (extending over the area of the cross section) is called the moment 
of inertia of the cross section about the line specified (see appendix B). 

Since a moment of inertia is one dimension in mass and two in length, it can 
be expressed as the product of a mass and a length squared; it is sometimes 
convenient to so express it. The radius of gyration of a body with respect to 
a line is such a length whose square multiplied by the mass of the body equals 
the moment of inertia of the body with respect to that line. That is, if jfe and / 
denote the radius of gyration and moment of inertia of the body with respect 
to any axis and Jf = its mass, then 

*W = / or k=^ VT/M. (3) 

The radius of gyration may be viewed as follows: If we imagine all the material 
of a body concentrated into a point so located that the moment of inertia of 
the material point about the line in question equals the moment of inertia of 
the body about that line, then the distance between the line and the point 
equals the radius of g3n'ation of the body about that line. The material point 
is sometimes called the center of gyration of the body for the particular line. 

To furnish still another view of radius of gyration we call attention to the 
fact that the square of the radius of gyration of a homogeneous body with 
respect to any line is the mean of the squares of the distances of all the equal 
dementary parts of the body from that line. For let n, rj, etc., be the dis- 
tances from the elements, dM, to the axis, and let n denote their number (in- 
finite). Then the mean of the squares is 

(ri* + r2«-f ...)/«= (fj^dM + r2^dM+ • - • )/ndM = I/M = kK 

Obviously the radius of gyration of a body with respect to a line is intermediate 
between the distances from the line to the nearest and most remote particle of 
the body. This fact will assist in estimating the radius of g3n:ation of a body. 
Examples. — i. Required to show that the moment of iaertia of a slender 
rod about a line through the center and inclined at an angle with the rod is 
i^MP sin* a, where M = mass, / = length, and a = angle between the line and 
the axis of the rod. Let a = the cross section of the rod, 6 = the density, and 

* For dimensions of a unit of moment of inertia, see Appendix A. 
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X = the distance of any elementary portion from the middle of the rod AB 
(Fig. 288). Then dM = 5 (a dx)j and the distance of the element from CD = 
^ sin a. Hence 



badx*x^ sin* a^ ha sin* a — I = 
and this reduces to ^ MP sin* a, since 6al » M, 



6a sin* a P 
3 4 





Fig. 288 



Fig. 289 



2. Required to show that the moment of inertia of a right parallelopiped 
about a central axis parallel to an edge equals ^M ((i^ + 6*) where M = mass 
of the parallelopiped and a and b — the lengths of the edges which are perpen- 
dicular to that axis. See Fig. 289 where the z axis is the one to which this 
moment of inertia corresponds. We take for elementary portion a volume 
dx dy dz\ its mass = h {dx dy dz), and the square of its distance from the 
z axis = x^ +yK Hence 

7 = 5 / / I {x^ + y^)dxdydz=^(a^b + ai^)^etc. 

J-«/2 J-b/2 Jo "^ '^ 12 

3. Required to show that the moment of inertia of a right circular cylinder 
with respect to its axis is J Mr^^ where Af = its mass and r = the radius of its 
base. We use the special method for prisms (see equation 2) and choose polar 
coordinates (see Fig. 290); then dA = pdBdp and dM * S{apd$dp); hence 

7= osJdA p* = adT J^'f^dpde = ^^^ = etc. 





Fig. 290 
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4. Required to show that the moment of inertia of a sphere about a diameter 
is f iff* where M = its mass and r = its radius. We might begin with equation 
(i) but we will use a special method, making use of the result foimd in exam- 
ple 3. We conceive the sphere made of laminas perpendicular to the diameter 
in question; determine the moment of inertia of each lamina; and then add the 
moments of inertia of the laminas. Let XX' (Fig. 291) be the diameter in 
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question, and PQ a section of one of tiie laminas; tiien the mass of tiie lamina 
is 6 ivy^dx). According to example 3 the moment of inertia of this lamina 
(cylinder) about its axis {XX') is J 5 {iry^ dx)y*. Hence the moment of inertia 
of the sphere is 

(^\h{r^dx) = ^7r6f^\r^ - x^^dx = ^^rr* = etc. 

§ 2. Parallel Axis Theorem; Reduction or Transformation Formu- 
las. — There is a simple relation between the moments of inertia (and the 
radii of gyration) of a body with respect to parallel lines one of which passes 
through the mass-center of the body. By means of this relation we can 
simplify many calculations of moment of inertia, and avoid integrations (see 
examples following); it may be stated as follows: 

The moment of inertia of a body with respect to any line equals its moment of 
inertia with respect to a parallel line passing through the mass-center plus the 
product of the mass of the body and the square of the distance between the lines. 
Or, if / = the first moment of inertia, / = the second (for the line through the 
mass-center), M = mass, and d — the distance between the parallel lines, 

/ = /+lfJ«. (4) 

Proof. — Let (Fig. 292) be the mass-center, and P any other point of the 
body (not shown), LL the line about which the mo- 
ment of inertia is /, and OZ a parallel line (through 
the mass-center) about which the moment of inertia 
is 7. Distance between these parallel lines is d. 
For convenience we take x and y axes through O, 
the former in the plane of the two parallel lines and 
the latter perpendiculsur to that plane. Let x, y, and 
z = the coordinates of P. The square of the dis- 
tance of P from the z axis equals x* + y*, hence / = / dM (x* + y*).. The 
square of the distance of P from the line LL equals {d — xy + y\ hence 

T^ f[(d''xy + y^]dM = J{x^ + y*)dM + d^fdM - idJxdM. 

Now the first of the last three integrals = /, and the second one = Md^. If 
now we show that the third « o, then formula (4) is proved. The third 
inXcgjr3\ is proportional to the moment of the body with respect to the yz 
plane; but this plane contains the mass-center, and hence the moment equals 
zero (Arts. 21 and 23). Thus, if TF = weight of the body. 




Fig. 292 



fxdM= fxdW/g = (i/g)Wx. 



If we divide both sides of equation (4) by M, we get I/M — I/M + d\ or 

k'^k^ + d^ (S) 
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that is, the square of the radius of gyration of a body with respect to any line 
equals the square of Us radius of gyration with respect to a parallel line passing 
through the mass-center plus the square of the distance between the two lines. 
According to (5) k is always greater than d; that is, the radius of gyration of 
a body with respect to a line is always greater than the distance f rtm the line 
to the center of gravity of the body. But, if the dimensions of the cr^ss 
sections of the body perpendicular to the line in question are small com- 
pared to d, then k/d is small compared to i, and k equals d approximately (see 
example 2). In such a case the moment of inertia is approximately equal 
to Md^. 

Examples, — i. Required the moment of inertia of a prism of cast iron 
(weighing 450 pounds per cubic foot) 6 inches X 9 inches X 3 feet with respect 
to one of the long edges. The block weighs 507 pounds. According to example 

2, § I, the moment of inertia of the block with respect to the line through the 
mass-center parallel to the long edge is 507 (6* + 9*) -?- 12 = 4940 pounds- 
inches*. The square of the distance from a long edge to the mass-center = 
29.25 inches*; hence the moment of inertia desired = 4940 + 507 X 29.25 
= 19,760 pound-inches* = 4.27 slug-feet*. 

2. Required the radius of gyration of a round steel rod i inch in diameter 
with respect to a line 12 inches from the axis of the rod. According to example 

3, § I, the square of the radius of g3n'ation of the rod with respect to its axis is 
i 0.5* = 0.125 inches*. According to equation (5) the radius of gyration desired 
= V(o.i25 + 144) = 12.01, nearly the same as the distance from the line of 
reference to the mass-center of the rod. 

3. It is required to show that the moment of inertia of a right circular cone 
with respect to a line through the apex and parallel to the base = ^js M (r* + 
4 a*) where M = mass of the cone, r = radius of its base, and a = its altitude. 

We conceive the cone as made of laminas parallel to the base, 
find the moment of inertia of each lamina with respect to the 
specified line, and then add all the moments. For con- 
venience we take the axis of the cone as the y-co6rdinate 
axis, and the line for which the moment of inertia is required 
as the X axis (Fig. 293). The moment of inertia of the lamina 
Fig- 293 indicated about a diameter is J dM • :*;* where dM = the mass 

of the lamina and x = its radius. Hence its moment of inertia about the x 
axis = i dMx^ + dJfefy* (see equation 3), and the moment of inertia of the en- 
tire cone = I (4 dMx^ + dMy'^), the limits being assigned so as to include all 

laminas. We choose to integrate with respect to y, and so must express dM 
and X in terms of y. From similar triangles in the figure x/y = r/a, or 
X = ry/a] obviously dM — &irx^dy = 5ir (r^^/a^) dy where 5 = density. Hence 

r in^hfdy r^' irrHy^dy ^ irr^ba irr^c? ^ 
~ Jo 4<^ Jo a^ 20 5 ~ ■ 
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Composite Body. — By this term is meant a body which one naturally con- 
ceives as consisting of finite parts, for example, a flywheel which consists of a 
hub, several spokes, and a rim. The moment of inertia of such a body with 
respect to any line can be computed by adding the moments of inertia of all 
the component parts with respect to that same line. The radius of gyration 
of a composite body does not equal the sum of the radii of gyration of the 
component parts. It can be determined from equation (3), where / = 
moment of inertia of the whole body and M = its mass. 

§ 3. Radius of Gyration of Some Homogeneous Bodies. — Let k = 
radius of gyration, a subscript with k referring to the axis with respect to which 
k is taken; thus kx means radius of gyration with respect to the x axis. Also 
M = mass and 5 = density. • 

SiraigfU Slender Rod. — Let / = its length, a = angle between the rod and 
the axis. Then about an axis through the mass-center k^ = ^s P sin* a; 
about an axis through one end of the rod k^ = i P sin* a. 

Slender Rod Bent into a Circular Arc (Fig. 294). — Let r = radius of the 
arc, then 

kx^ ■= i f * [i — (sin a cos a)/a], and ky^ = i f * [i + (sin a cos oi)/oi\. 

The divisor a must be expressed in radians (i degree = 0.0175 radians). 
kg^ = f* (the z axis is through O and perpendicular to the plane of the arc). 
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Right ParaUelopiped (Fig. 295). — The axis OX contains the mass-center, 
and is parallel to the edge c; ^x* = iV («* + ^*)' 

Right Circular Cylinder (Fig. 296). — Both axes OX and OY contain the 
mass-center, r = radius and a = altitude; then 

Hollow Right Circular Cylinder (Fig. 297). — Let R — outer radius, r = inner 
radius, and a = altitude; then lY 

kx'^HR' + r'); V = i(i^" + r* + ia*). 

X 




Right Rectangular Pyramid (Fig. 298). — The x axis ^ 
contains the mass-center and is parallel to the edge a; ^ 

k,* = ■,\r (6* + i A*) ; V = st («* + **)• 
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Right Circular Cone (Fig. 299). — The x axis contains the mass-center, and 
is parallel to the base; If = J rr^aS. 

Frustum of a Cone. — Let R = radius of larger base, r = radius of smaller 
base, and a » altitude. For the axis of the frustum 

Sphere. — Let r = radius. For a diameter 

Z 





Fig. 299 Fig. 300 

HoUow Sphere. — Let R = outer and r = inner radius. For a diameter 

Ellipsoid. — Let 2 a, 2 ft, and 2 c = length of axes. For the axis whose 
length = 2 c, 

Paraboloid Generated by Revolving a Parabola about its Axis. — Let r = 
radius of base and h ^ its height. For the axis of revolution 

Ring (Fig. 300). — The x axis contains the mass-center and is parallel to the 
plane of the ring; the y axis is the axis of the ring. 

*.» = ii?2 + fr^; /. = ir«i?r«5 (i?« -f f f«). 
*^2 = i?2 + f r2 ; /^ = 2 TT^Rr^d (R^ + J r «) . 

§4. Experimental Determination of Moment of Inertia. — When 
the body is so irregular in shape that the moment of inertia desired cannot 
be computed easily, then an experimental method may be simpler. There 
are several experimental methods available. 

By Gravity Pendulum. — This method is available if the body can be 
suspended and oscillated, like a pendulum, about an axis coinciding with or 
parallel to the line with respect to which the moment of inertia is desired. 
Let T = the time of one complete (to and fro) oscillation, c — distance from 
the mass-center to the axis of suspension, W = weight of the pendulum, g = 
acceleration due to gravity, k = radius of gyration, and / = moment of 
inertia about the axis of suspension; then 

. r .- , . T'cW 

*=— V^g and /=^^- (I) 



•^^ 
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Above formulas are based on the fo rmula for the time of oscillation or 
period of a pendulum T = 27r y/k^/cg (see Art. 39). If the axis of suspen- 
sion does not coincide with the line about which the moment of inertia is 
desired, then it remains to *' transfer" / to that line (see § 2). 

The desired moment of inertia can be determined without any time obser- 
vation as follows: From the same axis about which the suspended body 
oscillates suspend a *' mathematical penduliun/' a very small bob with cord 
suspension (see Art. 39); adjust the length of the cord so that the 'periods 
(times of oscillation) of bob and body become equal; then 

ife = V^ and / = Wd/g, (2) 

where / == the distance from the center of the bob to the axis of suspension 
and kj W, Cj I have the same meaning as above. The foregoing result is 
based on the fact that k^/c (for the pendulum) equals the length / of the 
mathematical pendulum (see Art. 39). 

By Torsion Pendulum. — The torsion pendulum here referred to would 
consist of an elastic wire suspended in a vertical position, the lower end 
being fashioned or terminated in a disk so that objects, whose moments of 
inertia are to be determined, may be suspended on the wire and made to 
oscillate about its axis. Let t = the (observed) period (time of one oscilla- 
tion) of the bare pendulum, h = the (observed) period of the pendulum when 
it is loaded with a body A which is so regular in shape (as a cube or cylinder) 
that its moment of inertia about the axis of oscillation can be computed 
easily, and k = the (observed) period of the penduliyn when it is loaded with 
the body B whose moment of inertia is desired; further let /i = the (com- 
puted) moment of inertia of A and I2 = the moment B about the axis of 
suspension. B should be suspended so that the axis of suspension coincides 
with or is parallel to the line (of B) about "which the moment of inertia is 
desired. Then 

/2=/l(fa-/)^(/l-0. (3) 

This result is based on the fact that the square of the period of a torsion 
pendulum is proportional to the moment of inertia of the pendulum with 
respect to the axis of oscillation. Thus, if 7 = the moment of inertia of the 
bare pendulum, and C the proportionality factor, then 

fi = C/, /i« = C (/ + /i), and fe« = C (/ -f h). 

These three equations may be combined so as to eliminate C and / and thus 
give equation (3). 

If B cannot be suspended so as to make the axis of oscillation and the line 
(of B) about which the moment of inertia of B is desired coincident, then it 
remains to reduce, or transform, 1% to that line (see § 20 of this article). 
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37. Rotation 

§ I. A rotation is such a motion of a rigid body that one line of the body or 
of the extension of the body remains fixed. The fixed line is the axis of the 
rotation. The motion of the flywheel of a stationary engine is one of rotation^ 
and the axis of rotation is the axis of the shaft on which the wheel is mounted; 
the motion of an ordinary dock pendulum is one of rotation, and the axis of 
rotation is the horizontal line through the point of support and perpendicular 
to the axis of the penduliun. Obviously all points of a rotating body, except 
those on the axis if any, describe circles whose centers are in the axis and whose 
planes are perpendicular to the axis. The plane in which the mass-center of 
the body moves will be called the plane of the rotation^ and the intersection of 
the axis of rotation and the plane of rotation wiU be called center of rotation. All 
points of the body on any line parallel to the axis move alike; hence the motion 
of the projection of the line on the plane of the motion represents that of all 
the points, and the motion of the body itself is represented by the motion of 
its projection. 

By angular displacement of a rotating body during any time interval is 
meant the angle described during that interval by any line of the body perpen- 
dicular to the axis of rotation. Obviously all such lines de- 
scribe equal angles in the same interval, and we select a line 
which cuts the axis. Let the irregular outline (Fig. 301) rep- 
resent a rotating body, the plane of rotation being that of 
the paper, and O the center of rotation. Let P be any point 
and B the angle XOP, OX being any fixed line of reference. 
Fig. 301 ^g customarily, B is regarded as positive or negative according 

as OX when turned about toward OP moves counter clockwise or clockwise. 
K ^1 and ft denote initial and final values of B corresponding to any rotation, 
then the angular displacement = ft — ft. 

The angular velocity of a rotating body is the time-rate at which its angular 
displacement occurs; or, otherwise stated, it is the time-rate at which any line 
of the body perpendicular to the axis describes angle. The time-rate at which 
OP describes angle, or the time-rate (of change) of B is dd/dt (see Art. 28, 
Note). Hence, if « denotes angular velocity, 

w = d$/dt. (i) 

Any angular displacement divided by the duration of that displacement gives 
the average angular velocity for that duration or interval of time. If the body 
is rotating uniformly (describing equal angles in all equal intervals of time), 
then the average velocity is also the actual velocity. 

The formulas for angular velocity imply as unU* the angular velocity of a 
body rotating uniformly and making a unit angular displacement in each unit 
time. There are several such units; thus, one revolution per minute, one 
degree per hour, one radian per second, etc. The last is the one usually used 

* For dimensions of units of angular velocity and acceleration, see Appendix A. 
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herein. An angular velocity must be regarded as having sign, the same as that 
of d6/dL Since d6/dt is positive or negative according as 6 increases or de- 
creases algebraically, the angular velocity of a rotating body at any instant 
is positive or negative according as it is turning in the coimter clockwise or 
clockwise direction at that time. 

The angular acceleration of a rotating body is the time-rate (of change) of 
its angular velocity. If , as in the preceding, co denotes the angular velocity, 
then the general expression for the time-rate of the angular velocity is d<a/dl', 
hence if a denotes the angular acceleration, 

a = d(a/dl = cPB/dfl. (2) 

The change in angular velocity which takes place during any interval of time 
divided by the length of the interval gives the average angular acceleration for 
that interval. If the velocity changes uniformly, then this average accelera- 
tion is also the actual acceleration. 

The foregoing formulas imply as unit * the angular acceleration of a body 
whose angular velocity is changing imif ormly and so that miit angular velocity- 
change occurs in each unit time. One revolution per second per second, one 
radian per second per second, etc., are such units. An angular acceleration 
must be regarded as having sign, — the same as that of dta/dt. Since d(a/dt 
is positive or negative according as a; increases or decreases algebraically, an 
angular acceleration is positive or negative according as the angular velocity 
is increasing or decreasing (algebraically). 

There are simple relatums between the linear velocity v and linear acceleration 

a of any point P of a rotating body and the angular velocity and acceleration of the 

body. Let r = the distance of P from the axis of rotation, s = distance travelled 

by P in any time from some fixed point in the path of P, and B = the angle 

described by the radius to P in that same time. Then s ^ rdVLOht expressed 

in radians; ds/dt = r dd/dt, or 

V = r«. 

Differentiating again, we find that dv/dt ^ r d<a/di, or 

at^ ra\ also «« (= v^/r) = rco*. 

Here at and On mean the tangential and normal components of the acceleration 
of P (Art. 34). 

§ 2. Equation of Motion. — We have already called attention to the 
fact (Art. 36, footnote) that in the case of rotation the angular acceleration 
is proportional to the algebraic siun of the moments of all the external forces 
acting on the body directly and to the moment of inertia of the body inversely, 
both moments being about the axis of rotation. Or, if To and h be used to 
denote these moments, and a = the angular acceleration, then a is proportional 
to (To -r- /o); and, if systematic luiits (Art. 4) be used then 

7^„ = /^ = Mk?a, (3) 

* For dimensions of units of angular velocity and acceleration, see Appendix A. 
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where M = mass of the body and ifco = its radius of g3n'ation about the axis of 
rotation. If W/g be written for M (Art. 4, § 2), then any unit of force (in- 
cluding W)j any unit of length, and any unit of time may be used in (3). 

The foregoing is called the equation of motion for a rotation; it may be de- 
rived from a consideration of the torque, about the axis of rotation, of alt 
the forces acting on each particle of the body. Let P (Fig. 302) 

represent a particle of the rotating body not shown, tn! = its 
mass, and a' = its acceleration. Then the resultant of all 
the forces acting on P' = w'a', and the tangential, normal, 
and axial components of this force are m'a/, m'on', and o 
respectively. Similarly the tangential, normal, and axial 
components of the resultant of all the forces acting on the 
Fig. 302 g^ond particle P" are m"a/', m' V, and o. AU the radial 
or normal components are directed toward the axis of rotation, and all the 
tangential components clockwise or counter dockwise. Now the torque of all 
the forces acting on P' equab the torque of m'at' and m'an; this torque = 
tn'at'r'. Similarly the torque of all the forces acting on P" = m"ai'r". 
Hence the torque of the forces acting on all the particles equals 

m'aif' + m"aiW + • • • = wVor' + m'VW + • • • = aSmr« = o/o. 

Now the S3rstem of forces acting on all the particles consists of internal and 
external forces. The internal forces jointly have no torque since they consist 
of pairs of colinear, equal, and opposite fotces. Hence, the torque of the ex- 
ternal forces equals /oor. 

Exampks, — i . Fig. 303 represents a circular disk of cast iron 4 inches thick 
and 3 feet in diameter. It is supported on a fixed horizontal shaft 3 inches in 
diameter. A cord is wrapped around the disk, and then a pull P = j^^jl^ 
100 pounds is applied to the cord as shown. What is the angular /^^"""^ 
acceleration of the disk? The external forces acting on the disk and 
cord are the weight of the disk and cord P, and the reaction of the 
shaft. Only one of these, P, has a moment about the axis of rota- 
tion. We are assuming that the disk is homogeneous so that the ^ 
center of gravity is in the axis of rotation, and that the shaft is 
frictionless. Tq of equation (3) is therefore 100 X 1.5 = 150 foot-poimds. 
Now the square of the radius of gyration of the disk about the axis of rotation 
is i (i-S* + 0.125*) ^ i«i33 ^^t* (Art. 36). And since the weight of the disk 
is 1053 pounds, its moment of inertia about the axis of rotation is (1053 -^ 32.2) 
1. 133 = 37.0 slug-feet*. Hence the angular acceleration of the disk is 150 -r- 
37.0 = 4.0 radians per second per second. 

2. Suppose that a turning force P in the preceding example is supplied not 
"by hand " but by means of a body suspended from the cord, and suppose 
that the body weighs 100 pounds. Obviously the system (disk and suq[>ended 
body) moves with acceleration; hence the two forces acting on the body (gravity 
and the pull P of the cord) are not equal or balanced but have a resultant 
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downward (direction of tiie acceleration of tiie body). That resultant is 
100 — P, and it equals the product of the mass and acceleration of the body, 
or 100 -r F — (100 -7- 32.2) X a where a — the acceleration. The torque on 
the disk is P X i.S> and 1.5 P =^ Ia = 37.0 a. But a = the tangential 
acceleration of any point on the rim of the disk = 1.5 X a, or a = 1.5 a. 
These three equations 

100 — P = (100/32.2) a, 1.5 P = 37.0 a, and a = 1.5 a, 

solved simultaneously give a — 3.41 radians per second per second, less than 
in example i as was to be expected, because the pull P in this example is less 
than 100 pounds. The value of P as obtained from the foregoing equations 
is 84.1 poimds. 

3. In Fig. 304 we take weight of -4 = 64 poimds, of -B = 96 poimds, and of 
pulley C == 144 pounds; assume coefficient of friction under B = \iox sliding, 
axle friction zero; take diameter of pulley = 2 feet 6 inches, and the radius 
of gyration of the pulley about the axis of rotation = 10.6 inches. We show 
how to determine the acceleration of the system. Let a = acceleration of A 
and B, and a = (angular) acceleration of the pulley. Obviously a = 1.25 a. 
Let us now consider the forces acting on each body A, B, and C. On ^4 there 
are two, — gravity (64 poimds) and the pull of the cord Pi (see Fig. 305). On 
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B there are three, — gravity (96 pounds), the pull of the cord P«, and the re- 
action of the supporting surface D (see Fig. 306 where this latter force is 
represented by two components N and F), On the pulley there are three 
forces, — gravity (144 poimds), the reaction Q of the axle, and the pressure of 
the cord. Since the mass of the cord is negligible, the tension at any point of 
the cord from A to the pulley is Pi, and at any point from B to the pulley it is 
P%. Hence the pressure of the cord against the pulley equals the resultant of 
Pi and Fi (Fig. 307), and that pressure is equivalent to Pi and F%, Therefore 
the equation of motion becomes (Pi — Pj) 1.25 = (144 -^ 32) (10.6 -^ i2)*a 
= 4.5 X 0.778 X a = 3.5 a. Since the acceleration of B is toward the right, 
the resultant force on it acts in that direction and equals Pj — P = Pj — i N 
— -Pi — J 96 = Pi — 19.2; and hence P2 — 19.2 = (96 -r- 32) a = 3 a. Since 
the acceleration of i4 is downward the resultant force on A acts in that direc- 
tion and equals 64 — Pi; hence 64 — Pi = (64 -5- 32) a = 2 a. Now solving 
the three equations of motion, 

(Pi - Pi) X I.2S = 3.5 a. Ft- 19.2 = 3 a, and 64 - Pi = a a, 
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together with a = 1.25 a, we find that a = 6.19 feet per second per second, 
and a = 4.95 radians per second per second. The equations also show that 
Pi = 51.62 pounds, and P2 = 37.77 pounds. 



38. Axle Reactions 

S X. Simple Cases. — Rotating bodies are commonly supported by shafts 
upon or with which the bodies rotate. In such a case, axle reaction means 
the force which the shaft exerts upon the rotating body. To determine 
such a force we make use of the principle of the motion of the mass-center. 
The principle states (Art. 34) that the algebraic sum of the components — along 
any line — of all the external forces acting on a body, moving in any way, 
equals the product of the mass of the body and the component of the accelera- 
tion of the mass-center along that line. In general, the principle furnishes 
three independent equations, one for each of three rectangular lines of resolu- 
tion. If the mass-center of the (rotating) body does not lie in the axis of rota- 
tion then there are three lines of resolution which are generally more convenient 
to use than any others, and these we now describe. Let the circle (Fig. 308) 

be the path of the mass-center of a rotating body (not 
shown), O be the center of rotation (intersection of the axis 
of rotation and plane of the path of the mass-center), and 
C be the mass-center. Then the three convenient lines are 
the axis of rotation, the line OC, and a line perpendicular to 
the first two. The directions of these lines are called re- 
Fig. 308 spectively axial, radial or normal (OC being a radius and 

normal of the circle), and tangential (the third line being parallel to the tan- 
gent at C). Now let 2F«,2Fn, and SFa = the algebraic sums of the tangen- 
tial, normal, and axial components of all the external forces acting on any 
rotating body; at and fl» = the tangential and normal components of the ac- 
celeration of its mass-center — the axial component of the acceleration equals 
zero; and M = the mass. Then 

SF, = M5,, SFn = Jlf5n, 2F. = o. (i) 

Systematic units (Art. 31) must be used in the foregoing. If W/g be substituted 
for M (Art. 31) then any unit may be used for force (including weight), any 
unit for length, and any unit for time. 

Let r = radius of the circle described by the mass-Cj^nter, v = velocity of 
the mass-center, a = angular acceleration, and a> = afigular velocity of the 
rotating body at the instant under consideration; then (see Art. 37, §1) 

fli = ra, and an = v^/r = rco*, 

and we may use these in equations (i). 
If the mass-center of the rotating body is in the axis of rotation, then the 
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acceleration of the mas&<enter is always zero, and the algebraic sum of the 
components of the external forces along any line equals zero. 

Examples. — i. AB (Fig. 309) is a bar of wrought iron 1.5 inches (perpen- 
dicular to paper) X 4 inches X 6 feet, suspended from a horizontal axis at A. 
Suppose that the bar is made to rotate and is then left to it- r 
self rotating under the influence of gravity, the axle reaction, 
and the initial velocity g^ven to it. Suppose further that 
the initial velocity was such that when the bar gets into the 
position shown, the angular velocity is 60 revolutions per 
minute. Required the axle reaction in the position shown. 
The only forces acting on the body are its weight W = 12a 
pounds, and the axle reaction represented by two components p^ 

Ri and £^ We neglect the axle friction; then the lines of 
actions of Ri and Rn cut the axis of rotation, and the equation of motion (Art. 
37) becomes H' (2 sin 35*) = la. Now I = (Tr/32.2) k* = (lao/^a.a) 7.01; 
hence a =- 5.36 radians per second per second, and a, = 2 X. 5.26 = 10.53 
feet per second per second. The angular velocity, 60 revolutions per minute, 
equals 6.38 radians per second; hence a^ = 3 X 6.38* = 78.8 feet per second 
per second. Finally, equations (i) become 

I30 sin 35" — Ri = (130/32.3) 10.53 = 39.2, and 

ft — iaocos35°= (130/32.2)78.8 = 294. 

From the first Ri = 39.7, and from the second R% = 392 pounds. 

2. AB (Fig. 310) is a simple brake for retarding the motion of the drum C 
and su^iended body W, Let W = 2000 pounds, weight of the drum = 1800 
pounds, radius of gyration of drum about axis of rotation = 2.5 feet, coefficient of 





friction "t)etween " brake and drum = 0,5. Suppose that W is descending and 
the brake puU P is 1000 pounds. Required the axle reaction on the drum. Fig. 
311 ^ows all the forces acting on the drum, — its own weight (1800 pounds), 
the brake pressure represented by two components N (normal pressure) and 
F (friction), the pull T of the rope, and the axle reaction represented by two 
components Ri and ft. From a consideration of the forces acting on the brake 
it is plam that N = (1000 X 6,5) -J- 1.5 = 4333 pounds; and hence F = 0.5 
X 4353 = 2167 pounds. Now in order to get T we write out the equations 
t^ motion of the drum and the suspended body. Since P b greater than the 
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weight of the body the velocities of drum and body are being decreased; hence 
T is greater than W but less than F, If a = the acceleration of the drum and 
a = the acceleration of the suspended body, then the equations of motion are 

2167 X 3 — r X 3 = (1800/32.2) 2.5«a, and 
T — 2000 = (2000/32.2) a. 

These equations and a =* 3 a, solved simultaneously, give T = 2103 pounds. 
Since the acceleration of the mass-center of the drum equals zero, 

2167 — -Ri « o, or Ri — 2167, and 
Rt — 4333 — 1800 — 2103 = o, or Ri = 8236 pounds. 

Therefore the axle reaction = V(2i67* + 8237') = 8500 pounds inclined up- 
wards and to the left at an angle of 14I degrees with the vertical. 

§ 2. Non-simple Cases. — Axle reactions cannot be determined by means 
of equations (i) in some cases; moment equations must be resorted to. The 
moment equation To = /oa (Art. 37) is available for all cases but additional 
ones may be needed. It will be recalled that To is the torque of all the external 
forces about the axis of rotation; we will presently deduce expressions .for 
the torque about other lines, — first for a body of any shape and then for 
bodies of certain common, synmietrical shapes. 

Body of any Shape. — Let the axis of rotation be taken as the 2 axis of an 
x-y-z co5rdinate frame, the x axis containing the mass-center on the positive 
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side of the axis. The following six equations apply to this general case: 

(i) 2F, = - MFco^, Ts^-aCzxdM+J" CyzdM, (4) 

(2) ^Fy^Mra, Ty= - a CyzdM - of CzxdM, (5) 

(3) 2F. = o, T,^I^ = Mk^a. (6) 

Equations (i), (2), and (3) follow from Art. 38 (page 180); (6) is equation (3) 
of Art. 37, the notation being changed to agree more appropriately with 
Fig. 312; (4) and (5) will be deduced immediately. 
The method used for arriving at (4) and (5) is like that used to get (6). 
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The moment of the resultant of all the forces acting on each particle is com- 
puted; then such moments for all the particles are summed; and since the 
internal forces contribute nothing to it, this sum is the value of the torque of 
the external forces about the axis of moments being used. Let P (Fig. 312) 
represent any particle of the rotating body, r the radius of the circle described 
by P, 6 the varying angle PAB, (x, y, 2;) the coordinates of P, m its mass, 
and a its acceleration. The resultant of all the forces acting on the particle 
P equals ma. Components of this resultant along and perpendicular to 
PA equal mr<t? and mra. The first component acts in the (radial) direction 
PA J and the second in the direction of the tangential component of a. The 
moments of the resultant ma about the x and y axes respectively equal the 
sums of the moments of its components; these sums are 

— fwra cos fe + fnrw* sin dz = — mazx + mufyZy 
and —mra sin ^2 — mru? co&Bz = —mayz — mosh^. 

If now we add all such moments about the x axb, and then those about the 
y axis, for all the particles comprising the body, we arrive at 

—aSlmzx + (if^myz, and — oSmyz — cfUmzx; 

and these reduce, for a continuous body, to the right-hand members of (4) 
and (s). 

(i) The body is homogeneous^ has a plane of symmetry ^ and rotates about an 
axis perpendicular to that plane. In this case, (4) and (5) become 

r, = o and . r^ = o. (4O (sO 

For: — The xy plane (Fig. 312) now coincides with the plane of symmetry; 
hence, for any particle whose coordinates are (x, y, z) there is a corresponding 
one whose coordinates are (x, y, — z). And because of the (assumed) homo- 
geneity of the body the masses of the particles may be taken equal. It fol- 
lows that Hmzx = o and Jlmyz = o for the two particles. Therefore, these 
summations extended to all'' the pairs of particles comprising the body equal 
zero, and hence Tx= T^ = oas stated. 

Let Fig. 313 represent the plane of the symmetry section of the body, C 
the mass-center, O the center of rotation, Q a point on OC extended so that 
OQ = i*/r. In general, the resultant of the external forces is a single force 
ax:ting in the xy plane, and through Q, The components of the resultant 
along and perpendicular to OC are indicated in the figure; the first always 
acts from Q toward and the second in the direction of the tangential accel- 
eration of C. Proof of this statement is left for the student to supply. The 
fact that the described components satisfy equations (i), (2), (3), (4'), (sOi 
and (6) may be regarded as sufficient proof. 

When the angular velocity is constant (a = o), the resultant of the external 
forces is a force directed along the radius CO and in that direction; its value 
is Affof. When the mass-center is in the axis of rotation (r = o), the re- 
sultant is a couple; its plane is perpendicular to the axis of rotation and its 
XDOinent is /«a. When both a and the F = o, the resultant is nil. 
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(ii) The body is homogeneous, has a line of symmetry, and rotates about an 
axis parallel to that line. In this case, (4) and (5) become, as in (i), 

r. = o and r, = o (VO (s'O 

For: — Let Pi and Pj (Fig. 314) be any symmetrical pair of particles (so that 
the line P1P2 is perpendicular to the axis of symmetry and is bisected by that 
axis). Also let the coordinates of Pi and Pt be (xiyiZi) and (x^y^) respectively. 
Evidently these coordinates are related as follows: 

i (xi + a^) = r, yi = - ;y^, and Zi = sfj. 

On accowit of homogeneity, the masses, mi and mt, of the Pi and P2 may be 
taken equal; hence for the two particles 

Hmyz = miyiZi + m^y^ = miyiZi — miyiZi = o, 

and Hmzx = mi^i^i + mjs^sx^ = miZiXi + miZi{2 F — Xi) = 2 miZif. 

It follows that, if the summations be extended to all the pairs of particles 
constituting the body, then 

jyz dM = o, and jzx dM = rjz dM = rMz (see Art. 23), 

where z denotes the z coordinate of the mass-center; but the mass-center is 
in the XOY plane, and hence i = o. Thus finally, we see from (4), (5), 
and the foregoing results that Tg and Ty = o as stated. 

All the remarks under case (i) about the resultant of the external forces 
hold in this case. 

(iii) The body is homogeneous, has a plane of symmetry, and rotates about an 
axis in that plane. In this case, (4) and (5) become 

r, = - afzx dM, and Ty = - (J'fzx dM. (4'") (s"0 

For: — The xz plane coincides with the plane of symmetry in this case; hence 
for any particle whose coordinates are (x, y, z) there is a corresponding one 

whose coordinates are {x, — y,z). It follows that JyzrfM =0, and, from (4) 

and (5), that Tg and Ty have the values stated above. 

In general, the resultant of the external forces is a single force as in cases 
(i) and (ii); but in this case, the resultant acts not in the xy plane but in a 

parallel plane, the z coordinate of which is jzxdM -r- Mr. See Fig. 315; 

Q' is the point where the line of action of the resultant pierces the plane of 
symmetry. Proof of the foregoing statements is left for the student to supply. 
The fact that the described resultant satisfies (i), (2), (3), (4"0i (s"0> and 
(6) may be regarded as sufficient proof. 

The remarks under (i) about the resultant when a = o, when r = o, and 
when a = f = o, apply to this case also. 

Centrifugal Action and Dynamic Balance. — It is common experience that 
a rotating body unless well "balanced" exerts forces upon its shafts — and 
thus upon the bearings supporting the shaft — which are due in part to the 
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velocity of rotation. Such parts or components of the forces are said also to 
be due to the "centrifugal action " of the rotating body; and the components 
are called " centrifugal " forces or pulls. A rotating machine part so shaped 
or loaded that it exerts no resultant centrifugal pull on its shaft or bearings 
is said to be in "running " or "dynamic balance." 

The common method of designing for nmning balance consists in arranging 
or proportioning the various (simple) parts of the rotating body, a motor 
crank shaft for example, so that the centrifugal pulls of all the various parts 
will neutralize.*^ Even after careful design and manufactiure of a crank 
shaft, say, the running balance may be imperfect. Then mechanical methodsf 
are resorted to for completing the task. 

The conditions for dynamic balance can be stated with reference to equa- 
tions (i) to (6): — (a) The mass-center of the body must be in the axis of 
rotation (r= o); this insures "standing" or "static balance." (b) The 

"products of inertia" (see Art. 57) j yzdM and jzxdM must equal zero; 

this with (a) insures dynamic balance. For: — When these conditions are 
fidfilled and the angular velocity is constant, the right-hand members of 
equations (i) to (6) equal zero, that is they are equilibrium equations; hence, 
the bearing pressures are independent of the motion.:|: 

The axis of rotation of a body which is d3aiamically balanced for that 
axis is sometimes called a *^ free axis " of the body; for, if the body could be 
rotated about that axis and then left to itself entirely free from all external 
forces, even gravity, it would continue to rotate about that axis. 

39. Pendulums 

§ I. Gravity Pendulum. — By this term is meant the common pendulum, 
that b a body suspended on a horizontal axis so that it can be made to oscillate 
freely under the influence of gravity. A real pendulum is sometimes called a 
compound or physical pendulum to distinguish it from an imaginary one con- 
sisting of a mass-point or particle suspended by a massless cord; this latter is 
called a simple or maihematical pendulum. Let T = the period or time of one 
complete or double (to and fro) oscillation, k = the radius of gyration of the 
piendulum with respect to the axis of suspension, c = distance from the center 
of gravity of the pendulum to that axis, and 2 /3 = the angle swept out by the 
pendulum in one single oscillation. Then, as will be shown presently, the 
period is given closely by 

r=2TV*Vcg, (i) 

^ For a good treatment of dynamic balancing, see the book by Dunkerly or Sharpe on 
Balancing of Engines, 

t For a description of an ingenious balancing machine, Akimoff's, see American Machinist 
for May 18, 19 16. 

% Foi a theory of balancing of engines based on these conditions extended see Lorenz, 
TecAniscke Mechanik, Band I. 
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provided that fi is small.* Since P does not appear in this formula the period 
of any pendulum is independent of /9 ; that is all small oscillations of a pendulum 
have equal periods or, as we say, they are isochronous. When g is expressed in 
feet per second per second then k and c should be expressed in feet; T will be 
in seconds. 

For the derivation of equation (i) let OG (Fig. 316a) be a pendulum in any 
swinging position, O the center of suspension, G the center of gravity; let W = 
the weight of the penduliun, c = OG, and 6 the (varying) angle which OG makes 
with the vertical, regarded as positive when the pendulum is on the right side 
of the vertical, as shown. There are three forces acting on the pendulum, — 
gravity, the supporting force at the knife edge, and the pressure of the sur- 
rounding air. The moment of the first force about the axis of suspension is 
Wc sin B; the moments of the other two forces we take as negligible. Hence 
the resultant torque on the pendulum in any position = Wc sin d practicaUy. 
The angular acceleration « (FO/df (see Art. 37); hence according to equation 

(3) of that article 

Wcsine=^- (W/g) l^dV/dfi, 

the negative sign being introduced because sin 6 and d^/dfi are always oppo- 
site in sign. It follows readily from the preceding equation that 

d^/dfi = - (cg/k^) sm^ = - ^ sin^, 

where i4 is an abbreviation for cg/k^. We will assume that the greatest value 
of 6, that is jS, is so small that sin 6 and 6 are nearly equal; then as a good 
approximation we may substitute 6 for sin 6, and have 

dfi/dfi = - AS. 

To integrate this simply, let u = dS/dt; then d^/df = du/dt = (du/dO) 
{d$/di) = {du/d$) tt, and hence 

(du/dB) u= — ASj or udu= —AO dd. 
Now integrating and replacing u by dd/di^ we get 



Kf)'-4+'^. 



where Ci is a constant of integration. Remembering that dB/di — the angular 
velocity of the pendulimi, we note that where ^ = /S, there dB/di = o; there- 
fore for these (simultaneous) values the preceding equation becomes o « 
-\Af? + Ci, or Ci = i Af?, and finally 

• The exact value of the period is given by 

r - « VWhi [i + (f)*""'! + (; • J)* ««*! + • • ]• 

If /9 « 8 degrees then the bracket above = i. 001 22; and for smaller values of /9 the value 
of the bracket is still nearer unity. Hence the error in the approximate formula is less 
than one-eighth of one per cent if /9 does not exceed 8 degrees. 
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The positive sign is to be used when dBjdi is positive; that is when the pen- 
dulum is swinging in the positive direction. Now let r = the time required 
for the pendulum to swing out from its lowest to its highest position on the 
right, that is while 9 changes from o to jS. To get a value pf this time we 
integrate the preceding equation as follows: 

Let r' = the time required for a swing from the extreme right position to the 
lowest position, that is while % changes from /S to o. To get this time we 
integrate as follows: 

Hence t and r' are equal, as wa s to b e expected. Finally, the time of one 
complete oscillation = 4T = 2 t '^^WJcg, as was to be shown. 

Let k == the radius of gyration of the penduliun with respect to an axis 
throiigh its center of gravity and parallel to the axis of suspension; then 
i* = ** + ^ (see Art. 36), and hence 

^ gc ^ g g\ cy 

Contrary to common belief, the period does not increase for all increases in c, 
the distance from the center of gravity to the axis of suspension. For examin- 
ing the foregoing expression for T with reference to a variation in c, we find that 

Now this is negative for all values of c less than £, and positive for all values 
greater than k. Hence when c is less than k an increase in c decreases T\ 
when c is greater than k an increase in c increases T. When c ^ k, then 
dT/dc = o, and T has its least value equal to 2 t y/(2 k/g). 

In the case of a simple penduliun of length /, the radius of g3rration k == I 
and also c = /: hence the period of a simpk pendulum is given by 

r=2TV^.* (3) 

A physical pendulum and a simple pendulum whose periods are equal are said 
to be equivalent. Periods are equal if k^/cg = l/g, or / = k^/c. 

Imagine the entire mass of a (real) pendulum concentrated into a point Q 

^ Strictly q)eakiiig, a simple or mathematical pendulum can exist only in imagination, 
but a real pendulum made of a small bob su^)ended by means of a cord may be regarded as a 
fi mplc pendulum in computing period. That is the period of the cord-bob pendulum "■ £«* 
V7/^ irhere I » the distance from the axis of suspension to the center of the bob. For k/c 
fat the oocd-bob pendulum is small compared to i^ and hence equation (2) gives T « 2 t Vc/g 
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Fig. 316, a, b, c 



(Fig. 316a), whose distance from the center of suspension equals li?/c. Then, 
as just shown, the period of such an (imaginary) simple or mathematical 
pendulum would be 2 t V{l/g), where / is the length OQ or l^/c; hence 
the period would be 2 t Vi^/cg), that is equal to the period of the real 
pendulum. 

For this reason Q is sometimes called the center of oscUlaHon of the pen- 
dulum. (It coincides with the center of percussion, see Art. 48.) The dis- 
tance from the center of gravity to the center of oscillation is 

CO = c = c = - • 

^ c c c 

''The centers of suspension and of oscillation of a 
penduliun are interchangeable," that is if a pendulimi 
be suspended from Q (Fig. 316b), then becomes the 
center of oscillation. For, suppose that Q' is the 
center of oscillation corresponding to Q, then 

hence Q' coincides with 0. It follows from the prop- 
erty of interchangeability that the periods of a pendu- 
Imn when suspended from and from Q are equal. 

The pendulum is our best device for accurately determining the acceleration 
due to gravity at any place. We have only to determine the period T and 
the length If/c of a pendulum at the place, and then compute g from the 
formula T = 2Try/(k^/cg). But it is not easy to determine ^/c directly. 
Captain Kater first (1818) made use of the property of interchangeability of 
centers of suspension and oscillation to make a pendulum whose length t^/c 
could be determined accurately and readily. Fig. 316c represents a Kater 
pendulum in principle; Oi and O2 are two knife edges as shown at a known 
distance apart; TT is a weight which can be slid along the rod and clamped 
where desired. The periods of oscillation for Oi suspension and 0% suspensioa 
would be different, but by shifting the weight and trying repeatedly, the 
periods can be made equal. When the periods are equal, then either knife 
edge is the axis of oscillation for the other as axis of suspension, and O1Q2 
(a known distance) is the length of the eqmvalent simple pendulum or the 
If/c of the formula. By means of a Elater pendulum the value of g for Wash- 
ington was determined to be 9 80. 100 centimeters per second per second. Values 
of g at many other places have been determined more simply — by comparing 
the periods of oscillation of a more ordinary pendulimi at Washington and the 
other places. This comparison is based on the principle that the squares of 
the periods of oscillation of any pendulum at two different places are inversely- 
proportional to the values of g at those places; hence if T^ and T = the periods 
at Washington and some other station and g = the acceleration at the l&t:t:er 
place, then g = 980.1 (T„/Ty. 



Akt. 39 1 88a 

§ 2. Torsion Pendulum. — This consists of a heavy bob suspended 
vertically by means of a light elastic wire, the wire being firmly embedded 
m the bob and in its support. Any horizontal couple applied to the bob will 
turn the bob and twist the wire. If the couple is not too large — so as not 
to stress the wire beyond its "elastic limit" — then the angular displace- 
ment of the bob will be proportional to the moment of the couple applied. 
That is, if C and C = the moments of two couples applied successively and 
6 and O' are the corresponding angular displacements produced by the couples, 
then 6/0' — C/C. Hence, the moment C required to produce any displace- 
ment is given by C = (C/^) B, In any displaced position of the bob, the 
wire exerts a couple on the bob equal to the applied couple. 

If the bob were released from any position of (moderate) angular displace- 
ment /3, it would oscillate under the influence of the couple exerted by the 
wire. We will assume that this (varying) couple follows the law expressed 
above. Then the equation of motion (rotation) for the bob would be (see 
equation 3, Art. 37) C = /a, where / = moment of inertia of the bob with 
respect to the axis of the wire and a = the (varying) angular acceleration. 
Since a = JPB/dfi, and 6 and d^/d? are opposite in sign, the equation can be 
written 

g<,= _7^ or S=-50, 
ff dfi dfi ' 

where £ is an abbreviation for (C'/^O -r- 1. This last equation is just like the 
equation d^/dP = — -4^ of § i, relating to the motion of a gravity pendulum 
except that B appears in one equation and A in the other. Hence the form- 
ulas in § I apply to this section if ^4 be changed to B. Thus the time of one 
quarter complete oscillation of a torsion pendulum is 



= v/5[^^"1I==;V/c7i 



The period (one complete to and fro oscillation) equals 4 ir, or 

T =27r VTTJjCW)' (i) 

/ = Mt? = (W/g) If where W = weight and k = radius of gyration of the 
bob with respect to the axis of the wire. If , in a numerical case, W is taken in 
pounds and g in feet per second per second, k should be expressed in feet, C 
in foot-pounds, and B^ (always) in radians; T will be in seconds. C/6^ (the 
ratio of the moment of any twisting couple to the angle of twist produced) 
is a measure of the torsional stiffness of the wire, for that ratio is the moment 
required for twisting per radian of twist. Formula (i) shows that the stiffer 
the wire the less the period. 



CHAPTER X 

WORK, ENERGY, POWER 

40. Work 

§ I. Definitions, Etc. — Work is a common word and has many mean- 
ings (see dictionary), but it is used in a single special sense in Mechanics. 
Work is said to be done upon a body by a force — also by the agent exerting 
the force — when the point of application of the force moves so that the force 
has a component along the path of the point of application. This component 
will be called the working component of the force; and the length of the path 
of the point of application the distance through which the force acts. The 
amount of work done by the force is taken as equal to the product of the 
working component and the distance through which the force acts. 

The meaning of this measure of work done by a force is clear when the work- 
ing component is constant. For example, suppose that the body represented 
in Fig. 317 is moved along the line AB by a number of forces, two of which 
(indicated) are constant in magnitude and 
in direction. During any portion of the 5 _^ 3^ ^ r-^-n 

motion, as from A to B, the work done by r 1 I I \^: \ ! 

F\ is F\\AB} and the work done by rj is p. 

(FiCosd)i45. This expression when written 

? {AB cos ^) means the product of the force and the component of the dis- 
placement along the line of action of the force, which is a " view" of amount 
of work done by a force sometimes more convenient than the other. 

When the working component is not constant in magnitude, then we may 
arrive at an expression for the work somewhat like this: — Let AB (Fig. 318) 

be the path of the point of application of one of the forces 
acting upon a body not shown, and F any point on the 
path. Let F = the force, = the angle between F and 
the tangent at P, and ds = the elementary portion of the 
path at P. Then the work done by F during the elementary 
^^* ^' displacement = F cos ^ • <fa or F* <fa where F% means working 

or tangential component of F; and the work done by F in the displacement 

from AXaB =jFt ds, limits of integration to be assigned so as to include all 

elementary works F| is in the motion from A to B. It is worth noting that if 
the force F acts normally to the path at all points, then Ft — o always, and 
the formula gives zero for the work done by F, as it should. 

Z89 




190 Chap, x 

The unit work is the work done by a force whose working component equals 
unit force acting through unit distance.* The unit of work depends upon the 
units used for force and distance; thus we have the foot-pound, centimeter- 
dyne, etc. The second imit is also called erg; and 10' ergs = i joule. The 
horse-power-hour and the watt-hour are larger units of work. They are the 
amounts of work done in one hour at the rates of one horse-power and one 
watt, respectively (see Art. 41); thus, 

One horse-power-hour = 1,980,000 foot-poimds, and 
One watt-hour = 3600 joules. 

When the works done by several forces are imder discussion, it may be 
conveuient to give signs to their works according to this conmionly used rule: 
When the working component acts in the direction of motion, the work of the 
force is regarded as positive; when opposite to the direction of motion then the 

work is regarded as negative. The formula j Fcos<f> ds, with the lower and 

upper limits of integration to correspond to the initial and final positions A 
and B, respectively, observes this rule of signs for work, if ^ is measured posi- 
tive in the direction of motion from some fixed origin to P, and « is measured 
from the " positive tangent" around to the line of action of the force as shown 
in the figure. Forces which do positive work are sometimes called efforts; 
those which do negative work are called resistances.^ 

Work Diagram. — If values of Ft and 5 be plotted on two rectangular axes 
(Fig. 319) for all positions of the point of application of F, then the ciu^e 

joining the consecutive plotted points might be called a " work- 
fTJjjTp ing force-space" (Frs) cmve. The portion of the diagram 




I' 



jjjijjjil " imder the curve" (between the curve, the ^-axis, and any 
jjjjjjjjl two ordinates) is called the work diagram for the force F for 
>a*i '" "I * the displacement corresponding to the bounding ordinates. 
^ ~ The area of a work diagram represents the work done by the 
force diuing the displacement corresponding to the boimding 
ordinates. Proof: Let m — the force scale-number, and n = the space scale- 
number; that is, imit ordinate (inch) = m units of Ft (pounds) and unit 
abscissa (inch) = n units of j (feet). Also let A = area; then 

Jxx Ja nt n mnja mn 

Hence, A {mn) = work; that is, A = work according to the scale number mn 
to be used for interpreting the area. 

By average working component of F is meant a value of Ft which multiplied 
by the distance St — Si, or 6 — a, gives the work done by F. Obviously, that 
average working force is represented by the average ordinate to the curve of 

* For dimensions of unit work, see Appendix A. 

t The (negative) work done by a resistance on a body is often referred to as (positive) 
work done by the body against the resistance. 
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the work diagram. When that curve is straight, that is, when Ft varies uni- 
formly with respect to Sy then the average working component equals the mean 
of the initial and final values. 

Fig. 320 is a fac-simile of a record made by the traction dynamometer (a 
spring balance essentially) in a certain train test. Abscissas represent distances 
travelled by the train, and ordinates represent " draw-bar pulls" (the pulls 
between the tender and first car of the train). Thus, the figure is a work 
diagram. To determine the area of such a diagram as this we first draw in 
an average curve "by eye," and then ascertain the area under this curve in 
any convenient way. 

-3 tons 
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Fig. 320 
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Fig. 322 



§ 2. Some Special Cases. — (i) The work done by a force which is con- 
stant in magnitude and direction equals the product of the force and the pro- 
jection of the displacement of its point of application upon the line of action 
of the force. For, let F = the force, APB (Fig. 321) the path of its point of 
application, ^ = the (variable) angle between F and the direction of the motion 
of the point of application P. Then the work done by F is 

j Fcosit>ds = F jdscosfl), 

where dsisan elementary portion of the path. Now ds cos 4> is the projection 

of the element ds upon F, or upon any line parallel to F, and Cds cos ^ is 

the sum of the projections of all the elements of APB upon the line. But the 
sum of the projections = the projection of APB = the projection of the chord 
AB. 

(ii) The work done by gravity upon a body in any motion equals the product 
of its weight and the vertical distance described by the center of gravity; 
the work is positive or negative according as the center of gravity has descended 
or ascended. Let Wi, vh, etc., denote the weights of the particles of the body; 
yii yiy ^tc, their distances above some datum plane — below which the body 
does not descend — at the beginning of motion; and y/', yl\ etc., their dis- 
tances above that plane at the end of the motion (see Fig. 322) where a' a" is 
the path of the first particle, 6'6" that of the second, etc.). Also let W denote 
the weight of the body, and y' and y'* the initial and final heights of its center 
of gravity above the plane. Then the works done by gravity on the particles, 
respectively, are Wi (y/' — y/), te^ (^2" — yaO* etc., and the sum of these 
works can be written 
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The first tenn of this smn = Wy\ and the second = Wy' (see Art. 21); hence 
the sum of the works done on all the particles equals 

(iii) The algebraic sum of the works done by any number of forces having a 
conunon point of application during any displacement of that point equals the 
work done by their resultant during that displacement. For, let F', F", F'", 
etc., = the forces, R = their resultant, and F/, F/', F/", etc., and Rt == the 
components of the forces and of the resultant, respectively, along the tangent 
to the path of the point of application. Now F/ + P/' + Ft'" +•••=!?« 
(Art. 4). Hence F/ ds + F/' ds + Fi" (fa + • • • = i?* tfa, and 

fF/ds+ fF/'ds+ fFrd5+ . • . = fRtds; 

that is, the sum of the works done by the forces equals the work done by their 
resultant. 

(iv) The work done by a pair of equal, colinear, and opposite forces in any 
displacement of their points of application equals 



+ I Fdr or - / Fdr 




according as the forces tend to separate or draw the points of application 
together; F = the conmion magnitude of the two forces — not constant 
necessarily — , r = the distance between their points of application, and ri 
and fi = initial and final values of r. Let A and B (Fig. 323) be the points of 

application of the two forces — acting on a body 
not shown — at any intermediate stage of the 
displacement, and suppose that the path of il is 
AiAi and that of B is BiB^, Let a/, / be the 
coordinates of A, and x'\ y" those of B. (For 
simplicity in figure we have taken the paths of A 
and B as coplanar. The following proof could 
be extended to cover the case of any paths. The paths are not necessarily 
due to the forces F alone; but since we are concerned with the work done by 
these two forces only, no mention is made of any other forces concerned 
with the motion.) According to the preceding paragraph the work done by 
either force F in any displacement equals the sum of the works done by the 
X and y components of F in that same displacement. Hence in an elementary 
displacement ds the work of F on -4 — (— F cos ^ rfx' — F sin (? dy'), and the 
work of F on B = (F cos $ dv!' + F sin ^ dy"). The work done by both 
forces F in the elementary displacement is 

F[cos^ (dx" - d^ + sind (rf/' - iyO]. 

It will readily be seen from the figure that (x" — xO* + (/'— yO* = ''*; and, 
by differentiation, we find that 

(x"- J) W- (fa/) + (y"- /) {df- J/) = fdr. 
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Dividing by r and transforming we find that 

cos e W - At/) + sin ^ {dy" - dy') = dr. 

Hence, the work done in the elementary displacement is F dr, and the work 
done in the displacement from AiBi to A2B2 equals the integral of F dr between 
the limits as stated. Obviously, changing the senses of the forces F (in the 
figure) so that they tend to make A and B approach, changes the sign of the 
total work done by the forces. 

41. Energy 

When the state or condition of a body is such that it can do work against 
forces applied to it, the body is said to possess energy. For example, a 
stretched spring can do work against forces applied to it if they are such that 
it may contract, and a body in motion can do work against an applied force 
which tends to stop it; the spring and the body, therefore, possess energy. 

The amount of energy possessed by a body at any instant is the amount of 
work which it can do against applied forces while its state or condition changes 
from that of the instant to an assumed standard state or condition. The 
meaning of the standard condition is explained in subsequent articles. The 
unit of energy must, in accordance with the above, be the same as the unit of 
work. Thus we have the foot-poimd, foot-ton, centimeter-dyne (or erg), 
the joule, horse-power-hour, watt-hotu:, etc. (see preceding article).* 

§ 1. Mechanical Energy. — Energy is classified into kinds depending on 
the state or condition of the body, in virtue of which it has energy. 

Kinetic Energy of a body is energy which the body has by virtue of its 
velocity. The amount of kinetic energy possessed by a particle at any instant 
is the work which it can do while the velocity changes from its value at that 
instant to some other value taken as a standard. It is customary to take 
zero velocity as the standard one; this being understood, then the amount of 
kinetic energy possessed by a particle is the work which the particle can do in 
" giving up all its velocity." The kinetic energy of a single particle whose 
mass and velocity are m and v, respectively, equals \ mvh 
Proof: Let Fi, F2, Fz, etc., be the forces which act on the 
partide P (Fig. 324) and eventually stop it; and let -45 be 
the path, A the beginning (where velocity = vi) and B the 
end where velocity = o. Then we are to prove that the 
work done by the particle on the neighboring particles or ^' ^^^ 

bodies (which exert the forces Fi, F2, Fs, etc.) equals i mui^ during the motion. 
Now, the work done by the forces Fi, F2, Fs, etc., on the particle is. 

I Ficos4nds+ j Ftcos<hds+ . • . = / (Ficos^i-f-Fjcos^j -f • • • )<fc» 

* For dimensions of a unit of energy, see Appendix A. 
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where ^, ^, ^, etc., are the angles between Fi, F2, Fz, etc., and the direction of 
motion (Art. 40). Since the particle P exerts forces on its neighbors, equal 
and opposite to Fi, F2, etc., the work done by the particle on its neighbors is 



— / (FiCos^i + Fjcos^H- • • • )^- 



But Fi cos ^1 + Fj cos 02 + . . . = mat = m dv/(U, where at is the tangential 
component of the acceleration of the particle; hence the work done by P is 

— j m (dv/dt) ds — — I m (ds/dt) rfiF = — / fnvdv =^^ mvi\ 

The kinetic energy of a body (a collection or S3rstem or particles) is the 
simi of the kinetic energies of the constituent particles of the body. We will 
now evaluate this sum for certain common cases, — namely, (i) translation, 
(ii) rotation, and (iii) combined translation and rotation. 

(i) In translatory motion all particles of the moving body have at each 
instant equal velocities; hence, the sum of the kinetic energies of the particles 
is \ miv^ + \ nhv* -|- . . - = J t>2 (Sf»), where wi, nh, etc., = the masses of 
the particles and v = their common velocity at the instant imder consideration. 
Or, if if = the mass of the body and E = energy, then 

E^^Mv^ = i(W/g)vK (i) 

If 32.2 is written for g, then v should be expressed in feet per second. E will 
be in foot-poimds, foot-tons, etc., according as IF is expressed in pounds, or 
tons, etc. 

(ii) In a rotation about a fixed axis the velocity of any particle of the body 
equals the product of the angular velocity of the body, expressed in radians per 
unit time, and the distance from the particle to the axis of rotation (Art. 37). 
Hence, the sum of the kinetic energies of the particles of the body is 

Jwi(fi«)^ + if«a(r2w)*+ • • • = Jco^SfWf*, 

where a = the angular velocity of the body at the instant under consideration, 
and fi, ft, etc., = the distances of the particles respectively from the axis of 
rotation. But 2mr^ = the moment of inertia of the body about the axis of 
rotation; hence, the kinetic energy is given by ] 

£ = J /co2 = J M * V = i (W/g) * V, (2) 

where / = the moment of inertia described, and k = the radius of gyration of 
the body about the axis of rotation. If 32.2 is written for g, then k should be 
expressed in feet and <a in radians per second (w = 2 ttw where n = revolu- 
tions per second). Then E will be in foot-poimds, foot-tons, etc., according 
as PT is expressed in poimds, tons, etc. 

(iii) A body which has a combined plane translation and rotation (Art. 50), 
like a wheel rolling, has kinetic energy given by 

E = JJIfi? + iJ«2 = J (W/g)v' + h(W/g) *V, (3) 
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where M = mass of the body, v = velocity of the center of gravity, / == the 
moment of inertia of the body with respect to anaxis through the center of 
gravity perpendicular to the plane of the motion, k = radius of gyration with 
req>ect to the same axis, and w = the angular velocity of the motion. Proof 
of this formula is given in Art. 51. The portions \ Mv^ and J 7<o* of the kinetic 
energy are sometimes called the translational and rotational components, 
respectively. 

As an example of the use of the preceding formula we find the kinetic energy 
of a cylindrical disk, 6 feet in diameter and 400 pounds in weight, which is 
rolling so that the center has a velocity of 4 feet per second. M = 400 -7- 32.2 
= 12.4 slugs; the square of the radius of gyration of the disk is § 3^ = 4.5 feet* 
(see Art. 36) ; and w, the rate at which the wheel is turning, is 4 -s-3 radians per 
second. Hence 

£ = - 12.4 X 4* + - 12.4 X 4.5(4 -^ 3)* = 148.8 foot-pounds. 
2 2 

Potential Energy. — A body may possess energy which is not due to velocity. 
Thus two mutually attracting bodies can do work against forces appUed to 
either or both if allowed to move so that they approach each other; and, as 
stated, a compressed or stretched spring can do work against applied forces 
if permitted to resume its natural length. The "change of condition or state" 
in the first case is a change in configuration, a change in the positions of the 
bodies relative to each other; and, in the second case, if we conceive of the 
spring as consisting of discrete particles, the change is also one in configuration 
(of the particles). Energy of a system of particles dependent on configura- 
tion of the S3rstem is called energy of configuration, and potential energy 
more commonly. 

The amoimt of potential energy possessed by a system in any configuration 
is the work which it can do in passing from that configuration to any other 
taken as a standard, it being understood that no other change of condition 
takes place. The standard configuration may be chosen at pleasure, but it is 
convenient to so select it that in all other configurations considered the poten- 
tial energy is positive. 

A most common case of potential energy is that of the earth and an elevated 
body. In this case, standard configuration means one in which the body and 
earth are as near together as possible. Practically, it is necessary to regard 
the earth as fixed and the energy as resident in the elevated body. The amount 
of potential energy of an elevated body is jxist equal to the work which gravity 
would do upon the body during the descent into the standard or lowest position, 
and this work is given by Wh (see preceding article), where W — the weight 
of the body and h ^ the distance through which the center of gravity of the 
body can descend. 

§ 2. Other Forms of Energy. — Kinetic energy and potential energy 
are often called mechanical energy. It is the opinion of some that all energy 
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is mechanical, and some think that it is all kinetic. Whether either of these 
views be correct, it is practically necessary to recognize other forms. A mere 
enumeration of these with brief remarks is sufficient for the present purpose, 
since we shall deal mostly with energy known to be mechanical. . 

Thermal Energy. — A hot body may do work imder favorable conditions; 
thus, if such a one is placed in a boiler containing water, the water will be 
heated and a part may be converted into steam which may drive a steam 
engine, that is, do work. By giving up its heat the hot body has done work, 
and, hence, by dejGinition, it possessed energy in its heated state. Not only is 
this fact well known, but also the fact that a given quantity of heat represents 
a definite amoimt of energy. Thus, one British thermal unit (B.T.U.), which 
is the amount of heat required to raise the temperature of one pound of water 
one Fahrenheit degree, = 778 foot-pounds. And one (small) calorie, which 
is the amount of heat required to raise the temperature of one gram of water 
one Centigrade degree, = 4.187 X 10^ ergs (at 15 degrees). Based on the 
molecular hypothesis the common theory is that heat is due to the vibratory 
motion of molecules, that is, thermal energy is kinetic. 

Chemical Energy. — Many substances combine chemically, and their com- 
bination gives evidence that they possessed energy. Thus, coal and oxygen 
combine and produce heat which, as we have seen, is a form of energy. We 
rightly say, therefore, that the coal and oxygen before combination possessed 
energy. Based on this molecular hypothesis the theory of chemical energy 
in cases where heat is generated in the chemical combination is that internal 
(molecular) forces of the substances do work during the combination, and, 
hence (see Art. 43), increase the kinetic energy of the molecules. According 
to this explanation the energy before combination is potential; and after, 
kinetic. 

Electrical Energy. — If a charged storage battery be connected with a motor, 
work may be done by the latter. As the work is done, the electrical condition 
of the battery changes, and we therefore ascribe the energy to the battery. 
The energy is called electrical because it is due to a change of electrical condi- 
tion. The nature of electrical energy is even less imderstood than that of 
thermal energy, and no commonly accepted explanation of it has yet been made. 

42. Power 

§ I. In conmion parlance the word power has many meanings (see diction- 
ary). Thus we hear of the power of a giant, power of example, power of the 
press, etc. And of things mechanical, we hear such expressions as a powerful 
derrick, a powerful cannon, a powerful p\map, etc. On reflection we note that 
the adjective in these three expressions probably does not refer to the same 
feature of the derrick, cannon, and pump. A derrick is probably called power- 
ful because it can lift a very heavy body, or exert a very great (lifting) farce. 
A cannon is generally called powerful because it can project a heavy shot 
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with great velocity, and we shall see presently such performance depends on 
the energy which the gun can impart to the shot. A pump is probably called 
powerful because it can elevate or transport a large quantity of liquid in a short 
space of time, or perform much work per unit time. 

Use of the word power in the sense of force was very common in engineering 
literature at one time. Such usage is comparatively rare now, but not obso- 
lete. Thus we read of the " tractive power of a locomotive" to denote pull in 
the bulletins of the American Locomotive Company. (But 'Goss in his Loco- 
moiive Performance^ and Henderson in his Locomotive Operation^ seem to prefer 
tractive force; and in Locomotive Tests and Exhibits, of the Pennsylvania Rail- 
road System at the Louisiana Purchase Exposition, we find " tractive effort " 
to denote that pull.) The other two uses of the word power to denote (i) 
work or energy, and (ii) rate at which work is done or energy is transmitted 
or transformed are quite conmion. Thus in the same text-book we find: 
(i) " the actual power utilized is one-half the energy available," and (ii) " the 
power of the plant is about 470 horse-power" (258,500 foot-pounds per 
second, see below). And in another book there appear: (i) '' the power of 
the rotating shaft could be converted into electrical energy," and (u) ''the 
power is here measured in kilowatts "(one kilowatt equals 10^^ ergs per second, 
see below). It seems probable that this double usage of the word power in 
engineering literature will persist. In common with most authors, even those 
quoted above, we will define power in a single sense, namely, — as the rate at 
which work is done. 

Units of Power * like units of work may be classed into gravitational, which 
vary slightly with locality, and absolute. Thus, the foot-poimd per minute and 
the kilogram-meter per second are imits of the first class; also the (practical) 

English and American horse-power = 550 foot-pounds per second 

= 33,000 foot-pounds per minute. 

Continental horse-power = 75 kilogram-meters per second 

= 4500 kilogram-meters per minute. 

The dyne-centimeter (or erg) per second is a unit of the second class; also the 
watt which b 10' ergs per second, and the (practical) 

kilowatt = 1000 watts = 10"* ergs per second. 

The Bureau of Standards has recently decided to adopt the English and 
American horse-power as the exact equivalent of 746 watts, thus making 
this horse-power an absolute unit. " Thus defined it is the rate of work ex- 
pressed by 550 foot-pounds per second at 50^ latitude and sea level, approxi- 
mately the location of London, where the original experiments were made by 
James Watt to determine its value. The ' continental horsepower' is similarly 
most conveniently defined as 736 watts, equivalent to 75 kilogram-meters per 
second at latitude 52° 30', or Berlin." f 

* For dimensions of a unit of power see Appendix A. 
t Circular of the Bureau of SUMdards, No. 34. 
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^ ^ § 2. Measurement of Power. — There is only one instrument in common 
use which measures power directly, the wattmeter. It measures electric 
power and reads in watts, hence the name wattmeter. Power other than elec- 
trical is generally measured indirectly by measuring the amount of work done 
or energy transmitted in a certain length of time; this work or energy divided 
by the time gives the average power for the period. And to measure the 
work or energy generally requires the measurement of a force; this force multi- 
plied by the distance through which it acts (as explained later) gives the work 
or energy. Thus most appliances for ascertaining power measure force first 
of all, and so are properly called dynamometers (force-measurers). Dynamom- 
eters are of two kinds, — absorption and transmission. Those of the first 
kind absorb or waste the energy which they measure, and those of the second 
kind transmit the energy or nearly all of it. A great many dynamometers 
have been devised. Only one of each kind is here described.* 

Prony Brake. — A simple form is shown in Fig. 325. A A are two bearing 
blocks which bear against the face of the pulley on the shaft of the motor or 
other machine whose power is to be measured; BC is the beam, one end of 
which is supported on a post D which rests on the platform of a weighing scale; 
BE are nuts by means of which the pressures between the pulley and the bear- 
ing blocks may be changed and consequently the frictional drag also when 
the pulley is turning. The drag on the brake tends to depress the end C 
when the pulley is rotating as indicated. 
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Let S = the reading of the scale when the pulley is rotating at the desired 
speed, the brake then absorbing the energy which is to be measured; n = the 
revolutions of pulley per unit time; a = the horizontal distance from the 
support of C to the center of the shaft; and X = a. correction explained below. 
Then the power equals 

P = (5-X)2Ta». (i) 

If S and X are expressed in pounds, a in feet, and n in revolutions per minute, 
then 

P = 0.000190 (S — X) an horse-power. (2) 

The' meaning of X will appear from the following derivation of formula (i). 
Let F = the total frictional drag on the pulley while the energy to be measured 

* For full descriptions of many others see Flathers' Dynamometers or Caipenter and Deder- 
ichs' Experimental Engineering, 
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is being absorbed and d = diameter of pulley. The work done on the pulley 
by this friction per revolution is F wdy and per unit time the work is Fir dn. 
Now let W = weight of the brake, and w = weight of D; then it is plain from 
Fig. 326 that ^Fd + Wb = {S -w) a, or 

FJ = 2 [5 - (w + Wb/a)] a; and hence P = [S-(w + Wb/a)] 2 Tan. 

This last equation is like (i) except that X replaces w + Wb/a. Now obvi- 
ously Wb/a is the pressure on the scale due to W] hence X is that portion of 
S due to W and w. X can be determined directly as follows: Loosen the 
screws BB and insert a small roller between the top of pulley and the upper 
block A, but without shifting C; then read the scale. That reading = Xj 
for the pressure on the scale then = w + Wb/a. 








Fig. 327 



Fig. 328 



Taiham Dynamomeier. — This consists of four pulleys, A, B, C and D 
(Fig. 327), two levers E and F, a weighing beam G, and a belt HIJK. Pulleys 
A and B are mounted on the frame of the dynamometer; pulleys C and D are 
idlers and are mounted on the levers which, in turn, are supported on knife 
edges resting on the frame and by knife-edge links L and M suspended from 
the weighing beam, all as shown; the weighing beam is supported from the 
frame at N. The dimensions are such that the straight portions of the belt 
are vertical, and H and K are vertically below the knife-edge supports of the 
levers. The shafts of A and B extend backwards to connect with machines 
bet^reen which the energy to be measured is transmitted. In all cases, the 
connections to machines should be made so that the tension in / is greater 
than that in /(/"tight" and / "slack"); and, if possible, the machine 
whose power is to be determined should be connected to or be on the shaft of 
A . When the dynamometer is in operation, then L and M pull on the weighing 
beam; and, if the beam be balanced by the poise, then the scale-reading gives 
the difference in tensions of / and 7, or P2 — -Pi (see Fig. 328). Let 5 = the 
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scale-reading, n = revolutions per unit time of pulley A, D = diameter of 
the pulley plus thickness of belt, and F = power; then 

P = SirDn. 

For Sir D is the work done by the belt on i4 in one turn of A ; and, hence, the 
work done per imit time is Sv Dn, 

Fig. 328 shows the forces acting on the various parts, and makes plain how ■ 
the poise measures P2 — -Pi. Thus, from the right-hand lever Qi = Pic/b; 
from the left-hand lever ft = Pifi/b; and from the weighing beam Wx = 
(Gi - Ci) <* = (Pi - Pi) ac/b. Hence, P, - Pi = (Wb/ac) x. Now, Wb/ac 
is a constant, and so it is possible to graduate the scale beam (mark values of 
X on it), so that the readings will give the corresponding values of P% — Pi- 
(No mention has been made of the weights of the parts. These are counter- 
balanced by a balancing weight on the scale beam as in an ordinary platform 
scale.) 

§ 3, Indicator; Locomotive Power. — To determine the work done in 
the cylinder of a steam or gas engine per stroke or per unit time, use is made 
of an instrument called an indicator. The indicator makes a diagram or 
" card" from which the intensity of the pressmre on either side of the piston 
at any point of a stroke can be read. Fig. 329 represents, in principle, the 

original form of indicator as used by James Watt (1736-1819). 
A is 3, cylinder; £ is a piston working against a coil spring C 
whose upper end is fixed; D is a, pencil which presses against 
the card or paper £; P is a frame, movable right and left in 
suitable slides, for holding the paper or card. When the piston 
is moved the pencil simply makes a vertical line on the card; 
when the frame is moved the pencil makes a horizontal line. 
To take a diagram the cylinder of the instnunent is connected 
with one end of the cylinder of the engine to be indicated, 
and the frame is connected to the cross-head of the engine with 
suitable reducing device so that the frame gets a motion just like 
that of the piston but greatly reduced. When the instrument 
is connected up, as just described, then the pencil describes a curve, something 
like GHIJG, the upper portion GHI being drawn during the forward stroke 
and the lower portion IJG during the return. The ordinates to the curve 
from the line of zero pressure K represent pressure per unit area in the 
cylinder, the scale of ordinates depending on the stiffness of the spring of 
course. The horizontal width of the diagram represents the stroke of the 
piston. 

Fig. 330 is a facsimile of an indicator card; the solid ciu^e pertains to one 
end of the cylinder, and the dotted curve to the other end; AB is the line of zero 
pressure. The area AC DEB A represents the work done on one side of the 
piston (per unit area) during the forward stroke, and the area BEFCAB 
represents the work done on it during the return stroke. But the first work is 
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positive, and the second negative; hence the work done on that side of the 
piston during both strokes is represented by the area enclosed by the curve 
CDEFC. Similarly, the area of the dotted 
curve represents the work done upon the 
other side of the piston (per unit area) 
during a to-and-fro stroke. The mean 
heights of these areas represent pressures 
per imit area which are called mean effective * p ^ 

pressures, one for the head-end and one for 
the crank-end of the cylinder. Let pi = mean effective pressure for the head- 
end, p2 = that for the crank-end, A = area of cross-section of the cylinder, 
A' = area of cross-section of the piston rod, and / = length of stroke. Then 
the woi^k done by the steam in the head-end during two consecutive strokes 
= PiAl; that done by the steam in the crank-end = pziA — A') l, and the 
total work done is the sum of these expressions. 

The average of the mean effective pressures (pi and pi) for the two ends of 
the cylinder is sometimes called the mean effective pressure (for the cylinder). 
Let p = this mean effective pressure (per imit area); a = the average of the 
areas of the two sides of the piston, or what amoimts to the same thing, the 
area of the cross-section of the cylinder minus one-half the area of the cross- 
section of the piston rod; n = the number of strokes of the piston per unit 
time; and / = length of stroke, as before. Then, as will be shown presently, 
the work done on the piston per double stroke is 2 pal closely; and, hence, the 
work done per unit time, or the power, is 

P = plan. (i) 

If the customary imits are used, namely, p in pounds per square inch, / in feet, 
a in square inches, and n in strokes per minute, then P, above, is in foot-pounds 

per minute; and pi^„ 

p — _£ horse-powers. 

33,000 

To justify 2 pal: — As already explained, the work done in the cylinder per 
double stroke equals ^^^^ + p^iA - A') I. 

This can be written as follows: 

l(pi + p2)A-p2A']l, or 2Xh(pi + pi(A-j-^^A'y 

Now Pi = Pt nearly, and therefore pi -i- (pi + pi) = i nearly. Hence the 
work done per double stroke equals approximately 

2Xh(pi + p2)iA- MO h or 2 pal. 

For a single-expansion, two-cylinder locomotive, P = 2 plan. Let s = the 
'^ piston speed/' the actual distance which a piston describes in its cylinder 
per imit time; then s = In and 

P = 2 pas. (2) 
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With customary units for p, a, and s (pounds per square inch, square inches, 
and feet per minute respectively) the foregoing formula gives P in foot-poimds 
per minute. Since the piston speed and the velocity of the locomotive are 
related, it is possible to express the indicated power of a locomotive in terms 
of its velocity. Thus let v = the velocity of the locomotive, and D= diam- 
eter of the driving wheels; then one turn of the drivers means a displacement 
of the locomotive equal to irD and a displacement of the piston relative to 
its cylinder equal to 2 /. Hence v/s = tD/2 /, or ^ = (2 I/ttD) v. Substitut- 
ing for s in the preceding formula for P, we find that 



(3) 



where d = diameter of the cylinder. (Strictly d = the diameter of a circle 
whose area equals the area of the cross-section of the cylinder minus one-half 
the area of the cross-section of the piston rod.) With poimds per square inch 
for p, inches for rf, /, and D, and feet per minute for v, the foregoing formula 
gives P in foot-poimds per minute. Both formulas for P show that the power 
of a locomotive is zero at starting, and would increase exactly with the velocity 
if the mean eflfective press\u*e were the same at all speeds. 

The mean eflfective pressiu*e depends upon the boiler pressure obviously, 
and on the cut-oflf and piston speed.* The American Locomotive Company 

has adopted the line ABCD (Fig. 331), as 
expressing the variation of mean eflfective 
pressure with change of piston speed, for 
the manner of nmning (cut-oflf, etc.) which 
engine men usually employ. Thus, for all 
speeds up to 250 feet per minute, the mean 
eflfective pressure is taken at 85 per cent of 
the boiler pressure; at 500 feet per minute, 
it is taken at about 65 per cent, etc Let 
po = boiler pressure and K = ratio of mean 
eflfective to boiler pressure, which may be 
called speed coeflSdent for convenience; so 
that p =Kpo, Then the formula for indicated power of the locomotive can 
be written p ^ ^ j^p^^ (^) 

Thus, for a given boiler pressure the power varies as Ks. The line OEFGH 
(Fig. 331) is a graph of the preceding equation, the maximmn value of P being 
called 100 per cent. It appears, then, that for the American Locomotive 
Company speed coeflScients, the power increases uniformly up to a piston speed 
of 250 feet per minute, then less rapidly up to a maximum value at about 
700 feet per minute, then remains nearly constant up to about 1000 feet f)er 
minute, and then diministies. 

* See Fig. 42 in Goss* High Pressures in Locomotive Setvicef which shows clearly how the 
mean efifective pressure varied in a test made by him. 
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43. Principles of Work and Energy 

§ I. PRINCIPLE OF Work and Kinetic Energy. — In any displacement 
of a single particle the forces acting upon it, if any, do more or less work; and, 
in general, the velocity of the particle is changed, and, hence, the kinetic energy 
also. There is a simple relation between the total work done upon 
the partide by all the forces acting upon it in the displacement 
and the change in the kinetic energy as we will now show. Let 
P (Fig. 332) be the particle; w = its mass; OAB be its path (not 
a plane curve necessarily); Vi = its velocity at A, and ii^ = its 
velocity at 5; i? = the resultant of all the forces acting on P; 
and Rt = the component of R along the tangent to the path at P. 
Then the work done by all the forces during an elementary dis- 
placement ds ]& R%ds. But Rt = mat = w dv/dt, where a = tan- 
gential component of the acceleration of P. Hence the work done on P in 
the displacement ds is m (dv/dt) ds = m {ds/di) dv = mv dv; and the work 
done in the total displacement AB is 




*/»! 



mvdv = ^ mo^ — \ rm^. 



Now \ mo>^ is the kinetic energy of the particle at B^ and \ mo^ is its kinetic 
energy at A ; hence \ mo^ — \ mv^ is the increment in the kinetic energy of 
P. Thus we have the simple relation, — in any displacement of a particle, 
the work done by all the forces acting upon it equals the increment in the 
kinetic energy of the partide. If the total work done is positive then the 
increment in the kinetic energy is positive also, and there is a real gain and 
increase in velodty; if the total work done upon the partide is negative, then 
the incremeiit in the kinetic energy is negative and there is a loss and decrease 
in velodty. 

Let Pi, P2, Ps, etc., be the partides of any body (not rigid necessarily). In 
any displacement of the body. 



work done by forces acting upon Pi = increment in kinetic energy of Pi, 

2 — -^2, 



a a u « a " /> = '' '' '' '^ '' P 



etc. = etc. 

Adding we get total work done on all partides = sum of increments in their 
kinetic energies = increment in kinetic energy of the system. That is, in any 
displacement of any body the total work done upon it by all the eocternal and internal 
forces acting upon it equals the increment in the kinetic energy of the body. 

In a displacement of a rigid body the total work done by the internal forces 
equals zero. Proof: — Consider any internal force exerted, say, on Pi by Pj; 
Pi exerts an equal, opposite, and colinear force on Pj. Since the body is rigid 
the distance between the points of application (Pi and P2) of these two forces 
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does not change, and hence (Art. 40) the total work done by these two forces 
equals zero. But all the internal forces occur in such pairs; hence, the total 
work done by all the internal forces equals zero, as stated. Thus we have 
the principle, — in any displacement of a rigid body the total work done upon 
the body by the external forces acting upon it equals the increment in the kinetic 
energy of the body. 

From these principles it follows that the rate at which work is done upon a 
body equals the rate at which it gains kinetic energy. But the rate at which 
work is done is power; so we may state that the combined power of all the forces 
doing work on a body at any instant equals the rate at which it is gaining kinetic 
energy then. 

The foregoing principles written out mathematically would take the form: 
work done = increment in kinetic energy. Since work is of the form force 
X distance or space, we may state that the " space-efifect" of force is kinetic 
energy. (The " time-eflFect" of force is momentimi, see Art. 45.) The fore- 
going principles are especially well adapted for ascertaining the change in 
velocity — velocity-square, rather — when it is possible to compute the total 
work done on the body under consideration for the space in which the change 
takes place. By^their means we may ascertain also something about the f orc^ 
or displacement which accompany any given change in the kinetic energy of 
a body. We illustrate by means of some 

Examples. — 1. A (Fig. 333) is a body weighing 400 poimds. It is dragged 
along a rough horizontal plane 5 by a force P, inclined as shown; P = 80 
pounds. The coefficient of friction is about i/io. What i^ the 
^^, velocity acquired from rest in the first 10 feet? In the first 
"'— 20 feet? The normal pressure between A and B = 400 — 80 
'^PTmrr sin 20° = 372.6 pounds; hence, the friction = 37.3 pounds. Now 

p we know all the forces acting on A. Gravity (400 poimds) does 

no work on A ; the work done by P during a displacement of 
10 feet = (80 cos 20*^) X 10 = 752 foot-poimds; the reaction of J? on ^ does 
work = — 37.3 X 10 = — 373 foot-poimds. Hence, the total work done on 
A — 752 — 373 = 379 foot-pounds; and this is also the amount of the gain 
in the kinetic energy of A during 10 feet of displacement. Let Vi = the 
velocity (in feet per second) at the end of the first 10 feet; then the kinetic 
energy of A at the end of the first 10 feet = \ (400/32.2) v^ = 6.21 v^ foot- 
pounds. Hence 6.21 »i* = 379, or Vi = 7.81 feet per second. Let v^ = the 
velocity of A at the end of the first 20 feet; then the energy of A there = 6.21 
i^*. Since the work done on A during the first 20 feet = 758 foot-pounds, 
6.21 v^ = 758, or t^ = ii.o feet per second. 

Such a problem can be solved also by first finding the acceleration. Thus, 
since the resultant force acting on -4 = 80 cos 20° — 37.3 = 37.9 pounds, the 
acceleration = 37.9 -^ (400/32.2) = 3.05 feet per second per second. The 
time for describing the first 10 feet = the velocity acquired •^ the acceleration 
= «^i/3.os = 0.328 vi. The distance = the average velocity X the time; that 
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is, 10 = J t»i X 0.328 Vi, or Vi = 7.81 feet per second as before. Obviously, 
the first method is more direct than the. second. 

2. A piece of timber 12" X 12" X 16' is suspended by means of two parallel 
ropes as shown in position A'B' (Fig.'^334). The rojJes are 10 feet] long and 
the timber weighs 800 poimds. It is raised into the ,,,,„, 
position AB^ two feet above i4'J5', and then allowed pii\ ^j 
to swing. What are its kinetic energy and velocity I 
when it reaches its lowest position? The forces ; v g 
acting on the timber during its descent are gravity, jJ^^..Jr:rr: -----fl,^t 
the pulls of the ropes, and air pressure. We neglect « 
the last. At each instant the pulls are normal to the 

direction of the displacement of their respective points of application; there- 
fore the pulls do no work. The work done by gravity during the descent = 
800 X 2 = 1600 foot-pounds. Since this is the total work done on the timber, 
the kinetic energy of the timber in [its lowest position = 1600 foot-pounds. 
Now the timber has a motion of [translation — no turning — ,and therefore 
at each instant all points of the timber have identical velocities (Art. 35). 
Hence, if v = the velocity in the lowest position, then 

\ (800/32.2) »* = 1600, or » = II-3S feet per second. 

3. A certain fljrwheel and its shaft weigh 400 poimds; the radius of g3rration 
of both with respect to the axis of rotation = 10 inches. The wheel is set to 
rotating at 100 revolutions per minute, and is then left to itself, coming to rest 
imder the influence of axle friction and air resistance after making 84 turns. 
Required, the average torque of the resistances. The moment of inertia of 
the wheel and shaft, about the axis, = (400/32.2) (10/12)^ = 8.64 slug-feet^ 
The angular velocity, 100 revolutions per minute, = 2 ir 100/60 = 10.47 
radians per second. Hence, the kinetic energy of this wheel and shaft, when 
released, = \ 8.64 X 10.47* = 474 foot-pounds. Besides the forces mentioned 
above, gravity and the normal pressure of the bearings act on the wheel and 
shaft, but these do no work during the stoppage. Let M = average torque 
of the resistances in foot-poimds; then the work done by them during the 
stoppage is — M2ir84= — 528^!/ foot-pounds. This equals the gain in the 
kinetic energy of the wheel; that is, 528 Jlf = 474, or 3/ = 0.90 foot-poimds. 

4. A (Fig. 33s) is a sheave supported on a smooth horizontal shaft. A is 
3 feet in diameter, and its radius of gyration with respect to the axis of rotation 

= 9 inches. The weights of ^, £, andC are 100, 200, and 300 
pounds, respectively. The system is released and allowed to move 
under the influence of gravity and the resistances brought into 
action. Required the velocity of the suspended weights when 
they have moved through 10 feet. The system moves under the 
action of the following external forces, — gravity, axle reaction, 
^" ^^^ air resistance, and the internal reactions between sheave and rope 
and the fibers of the rope. If the rope is quite flexible then the forces 
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in the rope do little work; this will be neglected. If the rope does not 
slip on the sheave, then no work is done by the reaction between rope and 
sheave. Thus, little or no work is done by the internal forces. The work 
done by air resistance is small unless the speeds of the moving bodies get high; 
it will be neglected. The work done by the frictional component of the axle 
reaction per turn isAf 2 x, where M is the frictional moment which we will assume 
has been foimd to be 10 inch-poimds. In the displacement imder consideration, 
10 feet for B and C, the wheel makes 10/3 tt turns. Hence, the total work 
done by friction = (lo X 2 tt) (10/3 t) = 66.7 inch-pounds = 5.6 foot-pounds. 
Gravity does no work on i4 ; on B and C its work = 300 X 10 — 200 X 10 
= 1000 foot-pounds. We neglect its work on the rope as small. Hence, the 
total work done on the system = 1000 — 5.6 = 994.4 foot-poimds. Now 
let V = the required velocity in feet per second; then the angular velocity of 
the wheel = t; •^ 1.5 = 0.667 v radians per second. The kinetic energy of 
the system equals 

I 300 „ , I 200 « , I y / ^^ N- 

- -^ — 1>2 H v^ + -/ (0.667 v) > 

232.2 232.2 2 

where / = moment of inertia of the sheave. Now / = (100/32.2) X (9/12)* 
= 1.75 slug-feet^. Hence, the kinetic energy of the system = 8.16 ir* foot- 
pounds. Thus the work-energy equation is 994.4 = 8.16 v^\ hence i; = 11 feet 
per second. 

5. A certain pair of car wheels and their axle weigh 2000 pounds. Their 
diameter is 33 inches and the radius of gyration of wheels and axle is 9 inches. 
They are rolled along a level track until their speed is 60 revolutions per min- 
ute, and are then left under the influence of the rolling resistance of the track, 
coming to rest after rolling a distance of 1000 feet. (Data not from an actual 
experiment.) Required, the average rolling resistance. When released, the 
angular velocity of the wheels = one revolution per second = 6.28 radians 
per second, and the linear velocity of their centers = x 33/12 = 8.64 feet per 
second. Hence, the kinetic energy = 

i££?2 X 8.64* + i^^ (9/12)2 X 6.282 = 3010 foot-pounds. 
2 32.2 2 32.2 

This is also the value of the work done by the rolling resistance, air resistance 
neglected. Hence, the rolling resistance is equivalent to a constant pull-back 
of 3010/1000 = 3 pounds. 

""^ § 2. Moving Trains. — We will now apply the principles of work and 
energy tq some train problems. First^ we briefly consider the forces directly 
concerned with the motion of a train consisting of engine, tender, and cars. 
For convenience we regard the train as consisting of two parts, namely, the 
locomotive (engine and tender) and the cars; notation as in Art. 42, § 3. 

Locomotive. — For simplicity we regard the locomotive as being driven by 
an imaginary (forward) force F equivalent to the steam pressures. To be 
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equivalent the work done by F per unit time (or power of F) must equal the 
indicated power of the locomotive, or Fv must equal pd^{l/D) v\ hence, 

F--P dH/D. 

This force F we will call the cylinder effort of the locomotive. The resist- 
ances to motion experienced by a locomotive running alone on a straight 
and level track may be put into three groups: — (i) Those which arise through 
its action as a machine, consisting of friction in the working mechanism 
(valves and gear, cross-head, piston, crank pins, and journals of driving-wheels) ; 
(ii) those which arise through its action as a vehicle, like the resistances exper- 
ienced by the cars (see below); (iii) the air resistance. For convenience we 
may regard all the resistances in each group lumped, as it were, into a single 
resistance acting backward on the locomotive. We call them machine resist- 
ance, vehicle resistance, and frontal resistance, respectively; and we desig- 
nate them by Rm, Rv, and Rj, The sum of these three is called locomotive 
resistance, and wfll be denoted by Ri, Thus, we regard a moving locomotive 
asxmder the action of the following forces (see Fig. 336): gravity, the support- 




ing forces of the track (having no components along the rails), the draw-bar 
pull r, the locomotive resistance {Rm + i2» + jR/), and the cylinder effort F. 
The actual external forces are shown in Fig. 337. 
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If the velocity of the locomotive is constant and the track is straight and 
Icvd, then for any nm of length L the work-energy equation is 

[{pdH/D)-T'-Ri]L^o) hence T =^ (pd^l/D) - Ri. 
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If the velocity is changing, then the power equation is 

(«|!_r-ft)..|(ii,..).«», 

where v — velocity of locomotive and a = its acceleration. Hence 

T^{pdn/D)-Ri''Ma. 

If the locomotive is runm'ng on a grade then the grade resistance Rg must be 
included in an obvious way. 

According to the American Locomotive Company {Bulletin^ No. looi), the 
resistances in poimds are as follows: 

Rf = 0.24 F*, where V is velocity in miles per hour; 
R^ = 22.2 X weight on drivers, in tons; and 
R^ = the same as for cars (see further on). 

The Cars. — The cars are iu*ged forward by only one force, the pull of the 
tender on the first car; this is called draw-bar pull. The cars are retarded by 
several forces, namely: The rolling resistance of the rails upon the treads of 
the car wheels; the journal friction at the axles of the wheels; the air resist- 
ance; and miscellaneous forces, due to oscillation and concussion. The 
" laws" of these separate resistances are known only in a very general way. 
Because of lack of knowledge of these separate items of resistance, and, for 
convenience, it is customary to " lump" them into a single equivalent resist- 
ance, called train resistance. Thus we may imagiAe trains to be without 
actual track, journal, air, etc., resistance, but subjected to this equivalent 
force, conceived as a single pull backward on the train. A train of cars, then, 
may be regarded as moving under the action of four forces, namely, the 
draw-bar pull, the train resistance, gravity, and a supporting force exerted by 
the track, having no components along the rails. 

Many experiments have been made to determine train resistance, special 
" dynamometer cars" (equipped with instruments for measuring and record- 
ing speed of train, draw-bar pull, steam pressure, wind velocity and direction, 
etc.) being used for that purpose now-a-days. The methods for determining 
train resistance are very simple in principle. One method is this: — the loco- 
motive drags the cars along a straight, level track at a constant speed; the 
draw-bar pull and the speed are measured. Then the (total) train resistance 
for that speed equals the draw-bar pull. But level stretches of track are not 
always convenient of access, and constant speeds are not easily maintained. 
For an experiment on a grade let H = the ascent or descent of the center of 
gravity of the train during the exp)eriment, L = the length of the run, W = 
weight of cars, T — average draw-bar pull, R = average train resistance. 
Then the grade resistance is i^ = diWB/L, according as the train is 
ascending or descending the grade, and the work-energy equation is 

{T^Rt-R,)L^E, 
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where £ is the gain in kinetic energy of the cars during the run, to be regarded 
as negative if there is a loss of kinetic energy. Hence 
R, = T~R^- E/L. 

This gives average train resistance for the. speeds of the run, or, perhaps, the 
train resistance for the average speed of the run. Another method is based 
on the power equation (the rate at which work is done on the cars equals the 
rate at which they gain kinetic energy); this is 



iT-R,-R,)v = ^{^ MvA = Mva, 



where M = mass of cars, v = velocity, and a = acceleration. Hence 
R, = T-R„-Ma. 

If the train is being retarded then a should be regarded as negative. There 
are many practical difficulties in carrying out experiments as suggested; dis- 
cussion of these is not appropriate here.* 

Obviously, train resistance depends upon many conditions, as state of track 

and rolling-stock, weather and wind, and velocity of train. It is practically 

impossible to express the influence of all these conditions in a formula for train 

resistance. For a long time a favorite formula was the so-called 

Engineering News formula, r = 2 + J F, 

where r = train re^tance in pounds per ton (weight of cars) , and V = velocity 

of train in miles per hour. Recent experiments have shown very dearly that 

train resistance (per ton) depends very much on the loading of the cars, befng 

much less for heavily loaded carS than for 

empties, and not so much on velocity as formerly 

believed. The American Locomotive Company 

in Bulletin No. 1001 states that " The best data 

available shows that the resistance varies from 

about 3.5 to 3 pounds for 72-ton cars to 6 to 8 

pounds for 20-ton cars" (see Fig. 338); and "for 

speeds from 5 to 10 up to 30 to 35 miles per 

iiour the resistance is practically constant." 

Schmidt, in the bulletin already mentioned, gives Ton* per cor. 

formulas for train resistance (per ton) for trains ^'^^ ^■'^ 

consisting of cars of different average weights; also the following as an 

approximation 

^^ K-H 39-6- 0.031 ig 
4.08 -I- 0.152 10 
-niiere r = tnun resistance in pounds per ton, V = velocity in miles per hour, 
fUXl w = average weight of cars in tons. 

• See Schmidt's Prtigta Train Resislance, Univeraty of lUinois Bulletin No, 43. 
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Examples. — i. A certain locomotive (engine and tender) weighs 178.5 tons, 
106 tons on the drivers. There are two cylinders, 23 inches (diameter) X 
32 inches (stroke); the drivers are 63 inches in diameter; and boiler pressure 
is 200 pounds per square inch. Required the maximum draw-bar pull which 
this locomotive can exert on a level track at 20 miles per hour. The cylinder 
effort is 

Kpod^l/D = (A: 200 X 23* X 32) -^ 63 = IT 53,800 pounds. 

Now the piston speed s = 2 vI/ttD (see preceding article) = (2 X 20 X 32) 
"^ (^ X 63) = 6.465 miles per hour = 569 feet per minute. The speed 
coefficient (see Fig. 331) is about 0.60; hence the cylinder eflFort is 0.60 X 
53,800 = 32,300 pounds. The frontal resistance = 0.24 X 20* = 96 pounds; 
the machine resistance = 22.2 X 106 = 2350 pounds; the vehicle resistance 
is about 4 pounds per ton or 4 X (178.5 — 106) = 290. Hence, the total 
locomotive resistance is about 2740 pounds, and the maximum draw-bar puU 
= 32,300 — 2740 = 29,560 pounds about. 

2. A freight train consists of 30 cars, average weight with load being 60 tons. 
What is the " resistance" of this train at 20 miles per hour? According to 
P. R. R. (Fig. 338), the resistance is about 3.5 poimds per ton or 6300 pounds 
total; according to C. B. & Q., it is about 2.5 pounds per ton or 4500 poxmds 
total. According to Schmidt's formula, it is about 4.4 pounds per ton or 
7920 pounds total. 

3. The locomotive (example i) pulls the train (example 2) along a straight 
track. Required to show graphically how the cylinder effort and the various 
resistances vary with the velocity, assuming laws of resistances, etc., as in 
the preceding examples. As in example i the cylinder effort F= 2^53,800; 
the piston speed s = 2 vl/irD = 28.45 ^ ^^^ P^^ minute where v is velocity of 
locomotive in miles per hour. Thus we have 
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the value of K having been taken from the ciu^e ABCD (Fig. 331). We 
next compute the values of the cylinder effort from F = K 26.9 (tons) for 
the velocities v. Plotting the results we get curve i (Fig. 339). As in 
example i we take machine resistance as 2350 pounds, and vehicle resistance 
(for locomotive) as 290 pounds at all velocities. The frontal resistance (given 
by Rf = 0.24 v^) varies. At t; = o, jR/ = o; and at v = 35 miles per hour, 
Rf — 385 about pounds. Inasmuch as R/ is small compared with the other 
elements of locomotive resistance, we will take a mean value of R/, say 200 
poimds, and regard it as correct for all velocities. Then the locomotive 
resistance Ri = 2350 + 290 + 200 = 2840 pounds. Plotting this we get 
the straight line nvunber 2. Taking train resistance at 3) pounds per ton, 
as in example 2, gives Rt = 6300 pounds, assumed to be independent of 
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vdodty for the range from s to 35 miles per hour. This plotted gives line 
number 3. 

The ordinate between lines i and 3 at any velocity represents the net or 
resultant driving or accelerating force on the train at that velocity. Thus, at 
20 miles per hour that ordinate scales about 23,500 pounds. 
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4. Referring to the train of the preceding example: — Required to show 
how its acceleration varies with the velocity. Under the preceding example 
it was explained that any ordinate between lines i and 3 represents net driving 
force on the train. Hence the acceleration at any velocity = such ordinate 
(to scale) divided by the mass of the train. Thus at 20 miles per hour, say, the 
ordinate represents about 23,500 pounds, and the acceleration = 23,500 ■^ 
(3,957,000/32.2) = 0.1914 feet per second per second. In this way the 
accelerations at other velocities might be computed, and then the curve 
of accelerations determined. This curve would resemble curve i; indeed 
the accelerations are proportional to the ordinates from line 3 to line i. 



44. Efficiency; Hoists 

§ I. Efficiency of Machines. — Among the machines and appliances 
used in the industries there are some whose function is the conversion or 
trananission of energy. For example, — an electric dynamo which converts 
mechanical into electrical energy; a steam engine which converts energy of 
steam into (kinetic) energy of its flywheel; a line-shaft which transmits 
energy from one place in a shop to one or more other places; etc. In this 
article, * ' machine ' ' means the kind of machine or appliance just described. The 
amount of energy supplied to a machine in any interval of time, for conversion 
or transmission, is called the input for that time; the amount of energy con- 
verted into the desired form or transmitted to the desired place is called the 
tmiptU, Experience has shown that output is always less than input; that 
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is a machine does not convert or transmit the entire input. The difference 
between output and input, for the same interval of time of coiu-se, is called 
lost energy or loss simply. By efficiency, in this connection, is meant the ratio 
of output to input; that is if e = efficiency, then 

e = output -^ input. 

Most machines are designed for a definite rate of working or for a certain load 
called its full load. Then we speak of the efficiency of a machine at full load, 
half-load, quarter over-load, etc., these efficiencies being different generally. 
The two following tables are given to furnish some notion of the efficiencies 
of the more common machines.* 



Full-load Efficiency of EFFiaKNCY of Some MAcmNE Elements* 



Per cent Per oent 

Hydraulic turbines 60-85 Common bearing, singly 96-98 

impulse wheels 75-85 Common bearing, long lines of shafting. . . 95 

Roller bearings 98 

Steam boilers 50-75 Ball bearings 99 

engines 5-20 Spur gear cast teeth, including bearings. . 93 

turbines 5-20 Spear gear cut teeth, including bearings. . 96 

Bevel gear cast teeth, including bearings. 92 

Gas and oil engines 16-30 Bevel gear cut teeth, including bearings. . 95 

Belting 96-98 

Electric dynamos 80-92 Pin-connected chains, as used on bicycles. 95-97 

motors 75-90 High-grade transmission chains -. . . . 97-99 

transformers 50-95 



* From Kimball and Barr's Elements of Machine Design. 

The efficiency of a combination of machines, A, B, C, etc., A transmitting 
to B, B to C, etc., is the product of the efficiencies of the individual machines. 
For, let Ci, e^, es, etc. = the efficiencies of the separate machines i4, .B, C, etc, 
and e = the efficiency of the group. Then if £ = the input for A, the output 
of -4 = CiE = the input for B; the output of -S = ej^iE = the input for C; 
the output of C = esfiiCiE = the input for D; etc. Hence, the output of the 
last machine -5- the input of the first = (eic^es . . . )E -^ E = ei^j . . . , or 

For example/ if a dynamo is run by a steam engine, then the efficiency of the 
combination or set = the product of their separate efficiencies, say 0.26 X 
0.90 = 0.18 or 18 per cent. 

§ 2. Hoisting Appliances, Etc. — There are certain rather simple ap- 
pliances by means of which a given force can overcome a relatively large 
resistance; as, for example, the lever, the wedge, the screw, the pulley, etc. 
Such an appliance is generally operated by means of a single force, which we 

* For detailed information see Mead's Water Power Engineering^ from which most values 
in the first table were taken; Gebhardt's Steam Power Plant Engineering; and Franklin and 
Esty's Elements of Electricai Engineering, 
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call driving force and denote by F; it is called effort also. The force which 
the appUance is desired to overcome we call resisting force and denote by R, 
or when the force is a weight, by W; it is called resistance also. In many 
appliances (hereafter called "common ") all equal displacements of the point 
of application of the driving force result in equal displacements of the point 
of application of the resisting force; and generally these displacements re- 
spectively take place along the lines of action of the driving and resisting 
forces. These displacements, or their components along the lines of action 
of the forces respectively if the displacements are inclined to the forces, we 
will denote by a and b respectively. 

In a common appliance, the work done by the driving force and (by the 
appliance) against the resisting force are respectively Fa and Kb; hence the 
efficiency is given by 

« = 1^6 -5- Fa. (i) 

Let Fq = the effort which would be required to overcome the resistance R 
if the machine were frictionless; then F^a = Rb. Substituting in (i) we find 
that efficiency is given also by 

errFp-s-F. (lO 

Let Ro = the resistance which F could overcome if the machine were friction- 
less; then Fa = R(Jb. Substituting in (i) we find that efficiency is given 

also by 

e = R-irRo. (O 

Most of the appliances now under discussion can be operated backward as 
well as directly. For example, the lever, the wedge, the screw, etc., can be 
used to lower a heavy body as well as to raise it. Some of these appliances, 
which can be run either way, will run backward without direct assistance 
when loaded; that is the load will overcome the internal friction. Such 
appliances are said to overhaul. Some will not run backward unassisted; 
that is the load cannot overcome the internal friction. Such appliances are 
said to self-lock. An appliance will overhaul or self-lock according as its 
(direct) * efficiency is greater or less than one-half, if the works done in 
overcoming friction in a forward and in an equal backward motion are equal 
(usual case). Proof: — As before, let F = the effort, jR = the (useful) re- 
sistance, a and b = corresponding displacements of F and R^ and w = the 
work done against friction, all in forward motion of the appliance. Then 
Fa ^ Rb + w. Now if the efficiency (forward motion) is greater than one- 
half, then more than one-half of the work Fa is expended usefully (against 
K)\ that is i2fr is greater than w, and hence R could overcome the friction in 
backward motion. If the efficiency (forward motion) is less than one-half, 

* When a machine is run backwards it is said to have reversed efficiency, by (considerable) 
extension of the definition of efficiency. In such case the load (on the hoist, for example) 
is the efifort, and the applied force is regarded as the useful resistance. In case the machine 
overhauls so that the applied force (P say) must assist the load, then by considerable stretch 
of imagination — P is regarded as the useful resistance; the computed (reversed) efficiency 
is negative. 
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then less one-half the work Fa is done against R; that is £d is less than uf, 
and hence R could not overcome friction unassisted in backward motion. 

By mechanical advantage of an appliance 13 meant the ratio of the resisting 
to the driving force when the appliance is operating steadily, at constant 
speed. Thus, see equation (i), mechanical advantage is given by- 

R/F = ea/b (al 

Obviously the valite of the ratio a/b does not depend on the loss or wasted 
work; that is, it is independent of the efficiency. (The ratio depends solely 
on the geometrical proportions of the appliance.)* Hence we may assume - 
e = I and write a/b = R'/F' where R'/F' means the mechanical advantage 
of the appliance if it were without friction. Finally, 

R/F = eR/F (20 

or, (mechanical advantage) = (efficiency e) X (mechanical advantage at e = i). 

In some appliances or mechanisms the driving and (useful) resisting forces 
{F and R) are applied at a wheel (pulley, gear, etc.), and it is more convenient 
in the discussion to deal with the torques, or moments of the forces about the 
shaft axes respectively, than with the forces. Let Ti and Tt denote those 
torques, of the driving and renting forces respectively, and a and corre- 
sponding angular displacements, in radians, of the wheels to which Ti and Tt 
are applied. The works done by the force F and against R during the dis- 
placements a and ff are Tia and Ttfi. Hence, the ^dency is e = T^/Tia, 
and 

Tt/T, = ea/0. (3) 

Reasoning as in the preceding paragraph we conclude that a/ff = Tt'/Ti where 
Tf/Ti means the ratio of the resisting torque to the driv- 
ing torque if the appUance were frictionless, e= 1. Hence 
Tt/T, = eTi'/Ti'. (30 

I We may call the ratio of the resbting and driving torques, 

the mechanical advantage of torque; then the foregoing' 
result may be stated as follows: 
(mechanical advantage of torque) = (efficiency e) X (me- 
chanical advantage of torque at e = 1). 
Examples. — i. The pitch of the screw-jack (Fig. 340) is 
Fig \io *' ^^ mean radius of the screw thread is r, the length of 

the lever b I. What is the efficiency of the jack when it is 
overcoming (raising) W? It is shown in Art. ao that the force required at 
the end of the lever to start the screw is P = W (r/Q tan (^ + a), where 
* When the dispUcements a and b are not inclined to the forces F and R respectively, 
then the ratio a/b k sometiines called the vdocily ratio oF the appliance, for the velocities 
o£ the pcunts of application of P and JJ are as a to 6. Thus we have for such cases 

mechanical advantage = efficiency X velocity ratio. 
High mechajucal advantage requires high velocity ratio, b small compared to a; thos the- 
adage " what is gained in force is lost in velocity." 



Art. 44 



215 




Fig. 341 



^ is the angle of static friction and a is the pitch angle, tan~^ {h/2irr). 
Hence the force required to raise the load W uniformly is given by the same 
expression if is taken to denote the angle of kinetic friction (see Art. 45). 
Let it be so understood in what follows. If the screw were frictionless then 
the force required would be Po = W^ (I'/l) tan a; and hence the efficiency is 
e = tan a -^ tan (^ + a). 

2. Fig. 341 represents a double purchase crab, for hoisting. Hand cranks 
can be applied on the ends of the shaft B or C. The hoisting rope winds on 
the drum. The crank is 18 inches long; the drum is 10 and the rope f inches 
in diameter; gears A' and B are 20 and B' and C 
are 4 inches in diameter. Required the mechanical 
advantage of the appliance when a crank is used ^^ 
on C. Evidently, angular displacements of gears A' 
and B' respectively are as i to 5; also the angular 
displacements of gears B arid C. Hence, for one ^!? 
turn oi A'y C makes 5 X 5 = 25 turns. For one 
turn oi A', b = 10.75 t, ^^^ ^ (^^^ corresponding 
displacement of the point of application of the 
effort) = 36ir X 25 = 900 t. Therefore, the velocity ratio of the appliance 
is 83.8. If the efficiency is 80 per cent say, the mechanical advantage is 
0.80 X 83.8 = 67. See equation (2). 

This result could be obtained from equation (2') as follows: Let P' = 

effort at the crank handle, T' = tooth pressure between gears A' and B\ 

T" = tooth pressure between gears B and C , B = obliquity * of T', 0" = 

* Fig. 342 represents parts of two gears Oi and Ot. 
Imagine the tops of the teeth cut off and the remaining 
hollows filled in so that the toothed wheels become friction 
wheek, transmitting power by friction (developed by press- 
ing the wheels together). Evidently the diameters of these 
(imaginary) friction wheels could be chosen so that the ratio 
of the angular velocities of the wheeb would be equal to 
that of the gears. The intersections of the faces of such 
wheels, of the particular diameters mentioned, and a plane 
perpendicular to the shafts are the "pitch circles'* of the 
gears. The conmion point of the two pitch circles is the 
"A "pitch point." To insure constant ratio of angular ve- 
locities of two gears in mesh, the form of the teeth must 
be such that the normal to the surfaces of two teeth where 
they touch passes through the pitch point (For proof, 
see any standard book on Mechanism.) The angle be- 
tween this normal and the common tangent of the pitch 
circles is called " obliquity " of the normal. In some gears 
this obliquity remains constant, as the gears turn; in 
others, it varies. In the figure, O is the pitch point, OT 
the common tangent to the pitch circles, AO the normal 
for the teeth touching at A, and BO the normal for the 
tedh touching at B; the obliquity of these normals are denoted by 0' and 0", 

If the teeth were frictionless, the pressure between two teeth (in contact) would act along 
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obliquity of T", and R' = resistance, — all on the supposition that the 
appliance is frictionless, or e = i. Then, considering torques on the three 
shafts it is plain that 

P' X i8 = r X 2sind', r' X losing' = T" X 2sind", 

r" X losing" = R'X 5.375; 
and from these it follows that R'/P', the mechanical advantage at <; = i, 
is 83.8. Hence the (true) mechanical advantage is, as before, 83.8 X 0.80 = 67. 
3. Fig. 343 shows the operating mechanism for a lift-bridge, but there is 
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the nonxial, at the contact point, and hence through the pitch point Let N denote the 
resultant of all the pressures on the frictionless teeth of either gear; obviously N passes 
through 0. Imagine N resolved at O into components along and perpendicular to OT, and 
let Nt denote the first component. Then the (frictionless) torques exerted by the driving 
and driven gears on each other are respectively 

Nt\diZSidNt\d%, (i) 

where di and d% are the diameters of the pitch circles of the gears respectively. 

On accoimt of the tooth friction, each tooth pressure is inclined to the normal at the 
contact, by an amount equal to the angle of friction ^ (see Art. 45). At two teeth which are 
approaching, the pair touching at A, the directions of the frictional forces are such that, 
the obliquity (to OT) of the tooth pressure R! v&O^ •\- 4>. At two teeth which are receding, 
the pair touching at £, the directions of the frictions are such that the obliquity (to 07^ of 
the tooth pressure R" is 0" ^ ^, In either case, the line of action of the tooth pressure 
cuts the line joining the centers of the gears between the pitch point O and the center 0% 
of the driven gear. It follows that the line of action of the resultant of all the tooth pres- 
sures on either gear cuts the line OiOt in a point C between O and Ok. 

Let X denote the distance from C to 0, i^ the mentioned resultant, and Rt the compo- 
nent of R parallel to OT, Then the torque exerted by the driving and the driven gears 
on each other are respectively 

Ri{\dfx) and Rt{\di + x). 

If e' is the efficiency of the gears alone, shafts frictionless, then 

* = - . ^, . (i — e')» approximately. (2) 

For, let Ti be a torque applied to drive the driving gear, and T% a renting torque applied to 
the driven gear; then 

«' = r^i -f- Tii,, Ti'Rt{\di'\'x), Tt^Rtiidt-x). 

These three equations yield (2). 
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a duplicate mechanism on the other end of the lift span not shown. All 
this mechanism rests on and moves with the lift span. There are fixed tower 
posts adjacent to the lift span as shown, and on these posts there are fixed 
vertical racks which engage spur pinions GG of the operating mechanism. 
The pinions are driven by the motors or hand capstans, and thus the lift span 
is raised or lowered. The intermediate drive consists of: 

a motor pinion A number of teeth, 18, diameter, 5 . 14 inches 

cross shaft gear B ia6 36 .00 

cross shaft bevel pinions CC 20 10 .00 

counter shaft bevel gears DD 60 30 .00 

counter shaft spur pinions EE 15 8 .36 

operating shaft spur gear FF 52 29 .00 

operating shaft pinion GG 15 n -94 

bevel pinion on hand operator -4 ' 16 12 . 72 

bevel gear on hand operator J5' 24 19 .08 

The lift span is accurately counterweighted so that no work is done against 
gravity either in raising or lowering; but vertical pressure must be developed 
between the racks and the pinions G to overcome the (internal) friction in the 
counter weight mechanism. It is estimated that a vertical pressuxe of 5000 
poimds is required at each pinion for lifting the bridge. How great a driving 
torque, at each motor, is required to develop this pressure at each pinion G? 
We will first neglect losses in mechanism. Let 2 T/ be the driving torque 
at the motor and T2' the resisting torque at the pinion C. Then the 

torque to the cross shaft = 2 Ti ^iV, 
torque to the counter shaft = Ti -Vtf i%, 
and torque to the operating shaft = Ti -4V f J H = 36.9 Ti. 

But 36.9 Ti = Ti\ or Ti'/Ti = 36.9. We take the efficiencies of the gears 
to be as follows: A and B, 96 per cent; C and D, 92 per cent; E and F, 96 
per cent. Then the efficiency of the transmission from the motor to the 
pinion G is 0.96 X 0.92 >( 0.96 = 0.85, or 85 per cent. Hence the ratio of 
the actual driving and resisting torques is T2/T1 = 0.85 X 36.9 = 314. The 
lever arm of the vertical pressure of the rack against the pinion G is 11.94 + nc 
(see equation (i), footnote on page 216). Since ^2 (diameter of the pitch 
circle of the rack) is infinite, the equation is not usable; it can be written 

which, since i\ld/% = o in the present problem, becomes 

X = J Ji (i — «') = J X 11.94 (i — 0.98, say) = 5.75 inches. 

Therefore, the actual resisting torque on the pinion is 

5000 X 5.75 = 28,750 inch-pounds = 2396 foot-pounds. 

Hence T\ = 2396 -5- 31.4 = 76 foot-poimds, and the required motor torque 
is 152 foot-poimds. 
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Fig. 344 



FuUey. — Fig. 344 represents a simple pulley with part of a rope or chain 
upon it. Let S = tension in leading or off side of the rope, and T = tension 
in the following or on side. Then evidently S is greater 
than r, for S overcomes not only T but also the friction 
at the pin and the "rigidity" of the rope. The resistance 
due to pin friction = the product of the coefficient of 
axle friction (see Art. 45) and the pressure on the pin; 
this pressiure = 5 + T. Hence, if / = coefficient and 
f » radius of the pin, the work done against friction per 
revolution of the pulley = 2 ir r/ (5 + r). The work done 
in bending or imbending (inelastic) rope over the pulley 
is proportional to the amount of rope so bent per revolution (that is 2 tK), 
and it seems to be proportional also to the tension, to the area of the cross 
section of the rope and inversely proportional to the radius R. Thus the 
work of bending = C2irRT d^/R = CTirTd^, where d = diameter of the rope 
and C is an experimental coefficient depending on the kind of rope and perhaps 
other elements. Likewise the work of unbending (at off side) = CoirSdK 
Now, if we equate the work done by the effort 5 to the work done against 
rigidity, the resistance T, and the axle friction, and then simplify the residting 
equation, we get / - ^t. / ,.r,^<P\ 

This equation can be written in the following approximately correct form, — 



S = f^i+2f^ + 2CjJT:^KT, 



where JT is an abbreviation f or i + 2 fr/R + 2 C d^/R. According to experi- 
ments by Eytelwein, C equals about 0.23 when d and R are expressed in inches. 
The American Bridge Company made some experiments to determine C and 
K for such pulleys and rope as are in conunon use in tackle for construction 
work, and found that C depends not only on kind of rope, as expected, but also 
on the size of rope. The following table is taken from their report.* 



Dimensions and ooeffideots 




Wm 


Diameter of rope, d 


li li if 2 

si 4* si 6 
J I I* li 
0.23 0.20 0.19 0.17 

1.20 I. 21 1.23 1.24 


J 


Center pin to center rope, R 


7t 


Diameter of pin, 2 r 


li 


Coefficient C. 


0.0 


Coefficient K 


I. 16 







These values of C and K are higher than those usually employed. C = 0.08 

to 0.22 is advised for hemp rope,t and " K = 1.06 to 1.07 may be considered 

maximum practical values since generally K = 1,02 to i.o4."t 

* Trans, Am. Soc, C. £., 1903, Vol. 51, p. 161; also Eng. Rec,, 1903, Vol. 48, p. 307, 
t Htitte, Tasckenbuch (Twentieth Edition), Vol. i, p. 247. 
X Boltcher-Tolhausen, Cranes , p. 15. 
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Tackle. — VfheR a fixed pulley (Fig. 345), for example, is used lor lift- 
ing, P = KWoT W/P = i/K; for lowering, W = KP, or P/W = i/K. When 
a movable pulley (Fig. 346) is used for lifting, W = P+T = P+ P/K, or 
W/P = (i + K)/K; tor lowering, W = P + S ^ P+ KP,ot W/P = i + K. 

In a similar way we can determine the mechanical advantage of any com- 
bination of pulleys in terms of K. For example, consider the tackle repie- 
&eDted in Fig. 347. There are two separate pulleys in each block A and 





Fio. 346 

B. The pulleys in a block are generally alike in size but are here represented 
unlike for clearness. Let P = the applied pull and W = load, Pt, Px, Pt, 
and P« = the tensions as indicated in Fig. 348. When the tackle is used for 
Ufting, Pi = PfK, Pt = P,/K = PIE}, Pt = P,/K = P/K\ and A = 
Pt/K = P/K*. And since W = Pi + Pt + Pf\- P„ we have also 
P P P P P 

**" " f "•■ ^ ^ F» ■•" F " F ^'^ "•" '^ "•" ^ + '^' 

or W/P ={K'+K*+K+ i)/K*. 

When the tackle (Fig. 347) is used to lower the load, 

Pi = KP, Pt = KPi = K'P, Pt = KPt = K*P, Pt = KPt = K*P. 




Fic. 347 
And since 



Fic. 348 
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Fig. 349 

W~Pi-\-Pt + Pt + P^, 
wehave W = KP+ K}P+ K^P-\- K*P = P{K + K* + K* + K>) 
or W/P = K{i-\-K+K* + K^. 
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Special (Chain) Hoists, — Fig. 349 represents a Weston differential hoist. 
The upper block contains two pulleys differing slightly in diameter; they are 
fastened together. The lower block contains only one pulley. The pulley 
grooves have pockets into which the links of the chain fit; thus slipping 
of the chain is prevented. The chain is endless and is reeved as shown. If 
there were no lost work, then the tension in each portion of the chain to block 
B would equal one-half the load (Fig. 350), and the pulls on the block A would 
be as indicated in the figure. Now if R and r = the distances from the center 
of the pin in block A to the axis of the chain as indicated then moments about 
the axis of the pin give 

PoR + iWr=:^iWR, or W = Po2 R/{R - r); 

the ratio, W/Po = 2 i?/(i? — r) may be made very large by making R — r small. 
The mechanical advantage is 

W_W 2R 

P " Po""^ R-r^' 

where P = the actual force required to raise W and e = efficiency. These 
hoists are made of various capacities up to W = 3 tons; their efficiencies are 
relatively low, from about 25 to 40 per cent according to the manufacturers' 
lists. In the so-called Duplex and Triplex hoists the upper blocks are screw- 
* geared and spiur-geared respectively. At full load the efficiency of these 
hoists varies from about 30 to 40 and from 70 to 80 per cent. 

Example. — We will now show how to apply some of the preceding prin- 
ciples and formulas in a computation relating to the operating niachinery of 
the vertical lift bridge represented in Figs. 351 and 352. The lift span when 
down in place rests on two piers. When up it is balanced by two counter- 
weights as shown. Each counterweight is suspended by means of two pairs 
of one-inch cable; each pair of cables extends upwards from the counterweight, 
over a sheave and downward to a point of attachment on the lift span. At 
each comer of the lift span there is a spirally grooved drum carrying two one- 
half-inch cables. Each cable has one end attached to its drum; the other end 
of the up-haul cable is attached to a point vertically above at the top of the 
tower, and the other end of the down-haul cable is similarly attached at the 
base of the tower. As the drum is revolved, one cable is wound upon it and 
the other is paid out. The two drums at either end of the span are mounted 
upon a single cross-shaft Ay which carries a bevel gear B, The gears BB mesh 
with bevel pinions DD mounted on the longitudinal shaft C which also carries 
a bevel gear E. E meshes with a bevel pinion F on a vertical shaft which 
carries a capstan head. This capstan head takes a horizontal lever by means 
of which a man operates the mechanism. To lift the bridge he rotates the 
capstan headed shaft in the proper direction and drives the dnmis; they wind 
the up-haul cable upon themselves and pay out the down-haul cable as already 
described. This winding up necessitates upward motion of the bridge. 
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The length of the lever (radius of circle in which the man walks as he oper- 
ates) is 6 feet. The pinions F and D are alike; each is 6.86 inches in diameter 
and has 21 teeth. The bevel wheels E and B are also alike; each is 16.87 
inches in diameter and has 53 teeth. The drums are 18 inches, the sheaves 
54 inches, and the sheave shafts are 3} inches in diameter. The lift span 
weighs 68,000 pounds and each counterweight weighs one-half that amount. 
Thus the span would be perfectly balanced, if the mechanism were frictionless 
and the cables without stiffness and weight, and no effort would be required 
to operate the bridge. 
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Diagram of Operating Machinery. 
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In the following computation the weight of cables is neglected. Then the 
tension in each counterweight cable on the counterweight side of the sheaves 
is one-fourth of 34,000 pounds or 8500 poimds. When the span is being 
lifted, the tension on the other or following side of the sheave is less than 8500 
pounds. Call that tension T\ then 



8500 = KT, or r = 8500 -^ K 
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(see under " pulley" above). We will take K = 1.06; then T = 8020 pounds, 
and hence the lift on the span due to counterweights = 8 X 8020 = 64,160 
pounds. This leaves 68,000 — 64,160 = 3840 pounds to be furnished by the 
four up-haul cables, or 960 pounds apiece. 

Let a and b = respectively any corresponding displacements of the effort 
at the hand lever and the resistance 960 pounds at each drum; then 

b 3.43 21 18 

Hence, if the mechanism were frictionless the effort Po required to produce 
960 poimds tension in one rope = 960 -5- 50 = 19.2 pounds; and the effort P 
required to produce that tension by means of the actual mechanism = 19.2 -s- «, 
where e = the efficiency of that part of the mechanism which transmits from 
P to the resistance 960 pounds. The efficiency of each pair of gears and 
necessary bearings we take as 0.95; the efficiency of a drum about i -^ 1.03 = 
0.97; hence « = 0.95 X 0.95 X 0.97 = 0.875. Therefore P = 19.2 -h 0.875 = 
22 pounds, and the effort (at the lever) required to develop a tension of 960 
poimds at the four dnmis = 4 X 22 = 88 pounds. 

The computation can also be made as follows: — We regard the total force 
Q exerted at the hand lever and the force of gravity on the counterweights as 
two efforts which overcome the (useful) resistance (gravity on the lift span) 
and the wasteful resistances in the entire mechanism. For any rise b of the 
lift-span the coimterweights descend an equal distance and the hand-lever 
effort works through a distance 50 J; and since the efficiency of a sheave = 
I 4- 1.06 = 0.944, we have 

C X 50 6 X 0.875 + 2 X 34,000 X 6 X 0.944 = 68,000 X 6, or Q = 87 pounds. 

45. Kinetic Friction 

§ I. Kinetic Friction, or Friction of Motion, is the friction between two 
bodies when sliding actually occurs. The coefficient of kinetic friction for two 
bodies is the ratio of the kinetic friction to the corresponding normal pressure 
between them. The angle of kinetic friction is the angle between the normal 
pressure and the total pressure (resultant of the normal pressiure and the 
kinetic friction). One of the so-called laws of friction states that the kinetic 
coefficient is less than the static coefficient (Art. 19), and implies that there is 
a sudden or abrupt change in the values of the coefficients. Experiments by 
Jenkin and Ewing* on the kinetic coefficients at speeds as low as 0.0002 foot 
per second (about f foot per hour) lead them to conclude that "it is highly 
probable that the kinetic coefficient gradually increases when the velocity 
becomes extremely small, so as to pass without discontinuity into the static 
coefficient." Experiments by Kimballf also indicate that there is no abrupt 

♦ Phil. Trans. Roy. Soc.y 1877, Vol. 167, Part 2. 
t Am. Jour. Set., 1877, Vol. 13, p. 353. 
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change from static to kinetic coefficient. Moreover, they show that the 
kinetic coefficient may be greater than the static. Galton and Westinghouse 
experiments* indicate that the coeffident for dry surfaces probably decreases 
progressively from the value of the static coefficient as the velocity increases. 
See the following table of 

Coefficients of Friction at Various Speeds 
Cast-iron Brake Shoes on Steel-tired Wheels 



Velocity 




Coefficients 




Number of 












tests 


Miles per hour 


Feet per second 


Mazimiim 


Minimttm 


Mean 




0+ 


0+ 


■ ■ • • 


• • • ■ 


0.330 


• • • 


10 


14. 5 


O.J81 


O.161 


.242 


54 


20 


29 


.240 


■133 


.192 


69 


30 


44 


.196 


.098 


.164 


94 


40 


59 


.194 


.088 


.140 


70 


SO 


73 


.153 


.050 


.116 


55 


60 


88 


.123 


.058 


.074 


12 



The foregoing coefficients are based on observations taken very soon after 
application of the brakes. The wide variation from minimum to maximum 
value at any velocity was due in part to the different intensities of pressure 
employed at that velocity; in general the coefficient decreases with increase 
in intensity until seizing occiurs. 

Continual rubbing of dry surfaces abraids them and decreases the coefficient 
of friction. This effect is clearly shown in the following table, also taken from 
the Galton and Westinghouse experiments. 

COEFFIQENT OF PrICHON AS AfFECTBD BY TiME OF RUBBING 

Cast-iron Brake Shoes on Steel-tired Wheels 



Miles per hour 


Time after appljring brakes 


0+ 


Sseomds 


xo seconds 


Z5 seconds 


ao seconds 


20 
27 

37 

47 
60 


0.182 
.171 
.152 

•132 
.072 


0.152 

•130 
.096 
.080 
.063 


0.133 
.119 

.083 
.070 
.058 


O.116 
.081 
.069 


0.099 
.072 



The discrepancies between the two foregoing tables are due in part to the 
fact that the values for time o + in the second table are based on compara- 
tively few experiments. 

The following table gives coefficients for several different materials; it 
shows also influence of intensity of pressure, velocity and water lubrication* 

* Ffoc, Inst, Mech. Engrs,, 1879, p. 170. 
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Cc^FnCIENTS OF FWCTION * 

Various Brake-shoe Materials on Steel-tired Wheels 



Materials 



Cast iron. 
Cast iron. 

Oak 

Oak 

Poplar 

Poplar 

Cast iron. 
Cast iron. 

Oak 

Oak 

Poplar 

Poplar 



Pressure, 
poimdsper 
square inch 



lo 
40 
zo 
40 
10 

40 
20 
80 
40 

120 
40 

120 



Velocity, miles per hour 



43 
36 
60 

43 



32 

30 

037 

073 
041 

070 



XS 



0.37 
•30 

•55 
.40 
.72 

53 
.28 

.26 

.032 

OSS 
.038 

•OS3 



Lubricatioa 



none 

none 

none 

none 

none 

none 

water 

water 

water 

water 

water 

water 



• From Experiments by Ernest Wilson, Engr. News, 1909, Vol. 62, p. 736. 

Coefficients of Kinetic Friction (Rough Averages) 
Compiled by Rankine from Experiments by Morin and others 



Wood on wood, dry . . 

soapy 
Metals on oak, dry . . . 

wet. .. 

soapy. 
Metals on elm, dry. . . 

Hemp on oak, dry 

wet 



25-0 50 

2 

5- .6 
24- .26 
2 

2 - .2S 

53 
33 



Leather on oak 

Leather on metals, dry. . . 

wet . . 
greasy 
oily. . . 

Metals on metals, dry 

wet 



0.27-0.38 

.56 

.36 

•23 

•15 
.15-0.2 

.3? 



The following table gives coefficients for eight ship launchings and hence 
for similar cases. The lubricant used seems to have been mainly tallow. 

Coefficients from Launching Data.* 



Load, tons per 
square foot 


Coefficient of 
friction 


Load, tons per 
square foot 


Coeffidentof 
friction 


O.so 
0.79 
1.03 
1.29 


O.OS32 
.0487 
.0400 
.0407 


1.62 
2. OS 
3.56 
4.50 


0.0370 
.0324 

.02S7 
.0217 



• From Peabody's Naval Architecture. 

§ 2. Pivot and Journal Friction. — Pivots. — Let W = load, m = coeffi- 
cient of friction, (i) In the case of a flat pivot (Fig. 353) the average pressure 
per unit area of contact is W/vRK On any element of area dA the normal 
pressure = (JV/vR}) dA (supposing that the total pressure is uniformly dis- 
tributed), and the frictional resistance on the element = tJL(W/irR^)dA, The 



moment of this resistance about tlie axis of the shaft = ii{W/icR^)dA-p. We 
take dA = pdS-dp; then the total resisting moment = 






Thus the actual resistance may be regarded as a single force = iiW vith an 
arm = fiJ; and, for example, the work done against friction per revolution 
or the power lost may be computed sfanply on that basis. Thus the work done 
per revolution = | thWR, and the power lost = J irnWRn where n — number 
of revolutions per unit time. 

(ii) In a similar way we might determine the renting (frictional) moment 
in a collar bearing pivot (Fig. 354). We would find the moment to be 

Hence we may r^ard the resistance as a single force = nW with an arm 
|(/P-r•)-^(Je»-r*). 




Fic. 3S3 Fig. 354 



Fig. 355 Fio. 356 



P 



(iii) In the conical pivot (Fig. 355), thetotalnormalpressure, and hence the 
frictioD too, is increased by wedge action. Let p = the intensity of normal 
pressure at any point of the contact, regarded as constant. Then the nonnal 
pressure on an elementary area dA = pdA. Since the friction has no vertical 
component, the vertical component of the normal pressures on all the elemen- 
tary areas "■ W; that is, 

pdA ■ano( = M' = M9"ia, ori-E -—-_ 

But ^ an (X = the horizontal projection of the actual surface of contact. 
Hence the intensity of the nonnal pressure is independent of a, the pivot 
angle. For Fig. 355, P = W/tcR*; hence the normal pressure on the elemen- 
tary area dA is (WJitR^dA and the frictional resistance = ti[WfirR'')dA. 
The moment of this resistance about the aris of the shaft = }i[y^ /rR*)dA-p, 
and the entire resisting moment = the integral of this expression. For sim- 
plicity in integration, imagine dA ioh^ oi such shape that its horizontal 
projection equals pd9^p (see Fig. 355). Then asia-dA = pdO^p, and the 
Feasting moment = 

■■ " . "TT 3 „ 
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Hence we may regard the resistance as a single force /ilT/sina with an arm 

(iv) In a similar way we may compute the resisting (frictional) moment 
in the case of a frustrated conical pivot (Fig. 356). We would find that the 
resisting moment = 

nW2B*-r* 
sin a 3 -R* — r^ 

Hence we may regard the friction as a single force = /ilF/sin a with an arm 

Journal Friction. — We do not attempt to compute the normal pressure and 
frictional resistance at each point of a journal bearing and then the resisting 
moment as in the case of pivots. So-called coefficients of journal friciion have 
been determined from direct experiments on journal friction. This coefficient 
is the ratio of the frictional resistance to the pressiure between journal and the 
bearing. Thus in a certain experiment there were 20 babbitt bearings sus- 
taining a 2f^7-inch shaft; the load per bearing was 2,000 pounds, and it was found 
that 1 1 24 watts were required to run the shaft at 350 revolutions per minute. 
All the power was used to overcome the journal friction. Since 11 24 watts = 
49,600 foot-pounds per minute and 350 revolutions per minute corresponds to 
a (shaft) surface velocity of 223 feet per minute, the total frictional resistance 
= 49,600 -f- 2 23 = 2 2 2 pounds or 1 1 . 1 pounds per bearing. Hence the coefficient 
of journal friction in this particular instance was ii.i -^ 2000 = 0.0055. 

The pressure between a journal and its bearing is not uniformly distributed 
over the surface of contact. By nominal intensity of pressure ("pressure" 
for brevity) is meant the whole pressvu^e divided by the product of the length 
and diameter of the bearing. Thus in the experiment just mentioned, the 
length of each bearing was 9§^ inches; hence the nominal intensity was 
2000 -5- (2^^^ X gii) = 90 pounds per square inch. 

It has been found from niunerous experiments that coefficients of journal 
friction depend on (i) the method of lubrication, (ii) the lubricant, (iii) its 
temperatiu-e, (iv) the velocity of rubbing, and (v) intensity of pressure on the 
bearing. 

(i) Tower* and Goodmanf report the following relative coefficients as 
showing effect of the method of applying the lubricant: 



Method 



Bath 

Saturated pad 
Ordinary pad. 
Siphon 



Tower 



1. 00 

• • • • 

6.48 
7.06 



Goodman 



1. 00 

1.32 
3.21 
4.ao 



mmJ 



• Proc, Inst. Mech, Engrs.f 1883. 

t Mechanics Applied to Engineating^ 1896. 



(ii) The following table (according to Tower) indicates how the coeffiuent 
depends on the lubricant. Numbers are relative. 



Sperm «l 


'■"'" 


MiacnloU 


Lard oil 


Min™,«™« 


I.OO 


,06 


1.19 


I-3S 


1. 17 



The journal was steel; gun metal brass embracing somewhat less than one- 
half the circumference of the journal; speed 300 revolutions per minute; nom- 
inal loads from 100 to 310 pounds per square inch; oil temperature 90° F.; 
bath lubrication. Tower states also: "the numbers represent the relative 
thickness or body of the various oils, and also in their order, though perh^is not 
in their numerical proportions, their relative weight-carrying power. Thus 
sperm oil, which has the highest lubricating power, has the least wdght-carry- 
ing power; and though the best oil for light loads would be inferior to the thicker 
oils if heavy pressures or high temperatures were to be encountered, (iii) 
The coefficient decreases with increased temperature (see Figs. 357 and 359). 
But if the temperature gets so high as to lower the viscosity greatly, then the 
lubricant gets squeezed out and the coefficient increases, (iv) In general the 
coefficient increases with mcrease of speed (see Figs. 358 and 360 and accom- 
panying explanations). But at the lower speeds the coefficient may decrease 
with increase of velocity (see Fig. 358). (v) The coefficient decreases with 
increase of intensity of pressure (see Figs. 358 and 361). But the intensity 
may became so great that the lubricant gets squeezed out, and then the co- 
efficient increases and semng occurs. 




_i 



Degrees Fahrenheit. 

M/ Wm-IHo, B*6ft.t>*rmbt. 

Fio. 357 



100 HW 300 400 SDO «0a TOO MO 

Feet per Minute. 

Alllimptrtrtvrtl, 77 'F. 
Fio. 358 



Figs. 357 and 358 are after Stribeck.* Gas-motor oil and ring oiler were 
used in the experiments. Figs. 359, 360, and 361 are after Lasche.f Toief 
show respectively how the coefficient depends on temperature, velocity, aixl 

" Z.iV. d. I., i()oj, Vol. 46, p. 1341. 
^ Z.iY. d. I., 1901, Vol. 46, p. i88t. 
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pressure. The lubrication was forced; journal and bearing combinations as 
follows: 



Number 


I 

steel 

white metal 


II 
nickel steel 
white metal 


III 
nickel steel 


• IV 
nickel steel 
bronze 


V 


Journal 


wrought iron 


Bearing 


white metal 









The heavy line in each figure represents the average law for the five combina- 
tions, and the other two curves relate to the two combinations departing most 
from the average result. 



aois 
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0.005 
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Temperoturei Degrees f. 

A// /hrsst/rss, 92. Sibs,pTS^in, 
Aft Vkiodff^s, i97ftptrm/n. 

Fig. 359 
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0.01 



fe 



1000 2000 3000 4000 5000 

Velocity, fhpermln. 

AllPtmym, 92.S/bs.p§raq.tn, 
AH Imnperatuns, 112* E 

Fig. 360 



50 100 150 200 
Pinessure, lb3.persq.in. 

Afl T^mperarfufws, iiZ^F. 
Ail V9hdti99, f97/hpdrmn. 

Fig. 361 



Roller and Ball Bearings generally develop less resistance to turning than 
ordinary bearings. For descriptions of roller and ball bearings and information 
on their coefficients of resistance, students are referred to works on machine 
design; see also Kent's Pocket Book, or the American Civil Engineer's Pocket 
Book for coefficients of resistance. But to furnish some notion of relative 
values the two following tables are given. In the experiments from which the 
first was compiled* the speed was 560 revolutions per minute, and the loads 
were from 113 to 456 pounds. In the ball bearingsf the balls were | inch in 
diameter and they ran in grooves, cross sections of which were arcs of circles 
whose radius was equal to two-thirds the diameter of the balls; the circle of 
the centers of the balls was 4 inches in diameter. 

COEFFIQENTS OF JOURNAL FWCTION 





Different Bearings 








Ball Bearings 




Diameter 
olxranial 


Flexible 
Toilers 


Solid 
rollers 


Babbitt 
bearing 




Load in 
pounds 


Revolntioos per minute 


6S 


38s 


780 


2tt 


0.018 
.014 
.032 
.025 


• 

0.022 

.021 
.027 


0.043 
.082 
.096 
.107 


840 
2,420 

4,500 
10,800 


0.0033 
.0017 
.OOIS 


0.0035 
.0018 
.00x5 


0.0037 

.0019 

, .0015 

.ooxx 



* Benjamin, Machinery ^ N, F., 1905, Vol. 12, p. '62. 
t Stribeck, Z, d V, d, /., 1901, Vol. 45, p. X2X. 
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Tests to determine the coefficients of friction for ball, flexible roUer, and 
babbitt bearings for line shafts have been made at the University of Wiscon- 
sin. The diameter of the shaft was 2/^ inches, the speed 150 to 450 revolu- 
tions per minute, the' load 700 to 2250 pounds per bearing, (33 to 100 pounds 
per square inch for the babbitt bearings); the extreme (natural) variation 
of the temperature of the lubricants was from 65 to no degrees Fahrenheit. 
For absolute values of the coefficients for the various conditions named, see 
report of the tests.* The relative value of the coefficients for four condi- 
tions are given in the following table: 



RELATIVE VALUES OP COEFFICIENTS OF JOURNAL FRICTION, AT 
LOAD OF ABOUT 1200 POUNDS PER BEARING. 



Pteriphend Speed 

Lubricant Temperature. 



Ball bearings. 
Flexible roller. 
Babbitt 



xoo ft/min. 



77deg. 



I 

2.3 

3 



zoodeg. 



I 

as 
3.6 



300 ft/min.' 



77deg. 



X 
2.7 

4 5 



100 deg. 



I 

3 

4 



* Thomas, Maurer, and Kelso, Jour. Am, Soc. Mech. Engrs, for March, 19x4. 



CHAPTER XI 

MOMENTUM AND IMPULSE* 

46. Linear Momentum and Impulse 

§ I. (Linear) Momentum. — By momentum of a moving particle is meant 
the product of its mass and velocity. We regard momentum as having direc- 
tion, namely, that of velocity; thus, momentmn is a vector quantity. By 
momentum of a collection of particles is meant the vector-sum of the momen- 

tums of the particles. For example, let m' 
and w" = the masses of two particles (Fig. 
362), w' and »" = the velocities of the par- 
ticles at a certain instant, and suppose that 
AB ^ m'v* and BC = w'V according to some 
convenient scale; then AC represents the 
' ^ ^ • momentum of the two particles. 

Since the component of the vector AC along any line equals the algebraic 
sum of the components of the vectors AB and BC along that line, it follows 
that the component of the momentum of a pair of particles along any Une 
equals the algebraic sum of the components of their momentiuns along that 
line. Obviously, this proposition can be extended to a collection of any nimiber 
of particles. A simple expression for this component can be arrived at as 
follows: Let f»', w", m' ", etc. = the masses of the particles; »', r", etc. = their 
velocities; and p'„ p"„ etc. = the components of these velocities along any line 
X. Then the component of the momentum of the collection along this line = 
wV, + m'W'z + . . . Now if a;', x", etc. = the a; coordinates of the 
moving particles, and x = the x coordinate of the mass-center, all at the same 
instant, then wV + m'V + . . . = x2w (Art. 34); and differentiating 
with respect to /, we get m'dx'/dt + m"dx" jdi -[-...= {dx/dt)llfn, or 




wV, + m'Vg -h . . . . = Vs^m = MVi 



xy 



where M = 2w = the mass of the collection. That is, the x component of the 
momentum of the collection of particles equals the product of the mass of the 
collection and the x component of the velocity of the mass-center. Hence, 
the component momentum is just the same as though all the material of the 
body were concentrated at the mass-center. 

In the case of a body having a motion of translation, all the particles have 
at any instant velocities which are equal in magnitude and the same in direc- 
tion (Art. 35). Hence the momentums of the particles are parallel, and their 

* This chapter is not prerequisite to Chapter XII. 
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vector sum = m'v + m"v + . . . = vSw = Mv^ where v = their common 
velocity and M = the mass of the body. 

The definition of momentum implies that the imit of momentum equals the 
momentum of a body of unit mass moving with imit velocity. The magnitude 
of the imit, therefore, depends on the xmits of mass and velocity used. No 
single word has been generally accepted for any imit of momentum. The 
dimensional formula for momentum is F'V (see appendix A), that is, a unit 
momentum is one dimension in force and one in time. Hence, any unit of 
momentum may be and commonly is called by names of the imits of force and 
time used. Thus the unit of momentum in the C.G.S. system is called the 
dyne-second; in the "engineers' system," the pound (force) -second, etc. 

In Art. 34 it is explained that the acceleration of the mass-center of any 
collection of particles does not depend at all on the forces which the particles 
exert upon each other but on the external forces; also that the algebraic sum 
of the components of the external forces along any line equals the product of 
the mass of the system and the component of the acceleration of the mass- 
center along that line, that is, 

Z^'. + F^-f. . . .-3fa., (i) 

where F'xy F"xy etc., are the components of the external forces along a line x, 
and a« is the x component of the acceleration of the mass-center. Now 3. 
equals the rate at which the x component of the velocity of the mass-center 
changes, that is, a, = diz/dtj where v, is the x component of the velocity of the 
mass-center; hence, Ma^ = Mdvx/dt = d(Mvg)/dt] and finally 

F'. + F^-f . . . ^d{Mi,)/dt (2) 

But Mvx is the x component of the momentum of the system, and d{Mvx)/dl 
is the rate at which that component changes; hence the algebraic sum of the 
componefUs of the external forces along any line x equals the rate al which the x 
component of the linear momentum changes. 

The principle just arrived at (equation 2) was derived from the law of motion 
of the mass-center (equation i), and it is essentially an alternative form of the 
law. But practically the former seems to apply more simply in certain cases 
as the following examples show. 

Fig. 363 represents a jet of water impinging against a flat plate. Required 
the pressure of the jet upon the plate. Let W = the weight of water impinging 
per unit time, v = the velocity of the water in the jet, and a = the angle 
between the jet and the plate as indicated. We suppose that the water does 
not rebound from the plate with any considerable velocity; then the momen- 
tum of the water after striking has no component normal to the plate. The 
momentum of an amount of water equal to W before striking is {W/g)v, and 
the component of that momentum along the normal to the plate = (W/g)v 
sin a; hence the change in the (normal) component momentum is ([V/g)v^a. 
This change takes place in unit time; therefore, it is the rate at which 
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momentum along the normal is changed, and also the value of the normal 
pressure of the plate against the jet. The jet exerts an equal (normal) pressure 
against the plate. If the plate is rough, then the water also exerts a frictional 
force on the plate. 




Fig. 363 






Fig. 364 



For another example, we will determine the pressure on a bend in a pipe 
by water flowing through it at constant velocity. Let W = the weight of 
the water flowing past any section of the pipe per unit time; v = velocity 
of the water, assumed to be the same at all points of inlet and outlet cross 
sections of the bend; and a = the angle of the bend (Fig. 364). Also let 
A/ = the time required for the body of water AB to move into the position 
A'B\ The momentum of the body of water at the beginning of the 
interval = that of A A' + that of A'B; its momentum at the end of the 
interval = that oi A'B + that of BB\ Hence the change in the momentum 
of the body of water in the time A< = momentum of BB' — momentum of 
AA\ These momentums respectively are in the direction BB^ and AA'; each 
equals {WAt/g)v. Hence the change of momentum under consideration is 
represented by the vector MN where OM and ON represent the two mo- 
mentums just mentioned. But MN = 2(PM) sin J a; hence the change = 
2{WAt/g)v sin J a, and the rate at which the change occurs = 2{W/g)v sin J a. 
The direction of this rate is MN; it bisects the angle a. This rate of change 
of momentum is maintained by the forces acting on the body of water in A'B, 
Those forces consist of gravity G, the pressures Pi and P2 (of the water) on 
the front and rear faces of the body, and the pressure P of the bend upon it. 
Their resultant R = 2{W/g)v sin J a, and R bisects or. If R, G, Pi and P2 are 
known then P can be determined. For it is such a force which compounded 
with G, Pi and P2 gives R, The pressure of the water on the bend = — P. 

For another example, we take the jet propeller of a ship. This consists 
essentially of a pump which takes in water from the sea and ejects it from 
nozzles toward the rear (to propel the ship forward). Let W = weight of 
water so ejected per unit time, v = velocity of the ship, and V = velocity of 
the ejected water relative to the ship. The absolute velocity of the jet (rela- 
tive to the sea) = F — v. Hence the amoimt of momentum produced by the 
pumping plant (pump, pipes, etc.) per unit time = (W/g) (7 — r). The 
direction of this is horizontal and backward; hence the plant exerts a force on 
the body of water within the passages at any instant equal to {W/g) {V — v); 
the water exerts an equal force forward on the passages. 
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If the algebraic sum of the components — along any line — of the external 
forces acting on a body equals zero, then the rate of change of the component 
momentum (along that line) equals zero; hence, if the sum remains zero for 
any interval of time, the component momentum remains constant. This is 
known as the principle of conservation of linear momentum. It follows that 
if there are no external forces acting on the body, its linear momentum remains 
constant. The grand illustration of this principle is furnished by the solar 
sjrstem. Even the nearest stars exert no appreciable attractions on the solar 
system, and so the members of the S)rstem move under the action of their 
mutual attractions only. Accordingly, the component of the momentum of 
the S3rstem along any line does not change; the linear momentum is, therefore, 
constant in amount and direction. It follows that the mass-center of the 
system moves imiformly, and in a straight line. 

§ 2. (Linear) Impulse. — If the magnitude and direction of a force are 
constant for any interval of time, then the product of the magnitude of the 
force and the interval is called the impulse of the force for that interval. If 
the magnitude varies, then the impulse for any interval equals the sum of the 
impulses for all the elementary periods of time which make up the interval; 
that is impulse = 

]im[F'6i + F"M + . . . . ]= fpdt, 

where F = the varying force. If the direction of the force varies, we regard 
the impulse for any elementary portion of time as a vector quantity having 
the direction of the force, and then in principle we add (vectorially) the ele- 
mentary impulses for all the portions of time which make up the interval. 
That is to say, we integrate F dt vectorially, arriving at a definite vector 
quantity. 

Units of impulse depend on the units of force and time used.* There is no 
current single-word name for any unit of impulse. Each 
unit is named by the names of the imits of force and time 
involved in it. Thus, in the C.G.S. system the imit of ;; 
impulse is the dyne-second; in the "engineers' s)rstem" 
the unit of impulse is the pound (force) -second. ^*°^ 

It is evident (Fig. 365) that the elementary inpulse F dt ^^-3 5 

is the resultant of the impulses of the x and y components of F (or », y, 
and z components, if preferred). Hence the x, y, and z components respec- 
tively of the impulse of F equal the impulses of the components of the force 
F. If we integrate equation (2) over any interval k — /i, say, we get 

^F'.*+J[*V".*+ . . . =MiJ'-MvJ^ L{Mv,\ (3) 

where vj and vj' == the x velocities of the center of gravity of the system at 
times /i and h respectively. Equation (3) can be put into the following 

* See appendix A. 
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principle of (linear) impulse and momentum. The algebraic sum of the com- 
ponents — along any line — of the impulses of the external forces acting on 
any system of particles equals the increment in the component of the mo- 
mentum of the system along that same line, the sum and the increment re- 
ferring to any interval of time. 

The principle of impulse and momentum answers such questions as, — how 
much velocity in a given time? or how much time to produce a certain ve- 
locity? For example, it is required to ascertain how much time is required 
to give a velocity of 40 feet per second to a certain body by sliding it along a 
horizontal rail by means of a constant push of 20 poimds, the body weighing 
100 poimds and the frictional resistance of the rail being 8 pounds. The ex- 
ternal forces acting on the body are gravity, the push, and the reaction of the 
rail, the horizontal and vertical components of which are friction and the 
" normal pressure." Only the impulses of the push and friction have com- 
ponents along the line of motion; hence 

20 / — 8 / = (100/32.2) 40, 

where t = the required time. Therefore / = 10.3 seconds. Solution of such 
a problem by earUer methods of this book would be as follows: Let a = the 
acceleration; then a = (20 — 8) -r (100/32.2) = 3.86 feet per second per 
second. Hence ^ = 40 -r- 3.86 = 10.3 seconds. ' 

47. Impact or Collision 

§ I. Blow. — Momentum of a blow, energy of a blow, and especially 
force of a blow are terms generally used more or less vaguely. But when one 
of the two colliding bodies is fixed, then the first two terms are taken to mean 
the momentum and the kinetic energy respectively of the moving body just 
before the impact, perfectly definite quantities. If the motion is one of 
translation, these are Mv = (W/g)v and ^ Mv^ = i {W/g)v^ respectively. If 
in a numerical case we write g = 32.2 (feet per second per second), v should be 
expressed in feet per second; W may be expressed in any force unit. If the 
pound is used, then the momentum is in pound-seconds and the energy in 
foot-pounds. 

Force of a blow means the pressure which two colliding bodies exert upon 
each other. The pressure changes during the collision. Analysis of this 
variation is beyond the scope of this book. We will deal only with average 
values of the force of a blow. In the first place, it should be noted that there 
are two average values of the force of a given blow, — a space-average and a 
time-average. We explain the distinction by means of an example, but we 
choose the simpler case of a varying horizontal pull dragging a body along a 
smooth horizontal surface instead of a blow. Let us suppose first that the 
pull varies uniformly with respect to time, from a zero value to 40 pounds in 
20 seconds (see Fig. 366). Then the time-average is represented by the 
average ordinate to the line which shows how the force varies with respect to 
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the time; hence it is 20 pounds. We wish to find now how the force varies 
with respect to distance. Let P = the value of the pull at any time / after 
starting; then the law of force is P = 2 /. Also let M = mass of the body; 
a and v respectively = the acceleration and velocity at any time t, and 
s = the displacement up to that time. Then 



^ 2 , I ^ 



and s = 



3M 



/«. 



The total displacement (si) in the 20 seconds = (1/3 M) 8000. It follows 
from the last equation that 

/ = (3 Ms)i; hence P = 2 (3 Ms)i. 

This equation determines the graph shown in Fig. 367, from which it is ap- 
parent that the space-average force is more than 20 pounds, or the time-aver- 




5 10 )5 20sec:,. 
Fig. 366 




^-1000 +3 M 
Fig. 367 



age. The space-average equals the area under the curve divided by the base 
of the area. The area is 

hence the space-average = 1.5 (3 M)i sji — 30 potmds. 

It will be observed that the space-average is that constant force whose 
work equals the work done by the (real) varying force (see Art. 40). Like- 
wise the time-average is that constant force whose impulse equals the impulse 
of the (real) varying force. Hence the space-average equals the quotient 
of the work done by the force (equal to the kinetic energy produced by the 
force) and the distance through which the force acted; and the time-average 
equals the quotient of the impulse of the force (equal to the momentum 
produced by the force) and the duration of the impulse. 

Crushers or crusher gages are small cylinders of copper or lead — one inch 
diameter and one inch high are common proportions — used in a way de- 
scribed presently to determine the energy and force of a blow. Fig. 368 shows 
several energy-compression curves for ij- by ij-inch lead cylinders.* Curve 
A'B is a so-called static curve, and was obtained by crushing a lead cylinder 
in an ordinary testing machine at 0.05 inches per minute. The amount of 
compressing force and the amount of the compression were observed at fre- 
quent stages during the test, and from these observations the amount of work 

* American Machinist, Vol. $^j Part i, p. 436 (19 10). 
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done on the cylinder up to each stage was computed. Amounts of compression 
and corresponding amounts of work were plotted to determine the curve. 
Curve C k a static ciu^e but for a higher speed. Z) is a so-called dynamic 
curve. It was obtained from drop or impact tests in which each crusher was 
subjected to a blow from a '^hanmier " dropped upon it. The hammer 
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weighed 1330 pounds, and the maximum drop used was 38 inches. For each 
test the amoimt of compression c was observed and the amount of work 1330 
(A + c) was computed, where A = height of drop to the cylinder; and this 
compression and work were plotted for one point on the curve. Curve JE-F 
is a dynamic curve obtained from tests in which the hammers were lighter and 
the drops higher than for Z). 

Crushers are used as follows to determine the energy of a blow, as of a steam 
hammer for example. The crusher is placed on the anvil and subjected to the 
blow. Then the amoimt of the compression of the crusher is measured, and 
the corresponding energy is read off from the appropriate compression-energy 
curve (previously determined from tests on crushers like the one used). The 
space-average force of such a blow equals the quotient of the energy of the blow 
and the compression unless clh is not a small fraction; in that case the space- 
average = TT (A + c) -^ c. 

A very skillful use of the crusher was made by Lieut. B. W. Dunn to deter- 
mine not only the average but the actual value of the force of a blow at any 
instant during the impact.* He devised apparatus which made a photo- 
graphic record (space-time graph. Art. 29) of the motion of a hammer during 
the impact. From that graph he deduced the velocity-time, and from this 
the retardation-time graph; then the force of the blow F at any instant from 
F = PT + (TF/g) a, where W = weight of hanmier and a = retardation at the 
instant. The order of measurements involved in this apparatus is indicated 
by these circumstances of one test: amount of compression of crusher about 

* Journal of the Franklin InstUtUe, Vol. 144, p. 321 (1897). 
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i inch and time of impact about TifVir second; the weight of hammer was 
33 poimds and the drop 15 inches. For the copper crushers used the maxi- 
mum pressure occiured just before the end of the compression, and its value 
was slightly less than twice the space-average. 

§ 2. Motion after Colijsion. — In this section we discuss the changes of 
motion of one or both colliding bodies due to the collision in certain compara- 
tively simple cases. In most cases of collision the pressures which the colliding 
bodies exert on each other are enormous compared with other forces acting 
on the bodies. For example, the space-average pressure between t^o billiard 
balls colliding with velocity of 8 feet per second is about 1300 pounds. There- 
fore in discussing changes of motion of the bodies during collision we may 
neglect the other (ordinary) forces acting on the bodies, gravity for example; 
that is we regard the two bodies jointly as under the action of no external 
forces. Hence, according to the principle of conservation (Art. 46), the 
momentum of the two bodies jointly is not changed by the impact. 

If the centers of gravity of two bodies about to collide are moving along the 
same straight line, then the collision or impact is called direct; if otherwise, 
oblique. If the pressures which two colliding bodies exert upon each other 
during impact are directed along the line joining their centers of gravity, then 
the impact is called ceniral; if otherwise, eccentric. These are the kinds of 
impact called simple, above. 

Direct Central Impact, — We assume that the bodies have motions of trans- 
lation before impact. Since the impact is supposed to be central, the pressure 
(of impact) on each body acts through the center of gravity of that body and 
does not turn it. Hence the motion of each body after collision is one of 
translation. Let A and B be the two bodies, 

Ml and Mt = their masses, 
«i and «2 = their velocities just before impact, 
and Vi and v^ = their velocities just after impact respectively. 

We regard these velocities as having sign; velocity in one direction (along the 
line of motion) being positive, and that in the other being negative. Then the 
momentum of the two bodies before impact = MiUi + M^Ui, and after impact 
it » MiOi + M2V1. Since the momentums before and after impact are equal, 
we have 

MiVi + MiVi = MiUi + ^fsUs. (i) 

The foregoing expressions are correct whether A and B are moving in the same 
or opposite directions before or after the impact. Thus, if both are moving 
toward the right before impact, at 8 and 10 feet per second say, their momen- 
tum is 8 Afi -f- 10 3/2; but if i4 is moving toward the right and B toward the 
left, their momentum is 8 Af 1 — 10 Mi, 

It has been learned experimentally that when two spheres A and B collide 
directly and centrally the velocity of separation is always less than and opposite 
to the velocity of approach, and the ratio of these two velocities seems to 
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depend only on the material of the two spheres. The ratio of the velocity of 
separation to that of approach (signs disregarded) is called coefficient of restUvr- 
lion; it is generally denoted by e. The following are approximate values of 
e for a few materials, 

glass \i, ivory f , steel and cork |, wood about J, day and putty o. 
Now the velocity of approach equals Wi — «2 (or «2 — «i), — the fiht with 
reference to A (regarded as fixed) and the second with reference to B (re- 
garded as fixed) — , and the velocity of separation is Pi — Ci (or i^ — »i). 
Since these velocities are opposite in direction, we have 

- (vi — %)/(wi - 112) = e, or - {vi -Vi) = e{ui — ui). (2) 

Equations (i) and (2) solved simultaneously for the final velocities t»i and 
t^give 

Pi = «i-(i+e)^^^^(«i-«a);t^ = i^-(i^ (3) 

If one of the colliding bodies is fixed, say B, then ^2 = 0, and if 2 is the mass of 
B and its supports, infinitely great. Thus we have Vi = — eui. 

Oblique Central Impact. — We assume as before that the bodies A and B 
have a motion of translation before impact; then the pressure on each during 
the impact acts through the center of gravity and produces no turning. Let 
Ui and U% = the velocities of A and B before impact; Vi and F2 their velocities 

after impact; Wi and «2 = the components of Ui 
and U% along the line of impact pressure (joining 
the centers of gravity of A and B when in con- 
tact); Vi and i^ = the components of Vi and V^ 
along that line; and Wi and w^ = the components 
PiQ ,5g of Ui and U2 at right angles to that line. See 

Fig. 369 which represents one of several possible 
ways of dblique collision. Since the impact pressiu-e on either body has no 
component transversely to the line of pressure XX, the component of the 
momentum of either body at right angles to XX is not changed. Hence 
the transverse component of the velocity of either body is not changed by 
the impact. The longitudinal components are changed as in direct impact, 
and Vi and Vt are given by equations (3). The final velocities Vi and Fj, 
therefore, are determined, Vi by its components Vi and Wi, and Vt by its 
components V2 and u^. 
Loss of Energy in Impact. — Let L = the loss of kinetic energy; then 

i = (i MiV^^ + \ M2U2^) - (i MiVi^ + § M2V2'). 
Now Ui^ = ui^ + TVi^, Ui^ = «2^ + Wi\ Vi^ = vi^ + wi^, and Vi^ = z^« + Wt^; 

hence 

L = i Mi(ui^ - vi^) + h MiiuJ" - V2'). 

Substituting for Vi and V2 their values from equation (3) and simplifying we get 
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For perfectly elastic bodies (e = i), Z = o. For other bodies (i — e^) is not 
zero but a positive quantity; and since («i — tta) is not zero, L is always a 
finite positive quantity. That is, in every collision of bodies not perfectly 
elastic there is loss of kinetic energy. If the bodies are without elasticity 
(e = o), the loss = i [(MiMzWiMi + M2)] (wi - ih)^. 

The foregoing is essentially Newton's analysis of impact. Several more 
recent analyses have been made independent of any coefficient of restitution 
but taking into account the vibrations set up in the colliding bodies. On 
accoimt of the difficulties of the problem they include only impact of spheres 
and cylinders end on. Eicplanation of these analyses fall beyond the scope 
of this book.* 

48. Angular Momentum and Impulse 

§ I. Angular MoiiENTUM. — The linear momentmn of a moving particle 
is a vector quantity, as explained in Art. 46; the magnitude of the momentum 
is mv (where m = mass of the particle and v = its velocity), and the direction is 
that of the velocity. We go farther now and assign position to the mo- 
mentum and to the momentum-vector. The position, or position-line, of the 
momentimi of a moving particle is the line through the particle in the direction 
of the velocity. Thus the linear momentum of a particle is a " localized " 
vector quantity, — like a concentrated force, which has magnitude, direc- 
tion and a definite position, or line of action as it is more commonly called. 

We apply the term moment of momentum to a product which is analogous to 
the product which we call moment of a force about a line. Thus the moment 
of momentum of a moving particle about a line (or 
angular momentum as it is also called) is the product 
of the component of the momentum perpendicular 
to the line -^ the other component being parallel 
to it — and the distance from the line to the per- 
pendicular component. (Compare definition of 
moment of a force about a line. Art. 8.) For 
example, let O (Fig. 370) be the position of the 
moving particle at a given instant, OC the direc- 
tion of its velocity, and OABC a parallelogram 
whose sides are parallel and perpendicular to 

the line LL\ an axis of moments. (QQ is a plane perpendicular to LV 
represented to make the figure more plain.) Then according to some scale 
OC represents the momentum fwv, and OA and OB represent components 
of mv perpendicular and parallel to LV respectively. The angular momen- 
tum of the particle about LV is OA X PL, It follows from the definition of 

♦ See Love's Theory of Elasticity, Vol. 2; Nature, Vol. 88, p. 531 (1912) for an instructive 
paper by Prof. Hopkinson, on "The Pressure of a Blow"; also Journal of the Franklin In- 
stitute, VoL 172, p. 22 (iQZi) for an account of some determinations of the tune of impact 
of metal spheres. 
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the teriD., that the angidar momentum of a particle about a line parallel to its 
momentum is zero; and about a line perpendicular to its momentum the 
angular momentum is the product of the momentum and the distance from 
the line to the particle. 

There is another method for computing the angular momentiun of a mov- 
ing particle about a line which is more simple generally than that described 
in the definition of angular momentmn. It is as follows: we resolve the 
momentum into three rectangular components, one of which is parallel to the 
axis of moments — then the other two are perpendicular to the axis — , and 
add the moments of the two perpendicular components about the line; the 
smn equals the angular momentum of the particle. Proof: Imagine the 
momentimi OC (Fig. 370) resolved first into two rectangular components OA 
and OB as before, and then OA into any two rectangular components per- 
pendicular to LL\ These last two are not shown in the figure but their 
relations to OA and the axis LL' are shown in projection on the plane QQ 
in Fig. 371. The moment of the component O'M about LL' is O'M X L'm 
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= O'M X O'L' sin M = O'M sin /i X O'L'. The moment of the component 
O'Nis O'N X L'n = O'N X O'L' ^y = OW sin 7 X O'L'. Hence the sum 
of the moments = (O'M sm m + O'iV sin 7) O'L' --O'A'smaX O'L' = O'A' 
X O'L' sin a = O'A' X L'P' which is the angular momentiun of the part^de 
as defined. 

By angular momentmn of any collection of particles (body) about a line is 
meant the algebraic sum of the angular momentums of the particles about 
that line. In the case of a rigid body rotating about a fixed axis, the angular 
momentum of the body about the axis of rotation can be computed quite 
easily. Thus let Wi, Wj, etc., = the masses of the particles of the body; n, 
fi, etc., = the distances of the particles respectively from the axis of rotation; 
and 0) = the angular velocity of the body. Then the linear velocities of the 
particles are respectively fi«, r^, etc. (Art. 37), and their linear momentums 
are wifiw, nhr^y etc. These momentimis are perpendicular to the axis of 
moments; hence the angular momentums are Wifiwfi, nhr^^t, etc. And since 
these are of the same sign, the angular momentimi of the body is mifi^ + 
m^ri^Q) 4- . . . = caZmr^ = w/, where / = the moment of inertia of the 
body about the axis of rotation (Art. 36). 

A general formula for the angular momentum of a body about a line can be 
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arrived at as follows: Let P (Fig. 372) be one of the particles of the body, 
OX the line about which to compute the angular momentum, and PD = the 
velocity of P. Let OXYZ be a set of fixed coordinate axes; a:, y, and z = the 
(varying) co5rdinates of P; w = mass ol P]v = velocity of P; Vg, Vy, and Vg = 
the axial components of v (represented by PA , PB, and PC respectively). Then 
to some scale, PD represents the momentum mv of the particle, and PA, PB, 
and PC represent the axial components of the momentmn; these equal mv,, 
mVyj and mvg respectively. Hence the angular momentum of P about OZ 
is mVyX — tnvxy, and the angular momentum of the entire body is 

S (mVyX — mvxy). 

We will now ascertain how the angular momentimi of a body about any 
line depends on the forces concerned in the motion. Let P, Fig. 373, be one 
of the particles of a body, OX a fixed line about which 
the angular momentum in taken, R = the resultant of 
all the forces acting on this particle, v = its velocity, 
and a = its acceleration. Further, let the coordinates of 
P at any particular instant under consideration be x, y, 
and z referred to axes one of which is the line OX; Rx, 
Ry, and R, = the axial components of R; v«, Vy, and 
Vm = the axial components of v; a„ ay, and a, = the ^ p 
axial components of a; and T, = the torque of all the 
forces acting on P about the z axis. Then Tg = RyX — R^y (Art. 8); and 
since R, = max and Ry = may (Art. 34), 

Tg = mayX — fwa,y. 

Now imagine one equation like the last written down for each particle of the 
body. The simi of the left-hand members equals the sum of the right-hand 
members of course. To the first siun the internal forces (exerted by the 
particles upon each other) contribute nothing because these internal forces 
occur in pairs, the forces of each being colinear, equal, and opposite, and 
so the moments of such two forces cancel. Therefore, the first sum is also 
the torque of the external forces about the z axis. Thus, we have 

TlTg = 2] (mayX — maxy), (i) 

where Sr, = the torque of all the external forces, acting on the body, about 
the z axis. The second sum, S {mayX — magy), equals the rate at which the 
angular momentum of the body about the z axis is changing. We prove this 
by differentiating the expression for angular momentum about the z axis, 
2 {mVyX — mVxy), with respect to the time; thus 
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Now dvy/di = ay, dx/dt = r*, dvjdt = a,, and dy/di = Vy\ and substitution 
of these equivalents of the four derivatives in the long equation gives 

-j-2 {nvo^ — mvzy) = 2 {mayX — maty), 

which was to be proved. Thus finally we have the important principle that 
the torque of the external forces, acting on any body, about any line equals the rate 
at which the angular momentum of the body about that line is changing, or 

Sr. = dh,/dt, (2) 

where the line in question is called z, and hg — the angular momentiun of the 
body about that line. 

For an example we will apply the foregoing principle to determine the 
torque of the water flowing through the water motor (Barker Mill) repre- 
sented in Fig. 374. Essentially, the motor consists of a horizontal cylinder 
AR, moimted on a vertical pivot C, and an inlet D connected by a water-tight 
sleeve joint to a feed pipe E. . On opposite sides of the cylinder and near its 
ends there are orifices or nozzles through which the water escapes horizontally. 
The water turns the motor in the opposite direction. Let W = the weight of 
water escaping per unit time, v = the velocity of escape relative to the orifices, 
and (0 = the angular velocity of the motor. The amoimt of water which 
escapes in a short interval of time A/ is WAt; and, since the absolute velocity 
of escape = i; — rw (Art. 53), the angular momentum of this water, about the 
axis of rotation is (WAt/g) (v — rco) r. Hence the rate at which the motor 
gives angular momentum to the water is 

■ (W/g) (v - m)r, 

and this equals the torque of the motor on the water; also the torque of the 
water on the motor. 

If the torque — about any line — of the external forces acting on a body 
equals zero, then the rate of change of the angular momentmn of the body 
about that line equals zero; hence, if the torque remains zero for any interval 
of time, then the angular momentum remains constant. This is known as the 
principle of the conservation of angular momentum. It can be well illustrated 
by means of the apparatus on which the man (Fig. 375) is standing. It consists 
of a metal plate A supported on balls in suitable circular races in A and B so 
that A can be rotated about the line C with very little friction resistance; B is 
fixed. Imagine that a man has mounted the plate A and holds a balancing 
pole as shown, all being at rest; then the angular momentum of the man-plate- 
pole system about CC equals zero. Now suppose that the man exerts himself 
in any way, to move the pole about for example, but touches nothing except 
A and the pole. The only external forces acting on the system are gravity, 
reactions of the balls on A , and the air pressure. The first has no torque about 
C; the other two very little and are negligible here. Hence there is no external 



Abt. 4S 341 

torque about C, and the angular momentum of the system about C equals zero 
always. This is strikingly illustrated if the man, without moving his feet on 
the plate, trys to rotate the pole (over his head as shown) about C. In doing 
so, he and A begin to rotate in the opposite direction. If / and /' = the 
moments of inertia of man (and A) and the pole respectively about C, and u 
and u' = their angular velocities at any instant, then the principle requires 
that the angular momentums 7u and lu' shall be equal (and oppo^te). Or, 
imagine the man-plate-pole system b given an angular velocity by external 
means (the man holding the rod as shown, say), and then left to itself. If now 
the man should change the pole into a vertical position before him, he would 
reduce the moment of inertia of the system (about C) very materially; and 
since the angular momentum must remain constant, the angular velocity of the 
system would increase accordingly. 

The grand illustration of the principle of conservation of angular momentum 
is furnished by the solar system. The system moves under the influence of 
no external forces; hence the angular momentum of the system about any line 
remains constant. The angular momentum about a certain line through the 
mass<enteT of the system is greater than that about any other such line. 
The line is known as the invariable axis of the system — a plane perpendicular 
to it as the invariable plane — and " is the nearest approach to an absolutely 
fixed direction yet known." 

Center of Percussion. — Fig. 376 represents a body OC suspended like a 
penduliun; is the center of suspension, and C is the center of gravity or mass- 
center of the body. Let Ji = the reaction of the axle supporting the pendulum, 
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and P = the time average force of a blow applied as shown. In general, R 
would not be vertical during the blow; so let R^ and R^ = the horizontal and 
vertical components of the time-average of R during the blow. The value 
of Rt depends not only on the force of the blow P but also on the arm of the 
blow wiUi respect to the axis of suspension. It will be shown presently that 
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if the arm has a certain value, then Rg equals zero. The point Q in OC (ex- 
tended) and in the line of action of a blow applied as just explained so that 
there is no component axle reaction parallel to the blow, is called the center 
of percussion of the body for the particular axis of suspension. (Q is the 
point that was called center of oscillation in Art. 39.) The distance of the 
center of percussion from the axis of suspension equals 

g = k^/c = c +k /c, 

where k = the radius of gyration of the pendulum about the axis of suspension, 

c = the distance from the center of gravity to that axis, and k = the radius 

of gyration about a line through the mass-center and parallel to the axis of 

suspension. 

To develop the expression for g given above let M = the mass of the body, 

p = the arm of P about the axis of suspension, <a = the angular velocity of the 

body produced by the blow, and At = the duration of the blow. By the end 

of the blow the velocity of C will be cw, and practically horizontal; hence, 

according to Art. 46, 

P-Rs = Maa/Al. 

The only force which has a torque about O during the blow is P; hence 

Pp = Mk^o)/Ai. 

These two equations solved simultaneously for Rg give /?, = P(i — cp/k'); 
therefore, if j^ = k^/c, Rg = o which was to be shown. 

Every American boy has batted a baseball a few times in such a way that 
the bat '^ stung " his hands; and he soon learned that such stinging is a result 
of impact near his hands or quite near the big end of the bat; in fact, quite 
remote from the center of percussion of the bat (with reference to the particular 
axis of rotation about which the bat was being swung at the instant of impact). 
Such a blow also results in rapid vibrations of the material of the bat which 
cause the sting. Large pendulums are used in certain impact testing machines 
for striking a blow. To avoid the impulsive reaction at the suspension and 
vibrations in the pendulum, they are always so arranged that the line of action 
of the blow passes through the center of percussion of the pendulmn. 

§ 2. Angular Impulse. — If the line of action of a force is fixed in posi- 
tion then the angular impulse of that force for any interval about any line is 
the moment of the impulse of the force for the interval about that line. The 
moment of an impulse is computed just like moment of a force (Art. 8) or 
angular momentum; that is, we resolve the impulse into two components, 
one parallel and one perpendicular to the line and then we take the product 
of the perpendicular component and the distance from it to the line. If the 
line of action of the force changes then the angular impulse of the force about 
any line for any interval is the algebraic sum of the angular impulses for all 
the elementary portions of time which comprise the interval. Thus let F^-^ 
the force, f' — f^ the interval, 6 = the angle between the line of action F 
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and the line, and p — the perpendiculsp: distance between the two lines. Then 
the angular impulse is 
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Since F siad • p = the torque of the force about the line in question, the 
angular impulse of the force may also be regarded as the time-integral of the 
torque of the force. Hence, if T = the torque of the force about the line at 
any instant then the angular momentum for the interval equals 
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Now let us integrate equation (2) over any interval /" — /' say; then 

r ET.dl, orS r T,dl, = V - A/ = AA., (3) 

in which h/ and h/^ denote the angular momentimis of the body about the 
z axis at the times /' and /" respectively. Equation (3) can be put into the fol- 
lowing principle of angular imptdse and momentum: The sum of the angular 
impulses of all the external forces acting on a body about any line equals the 
increment in the angiUar momentimi of the body about that line. 

49. Gyrostat 

§ I. General Descriptign. — The words gyroscope and gyrostat are 
generally used s}monymously but sometimes a distinction is made, as follows: 
A gyrostat consists of a wheel and axle, both being synunetrical to the axis of 
the axle, and mounted so that they may be rotated about that axis; a g3n:o- 
scope consists of a gyrostat mpimted in a frame which can be rotated. Fig. 
377 represents a common form of gyroscope; the gyrostat (wheel W and axle 
A A') is supported by a ring R which can be rotated 
about the axis BB^; the axle BB' is supported by the 
forked pillar F which can be rotated about the axis CC\ 
Thus the wheel can be rotated about its center into 
any desired position. The gyroscope seems to have 
been designed for illustrating principles of composition 
of rotations (Art. 54). In 1852 Foucault (French phy- 
sicist) made an interesting appUcation of the instru- 
ment; by its means he practically made visible the 
rotation of the earth. More recently the gyroscope has ^^ 

been made use of in several connections, — to steer a 
torpedo, to serve as a substitute, imaffected by the iron of the ship, for the 
ordinary (magnetic) mariner's compass, to stabilize a mono-rail car, and to 
steady a ship in a rough sea; it has been proposed also to stabilize flying 
machines by means of a gyroscope. 

When its wheel is spinning, a g3n:oscope possesses properties which seem 




244 



Chap. XI 



peculiar to students as yet uninf onned in the matter, inasmuch as it does not 
always respond as expected to efforts made to change its motion or position. 
For example, if a gyroscope like that represented in Fig. 377, well made and 
practically f rictionless at all bearings and pivots, be grasped by the pillar and 
then moved about in any way, the axle of the wheel remains fixed in direction 
in spite of any attempt to alter it. The (gimbal) method of support makes 
it impossible to exert any resultant torque on the gyrostat (by way of the 
pillar) about any line through the center; and hence, as will be proved later, 
the direction of the axle cannot be thus changed. It is this property of per- 
manence of direction of the spin-axis of a gimbal-supported gyrostat which is 
made use of in the self-steering torpedo. 

For another example, consider the effect of a torque applied directly to the 
gyrostat. A vertical force, say, applied at A would turn the gyrostat when 
not spinning about the axis B. But when spinning, that force V would rotate 
the spin-axis about the axis C, the direction of rotation depending upon the 
direction of spin. When the gjnrostat is spinning in the direction indicated 
by the arrow co, then such force V would rotate the spin-axis about C in the 
direction indicated by the arrow ;i. Again, a horizontal force applied at ^4, 
say, would turn the gyrostat when not spinning about the axis C. But when 
spinning, such force L would rotate the spin-axis about bB'\ and in the direc- 
tion indicated by the arrow X if the spin is as indicated. This behavior of a 
spinning gyrostat under the action of torque is exhibited more strikingly by 
a gyroscope represented plainly in Fig. 378. The wheel may be spun on the 

axle A\ the gyrostat and its 
frame may be rotated about 
the axis BB*\ and all may be 
rotated about the axis CC\ 

m 

W is the weight which can be 
clamped on the stem A' to 
balance or unbalance the frame 
with respect to the axis BB\ 
Now imagine W clamped so 
that the frame (with W and 
the gyrostat) is unbalanced. 
Then if the gyrostat is set spinning and the frame be released in the position 
shown, say, the frame will not rotate about BB' but about CC The 
direction of this rotation depends on the direction of spin and on the di- 
rection of the torque of gravity about BB\ If, for example, W is clamped 
quite near BB' so that the torque of gravity is clockwise as seen from B and 
the spin is as indicated, then A rotates toward B. This rotation persists except 
in so far as it is interfered with by friction at the pivots, and air resistance. 
We might recite still other peculiar performances of a gyrostat but the fore- 
going suffice for our purpose. Professor Perry's book on ''Spinning Tops" 
would be found interesting in this connection. 
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Any such rotation of the axis of a spinning gyrostat is called a precessiatkd 
motion or precession of the axis or of the gyrostat; the axis and the gyrostat 
are said to precess. We will call precession normal or oMiqtie according as 
the axis precesses about a line perpendicular or inclined to the axis. It may 
not be clear from the foregoing examples of precession how to predict the 
direction of precession that would result by applying a given torque to a gyro- 
stat with a given spin. The following is a simple rule for predicting; it is 
based on the dynamics of the whole matter as will be seen later: " When forces 
act upon a spinning body tending to cause rotation about any other axis than 
the spinning axis, the spinning axis sets itself in better agreement with the new 
(other) axis of rotation; perfect agreement would mean perfect parallelism, 
the direction of rotation being the same." (From "Spinning Tops".) Or, 
what amoimts to the same thing, the precession is such as to turn the spin- 
vector* toward the couple or torque- vector. 

The following is an incomplete proof of the foregoing rule. Further ex- 
planation is given in the next section and in Art. 56. Fig. 379 represents 
a gjnrostat pivoted at O so that it can be 
rotated freely about that point; we sup- ^ 

pose the center of gravity of the gyrostat 



to be at O. Imagine that the gyrostat is C~T\ ^S^ ^^ { p 

at rest, not spinning, in the position shown, .|d^__t::2aJ^'^^^ \J 



and that a downward force is applied to ^ 
the axle on the left-hand side of and ' ^^^ 

downward. The torque makes the gjnrostat rotate about the axis OB, that is 
the torque produces angular momentiun about that axis. The amount of an- 
gular momentiun produced is proportional to the torque and to the duration of 
its action (see Art. 48). This angular momentum may be represented by a 
vector on OB, the length of the vector representing the amount of the angular 
momentum and the arrow-head pointing so as to agree with the direction of 
rotation, according to the usual convention, that is, forward in this case. Now 
imagine that the axis of the gyrostat is at rest in the position shown but the 
wheel spinning, say, counter-clockwise when viewed from the right. The an- 
gular momentum of the spinning gyrostat about its axisf would be represented 
by a vector on OA pointing in the direction OA; let 01 be that vector. 

* A spin-vector is a vector on the axis of spin, its arrow-head pointing to the place from 
which the spin appears counter-clockwise; or — what amounts to the same thing — the arrow- 
head points in the direction along which the axis would advance if it were a right-hand screw 
turning in a fixed nut. The length of the vector — immaterial in the present connection — > 
represents the angular velocity of spin to some convenient scale. Likewise the couple-vector 
(see Art. 8) is a vector perpendicular to the plane of the couple pointing to the place from which 
the rotation, which the couple tends to produce, would appear counter-clockwise; or — what 
amounts to the same thing — the arrow-head points in the direction along which the vector 
would advance if it were a right-handed screw turned by the couple in a fixed nut. 

t This angular momentum is greater than that for any other line, and hence may be 
regarded as the total or resultant angular momentum of the gyrostat (see Art, 55). 
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Now suppose that the torque abeady described comes into action, and let OJ 
rq)resent the angular momentum which it would produce in a short interval 
of time. This angular momentum added to the original angular momentiun 
gives OR as the resultant angular momentum of the gyrostat at the end of the 
interval. It seems, therefore, that the spin-axis would coincide with OR at 
the end of the interval; indeed, that axis does approach OR, that is the spin- 
axis turns toward the torque-axis as stated in the rule which we undertook 
to prove. 

The approach just mentioned is not a direct one; the gyrostat yields slightly 
to the torque just as though there were no spin; that is the wheel rises (in this 
instance) slightly. This is only the first (small) swing of a rapid oscillation 
of the spin-axis — nutation as it is called — which accompanies the (more 
prominent) precession of the spin-axis toward the torque-axis. The (unavoid- 
able) friction at the pivot rapidly damps this oscillation so that the oscilla- 
tion generally escapes notice. The mentioned rise of the spin-axis may be 
explained as follows: In the approach of that axis toward OR the gjrrostat 
rotates about OC, due to which it acquires angular momentum about OC, 
clockwise when viewed from above; but since there is no torque about OC, 
the gyrostat can acquire no (resultant) angular momentum about that line 
(see Art. 48 on conservation) ; hence the spin-axis rises so that at each instant 
the component along OC of the angular momentimi due to spin just equals the 
angular momentimi due to the rotation about OC, 

There is another item of gyrostat behavior worth noting here. Suppose 
that the gyrostat shown in Fig. 378 to be precessing as already explained. 
If the precession be hurried, say by means of a horizontal push applied at A', 
the center of gravity of the frame (with gyrostat and weight) rises; if the 
precession be retarded, the center of gravity descends. This behavior is in 
accordance with the rule for predicting precession. In the first case we have 
a torque about CC; the torque vector is in the direction 0C'\ the spin-vector 
is in the direction 0A'\ and in accordance with the rule OA' turns toward OC'y 
that is the center of gravity rises. In the second case we have a torque about 
CC but the torque- vector is OC] and the spin-vector OA' turns toward that 
vector, that is the center of gravity descends. Thus we may state as another 
rule: Hurry a precession, the gyrostat rises or opposes the torque which causes 
the precession; retard a precession, the gyrostat falls, or yields to the torque 
which causes the precession. 

Sdf'Steering Torpedo, — The g3rroscope of such a torpedo is linked to appro- 
priate valves of a compressed air engine in such a way that any turning of 
the spin-axis toward either side of the torpedo causes the engine to turn the 
(vertical) rudder of the torpedo in the opposite direction. Prior to projection 
of a torpedo, the gimbals are locked so as to hold the spin-axis of the gyrostat 
parallel (or inclined at any desired angle) to the axis of the torpedo. During 
the discharge of the torpedo, the gyrostat is automatically set spinning and 
the gimbals are unlocked. During the flight, the spin-axis continues to point 
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in its original direction; any deviation of the torpedo from its intended course 
changes the inclination of the spin-axis relative. to the torpedo; simultaneously 
the gyroscope actuates the rudder as explained, and the torpedo is deflected 
back toward its proper direction. Like a common pendulum swinging to its 
lowest position, the torpedo swings beyond a mean direction, and is then swxmg 
back again by the rudder. And this oscillation is kept up during the flight so 
that the actual path of the torpedo is a zigzag, about two feet wide. A gyro- 
stat (wheel and axle) weighing 2 poimds and rotating at 2500 revolutions per 
minute has been made to serve the purpose just described. 

Gyrocompass, — For our purpose we may regard a gyro-compass as con- 
sisting essentially of a g3rrosiat (wheel and axle), the axle supported in a ring 
or case, and the ring suspended from above. See i4. Fig. 380. Such a com- 
pass, when the gyrostat is spinning, sets its spin-axis into the plane of the 
meridian at the place where the compass happens ^^^ 

to be. Iinagine such a compass to be set up at the 
equator with its spin-axis pointing east and west, and 
suppose that the direction of spin is coimter-dockwise 
when viewed from the west. The rotating earth 
carries the gyrostat eastward; the spin-axis would 
remain parallel to its original position if the gyrostat 
were supported in frictionless gimbals, and would in 
time be positioned as shown at B, Now consider the g3n:ostat as shown at 
JJ, supported not in gimbals but suspended from above as in the gyro- 
compass. The supporting' force (above) and the force of gravity would have 
a torque coimter-clockwise as viewed from the north; thus the torque vector 
would point toward the reader. The spin-vector points to the right; hence 
the torque would turn the end of the spin-axis marked n from the west 
toward the north. 

Of course the action is not precisely as outlined above, that is the spin-axis 
does not remain parallel to its original position for a time and then yield to 
the influence of the torque mentioned. The action is really continuous; the 
slightest rotation of the compass with the earth from the position A induces 
the gravity torque, and the spin-axis begins to turn toward the meridian as 
described. 

Though the restraint of the support (fine wire in the Sperry and mercury 
float in the AnschUtz compass) is very small, the gravity torque is so small 
that the turning of the spin-axis into the meridian is very slow. Like a 
magnetic compass the gyro-compass swings beyond the meridian from a 
deflected position and oscillates for a time. In the AnschUtz type the period 
of a free oscillation is about i hour and 20 minutes. Special damping ar- 
rangements reduce the osdUations to zero (from a deflected position of 40 
degrees) in about one and one-half hours. The spin is maintained electrically, 
at about 20,000 revolutions per minute. 

Mofw-rail Car. — A car on a single rail can be rendered stable even if the 
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center of gravity of the car is above the rail by means of a suitable gyroscope 
apparatus. Fig. 381 represents the germ of one type of such apparatus. 
A A' is the spin-axis, L is a lever rigidly fastened to the axle BB' by means of 
which the gyrostat can be made to precess about BB\ Imagine the car to be 
standing or travelling in an upright position, the gyrostat spinning, and a man 
standing on the car so that he may grasp and operate the lever. Now suppose 
that the car is tilted, as by a wind against either side. The car exerts tilting 
forces on the gyrostat axle at B and B', the torque-vector of which is parallel 




Fig. 381 



Fig. 382 



to the rail; hence (see the stated rule) the spin-axis begins to set itself parallel 
to the rail, that is it precesses about BB\ The axle BB' exerts (righting) 
reactions on the car but if the man will hurry the precession, the (heavy, 
rapidly spinning) gyrostat will rise against the tilting forces and carry the car 
back with it toward the vertical position. It is conceivable that a skillful 
operator could put the car back into its vertical position in one swing, but in 
general he would swing the car beyond the vertical, then back again and after 
a few oscillations, into its vertical position. 

G3T0-stabilizers as now built automatically perform the function of the man 
of the preceding explanation, and they include two gyrostats, spinning in 
opposite directions, to enable the car to run on a curve. The g3n'ostat wheels 
of a certain Brennan mono-rail car (40 feet long and weighing 22 tons) are 3I 
feet in diameter; each weighs J tons, and spins at 3000 revolutions per minute 
(in a vacuum to avoid air friction). Such a car has taken curves of 105 feet 
radius at a speed of 7 miles per hour without appreciable disturbance of the 
level of the car floor. The spin is maintained by electric means; in fact each 
g3n*o-wheel is made the armature of a motor and this is driven by a generator 
on the car. 

Schlick Gyro-stabilizer for Reducing the Rotting of a Ship, — This is repre- 
sented in Fig. 382. The gyrostat is moimted in a rigid frame F which is sup- 
ported in bearings B and 5' fixed on the ship. Thus the wheel can be spun 
about AA' and the axle AA' can precess about BB\ P is a brake pulley by 
means of which this precession can be controlled. Explanation of the steady- 
ing action of this device is beyond the scope of this article. Such a stabilizer 
has been tried out in a ship no feet long, 12 feet wide and of 58 tons displace- 
ment. The gyro-wheel weighed iioo poimds, was i meter in diameter, ajid 



Art. 49 249 

was spun at 1600 revolutions per minute. In still water the ship would settle 
down from a heel of 20 degrees to one of J degree in about 20 single oscillations; 
the period was about 45 seconds. The stabilizer produced the same extinction 
in less than three oscillations of 6 seconds period. (See London Engineering, 
Vol. 83, p. 448 (1907)). 

§2. Rate of Normal Precession; Determination of Forces. — In 
the preceding section, we discussed the effect of a torque on a spinning gyro- 
stat in a qualitative way; we will now discuss the matter quantitatively. 
Let / = the moment of inertia of the gyrostat about the axis of spin and 
ia = the angular velocity of spin; then /w = the angular momentum of the 
gyrostat about that axis (Art. 48). If T = the applied torque, the angular 
momentiun produced by it in the element of time dt is T di, and the angular 
approach of the spin-axis toward the torque-axis in that time is lOR (Fig. 
379) = tan"^ (T dl/I(a) = T di/Iu), The rate at which this angle is described, 
that is the angular velocity of precession — generally denoted by O — is 

O = (JOR)fdt = r//w. 

If the torque is applied so that its vector is always perpendicular to the axis 
of spin OA, then there is no torque about OA and hence w is constant; if also 
the magnitude of the torque is constant, theji it follows from the preceding 
fonnula that O is constant. That is, in the case assumed, the velocities of 
spin and precession are constant. The case is quite analogous to that of a 
moving particle subjected to a constant force whose Une of action is always 
perpendicular to the direction of motion and in a given plane. Such a force 
does not change the magnitude of the velocity but continually changes the 
direction of it; indeed, the particle describes a circle with constant speed 
(Art. 34). Let P (Fig. 383) be the particle, m = its mass, v — its velocity, 
F = the f orce, PQ be the path and r = the radius of the 
drcle. The linear momentum = mv; the angle POQ 
through which the vector mv is turned in any time / is 
vt/r. Since r = tm^/F (see Art. 34), the angle = tF/mv. 
Hence the rate at which F turns the linear momentum 
vector is F/mv, a result strictly analogous with T/Jw, the ^j ,..--'''' 
rate at which the torque T turns the angular momentum ., 

vector Zw. The result can be arrived at, independently 
of Art. 34, in a way to bring out the analogy still more. We may regard F 
constant in direction for an element of time dt. During that time it produces 
an amount of momentiun, in its own direction PO, equal to F dt. Let PJ 
represent this momentum and PI the initial momentum mv. At the end of 
the interval the (resultant) momentum is represented by PR. Hence the 
change in the direction of the momentum is I PR = (F dt) -r- (mv), and the 
rate at which the change Occurs is the change divided by dt, that is F/mv. 

The Farces Acting on a Gyrostat Precessing Normally at Constant Speed. — 
We wiU now determine certain conditions which the forces in such a case 
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always fulfill. Inddentally, we give an alternative derivation of the formida 
J2 = r//ci). We take the gyrostat represented by two projections in Fig. 384. 
AN is the axis of spin, the perpendicular to the paper at O is the axis of pre- 
cession, and Q is the mass-center of the gyrostat. The assumed directions of 
spin and precession are indicated by the curved arrows co and Q^ respectively. 





Fig. 384 



For the investigation we shall use two sets of coordinate axes, one fixed and 
one moving. The fixed set is OX, OY^ and OZ^ the latter not shown; OZ is 
taken coincident with the precession-axis, and OX and OY in the plane in 
which the spin-axis moves. The moving set consists of NA^ NB, and NC; 
NA is the spin-axis (as already stated), NB is the common perpendicular to 
the axes of spin and precession, and NC is perpendicular to NA and NB. 
Let /' = the moment of inertia of the gyrostat about the axis NCy e = the 
distance (ON) between the axes of spin and precession, <t> = the (varying) 
angle which the spin-axis makes with OX, P be any particle of the gjnrostat, 
w = its mass, r = its distance from the axis of spin, 6 = the (changing) angle 
BNPy a, by and c = the coordinates of P with respect to the moving axes, and 
X, y, and 2 = its coordinates with respect to the fixed axes. 

It follows from the trigonometric relations in the figure that 

X = acos0— (J-l-e)sin0 = acos^ — rcos^sin^ — c sin 0, 
y = asin (j) + (b -\- e) cos =<x sin ^ + r cos <t> cos 6 + e cos ^, 
and z = c = f sin ^. 

Differentiating these expressions with respect to time (and noting that a, r, 
and e are constants, and that dd/dt = w and d<l}/di = Q), we get the following 
values of the x, y, and z components of the velocity of P: 

Vg = {aa — afl) sin — (6 -j- e) Q cos ^, 
Vy = (al2 -- Oj)) cos^ — (6 + c)i2sin^, 
and Va = b(t). 

The angular momentiuns of P about the axes OX, OY, and OZ respectively 
are (see Art. 48) 

fn{vgy — Vyz)y m{^^ — v^x), and m{vyX — r,y). 
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If we substitute in these expressions for r„ Vy, and », their values as just de- 
duced, then sxun up for all the particles of the gyrostat, we arrive at the follow- 
ing simple expressions for the angular momentums of the gyrostat about the 
X, y, and z axes respectively:* 

Ax = /w COS0, Ay = 7w sin0, and A, = 7'Q. 

Differentiating these expressions for A», Ay, and A„ with respect to time (and 
remembering that co and Q are assimied to be constant), we find that the rates 
at which the angular momentums change are 

dhg/di = — /«Q sin ^, dhy/dt — /wQ cos ^, and rfA,/A = o. 

Now consider the instant, or position of the gyrostat, when the spin-axis NA 
is parallel to the x axi& Then = o, and the rates respectively equal o, 
/a>0, and o; these respectively are also the torques (r,, Ty, and T,) of the ex- 
ternal forces about the x, y, and z axes, when = o (Art. 48); that is 

Tz = 0, Ty = /wi2, and T^ = o. 

By means of these results and the following paragraph, it is shown in § 3 
that 

r. = 0, rp = o, and r = /«Q, (i) 

where TV, Tp, and T denote the torques of all the external forces about the 
axis of spin, the axis of precession, and their common perpendicular. 

For further information, we will now resort to the principle of the motion 
of the mass-center (Art. 34, page 159). The mass-center describes a circle 
at constant speed; hence the acceleration of that point is always directed 
from the mass-center to the center of the circle, and its value is r Q* where r 
denotes radius of the circle. Now let M ^ mass of the gyrostat, Rr, Rp, and 
Sz = the sums of the components of all the external forces along the radius, 
the precession axis, and the perpendicular to these two lines; then according 
to the principle named above 

Rr = Mr^y Rp = o, and iJg = o. (2) 

The six equations in (i) and (2) are the certain conditions referred to at the 
bottom of page 249; they are applied in the following 

Examples. — (i) Fig. 385 represents a side and end view of the armature 
of the motor of an electric locomotive. The armature shaft is parallel to the 
ties of the track. We will discuss the forces acting on the armature when the 
locomotive is rounding a curve. Inasmuch as we are not now concerned with 
the driving of the locomotive by this motor we will assume that the armature 
is spinning but xmder no load, the locomotive being driven around the auve 
by another locomotive. And for simplicity, we assume that there is no eleva- 
tion of the outer rail, so that the.precession of the armature is normal; that is, 

^ In redudng the summations, the student should note that 

Sm(6* + c*) = 7, 2m(fl« + 6») = /', and 
Xmbc » Zmca » limab " Zmb » Xmc » a 
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we take the angle between the axis of spin and the (vertical) precession-axis 
to be 90 degrees. We take the weight of the armature = 8000 pounds, its 
radius of gyration = 15 inches, its speed = 750 revolutions per minute, 




Fig. 38s 
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Fig. 386 



distance between centers of bearings = 4 feet, the radius of the curve = 2000 

feet, and the speed of the car = 30 miles per hour (= 44 feet per second). 

Then 

/ = (8000/32.2) (15/12)* = 388 slug-feet,2 
w = 750 X 2t/6o = 78.54 radians per second, 

and Q = 44/2000 = 0.022 radians per second. 

The forces acting on the armature are gravity and the reactions P and Q of the 
bearings on the armature shaft. We neglect axle friction and imagine each 
reaction resolved into three components, vertical, parallel to the armature 
shaft, and parallel to the rails. We distinguish these components by the sub- 
scripts I, 2, and 3, respectively (see the figure). If the center of the curve 
is on the right, then evidently the armature presses outward against the 
bearing P and hence Q2 = o. Since the sum of the component forces 
along the rails = o, Ps and Q$ must be equal and opposite, or else equal zero. 
Since the torque about the axis of precession must = o, Pz and Qz = o. 
According to equation (2), 

Pt = (8000/32.2) (44V2000) = 240 pounds. 

The torque of all the forces acting on the gyrostat about the common per- 
pendicular to the spin and precession axes equals 

/a)12 = 388 X 78.54 X 0.022 = 670 foot-pounds. 

If the direction of spin is the same as the direction of rotation of the car wheels, 
then the torque is clockwise seen from the rear; hence 

Pi(2ooo + 2) -f- Qi(2ooo — 2) — 8000 X 2000 = 670. 

We have also Pi + Qi = 8000; hence, solving these two equations simul- 
taneously, we find 



„ 8000 670 
l^i = — - — I — — 



4168, and Qi = — = 3832* pounds. 

2 4 
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If the armature were not spinning (« = o), or the car were running on a straight 
track (Q = o) then I<M would equal zero, and hence the reactions Pi and Qi 
would equal 4000 pounds. Thus the effect of the spin and precession is to 
increase one reaction and decrease the other by 670 -r- 4 = 168 poimds. This 
increase and decrease are called the gyrostatic couple or gjnrostatic effect. 
The force P% does not depend on the spin of the armatiure, only on the radius 
of the curve and the velocity of the car. It is often described as the centrif- 
ugal effect. 

(2) Fig. 386 represents a pair of car wheels which we assiune to be roimding 
a curve. We will determine the forces acting on them. We assume that the 
wheels are "coned" so that there is true rolling; even if there were sUpping — 
because of the excess length of the outer over the inner rail — our results would 
be practically correct. We neglect the tilt of the track and so regard the 
precession as normal. Let W = the weight of the wheels (including their 
axle), M = their mass, k = the radius of gyTa,tion of wheels, r = their radius, 
V. = velocity of the center of gravity, R = the radius of the curve, and / = 
gage of the track. Further let P and Q = the vertical components of the 
pressure of the outer and inner rails on the wheels; H = the transverse com- 
ponent of the pressure of the outer rail. Besides these there are components 
along the rails with which we are not concerned. According to the last of 
equations (i), 

and according to the first two of equations (2) 

H = MV^/R and P + = PT. 

Solving these three simultaneously for P and Q we get 

^ 2 Rf Rrf 

The first terms in these two expressions are due to gravity. The second 
terms are due to centrifugal action; they have the same values as if the wheels 
were skidding, that is, they do not depend on the spin of the wheels. The 
third terms are due to gyrostatic action; the components of P and Q which 
they stand for constitute the so-called gyrostatic couple. 

§ 3. Gyrostatic Reaction. — In general, any system of forces can be 
compoimded into a single force acting through any desired point and a couple 
(Art. 9). Let us imagine all the forces acting on a gyrostat which is precess- 
ing normally, to be compounded into a force acting through the mass-center 
of the gyrostat and a couple. Let these be denoted by F and C respectively; 
also let N and n respectively == the number of precessional and spinning 
revolutions per imit time, W = the weight of the gyrostat, and * = its 
radius of gyration about the axis of spin. 
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It follows from equations (2), that F is directed from the mass-center Q to O 
(Fig. 384) and 

F = Mf^ = {W/g) r4ir^N^. (3) 

When = 0, the torques of F and C together, about the x, y, and z axes, 
must equal o, /coQ, and o respectively. But F has no torques about these 
axes; hence C has no torques about the x and z axes, and its torque about the 
y axis equals Iu)Q, Therefore the plane of the couple C is normal to the per- 
pendicular to the spin and precession axes, and 

C = /«12 = (W/g) V^i^N. (4) 

The sense of the couple may be described as follows: Imagine a vector laid 
off on the axis of spin to represent the direction of the spin; then the vector 
representing the couple at any instant is parallel to the position which the 
spin-vector will occupy at the end of a quarter of the precession period (time 
required for one tiun about the axis of precession). See Fig. 384; NA is 
the spin-vector and NB is the couple-vector. 

From the stated facts in regard to F and C, it should be plain that equa- 
tions (i) are correct. 

The gyrostat exerts reactions on the bodies which exert forces upon it equal 
and opposite to those forces respectively. Hence those reactions are equiva- 
lent to —F and — C, where — F and — C denote a force and a couple respec- 
tively equal and opposite to F and C. Now F is independent of the spin (see 
equation i) but C depends on it. Hence — C is called the gyrostatic (part of 
the) reaction. "" 

In the examples of the preceding section we determined the forces acting on 
certain gyrostats, and it is easy to pick out the gyrostatic reactions. Thus, 
in example (i) the armature shaft exerts downward forces of 4168 and 3832 
pounds on its left- and right-hand bearings as seen from the rear. As already 
pointed out each of these pressiu-es is the resultant of two components, thus 

4000 + 168 and 4000 — 168; 

the second components are the gyrostat reaction, that is the couple denoted 
by — C. In example (2) the car wheels exert downward pressures equal to 
P and Q. The third components of these reactions constitute the gyrostatic 
reaction of the wheels. 

A side (paddle) wheel steam boat sustains gyrostatic reactions in certain 
circumstances. When such a boat is turning, the (pair of) paddle wheels and 
shaft exert a gyrostatic couple on the boat which makes the boat heel. When 
the boat is, say, travelling forward and turning to starboard, the couple heels the 
boat to port. Likewise a screw-propelled ship sustains a gjrrostatic couple 
when she is turning; it is due to the precession of the screw and shaft (and 
turbine too if so equipped). The couple depresses the bow or stem depending 
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on the direction of turning of the ship and sense of rotation of the screw. It 
has been suggested that the gyrostatic reactions to which (comparatively frail) 
torpedo-boat destroyers are subject may over-tax their strength. The fact 
is, these reactions are quite insignificant compared to other straining actions 
which such boats withstand (see J. and J. G. Gray's "Treatise on Dynamics/' 
page 531). 

A flying machine is subjected to a gyrostatic reaction of its propeller, shaft 
and engine when turning or when describing any curved path. When turning, 
the reaction tends to raise or depress the front of the machine, depending on the 
circumstances. Propellers being right-hand screws (turning clockwise when 
viewed from the rear), the front is raised (imless prevented by the air man) 
when he turns to the left. When he makes a dive the couple tends to advance 
the side of the machine on the right-hand side of the air man. The flight of 
a machine fitted with two screws which rotate in opposite directions is not thus 
interfered with by g3n:ostatic reactions. Each propeller exerts a couple on 
the machine but the two couples are always opposite. It has been suggested 
that gyrostatic reactions of propellers and motors may have been the cause 
of some flying-machine accidents. However, a well-built machine can safely 
withstand such reactions even imder conditions of legitimate quick diving 
and turning. Thus, for a dive or turn at the rate of one revolution in 20 
seconds, it has been ascertained* that a loo-horse-power Gnome motor — speed 
not stated, but probably about 1200 revolutions per minute — exerts a gjrro- 
static couple of 140 foot-pounds; and the (suitable) propeller, a couple of 
184 foot-pounds. The forces involved in the couples come upon the flying 
machine at the supports of the engine and the propeller shaft, f 

* M. O'Gorman in The Aeronautical Journal for April, 1913. 

t For a full discussion of the subject of this article, consult Crabtree's Spinning Tops anc 
Gyroscopic Motion. 



CHAPTER Xn 

TWO DIMENSIONAL (PLANE) MOTION 

SO. Kinematics of Plane Motion 



§ I. Plane motion is a motion in which every point of the moving body 
remains at a constant distance from a fixed plane. Each point of the body 
moves in a plane; that is, its motion is imiplanar. By plane of the motion is 
meant the plane in which the mass-center of the body moves. The wheels of 
a locomotive nmning on a straight track have plane motion; also a book which 
is slid about in any way on the top of a table. A translation (Art. 35) may or 
may not be a plane motion; a rotation about a fixed axis (Art. 37) is always a 
plane motion. 

In a pUme motion all points of the moving body which lie on a perpendic- 
ular to the plane of the motion move alike, and the motion of the projection 
of this line on the plane of the motion correctiy represents the motion of all 
the points. So also the motion of the projection of the moving body upon 
the plane of the motion correctly represents the motion of the body itself. 
Thus we have a plane figure (the projection just mentioned) moving in a 
plane representing a plane motion of a body; and since the motion of the plane 
figure is imiplanar, the motion of the body is called imiplanar. Hereafter, 
we will sometimes refer to the projection of the body as the body itself. 

By angular displacement of a body whose motion is plane is meant (as in 
rotation) the angle described by any line of the body which is in the plane of 
the motion. Obviously all such lines describe equal angles in the same in- 
terval of time. As in rotations also, displacements are 
regarded as positive or negative according as they are due 
to counter-clockwise or clockwise tiuning of the body. Let 
the irregular outline (Fig. 387) represent the projection of 
the moving body on the plane of the motion, AB a fixed 
line of the projection, and OX a fixed reference line; also 
let B denote the angle XOA, it being regarded as positive or negative ac- 
cording as OX, when turned about toward AB, turns coimter-dockwise or 
clockwise. If di and 6^ denote initial and final values of corresponding to 
any motion of the body, then the angular displacement = fe — ^i = A ^. 

If a body has a plane motion, its angular velocity is the time-rate at which 
its angular displacement occurs, and its angular aUeleraiion is the time-rate at 
which its angular velocity changes. These definitions are precisely similar to 

those of the angular velocity and acceleration of a rotation about a fixed axis 
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(Art. 37); hence the expressions, units, and rules of signs given in that article 
hold also for any plane motion. The expressions are 

w = dB/dt and a = d<a/dt = d^/dt\ 

(a and a denoting angular velocity and acceleration of the moving body re- 
spectively. 

§ 2. Any uniplanar displacement of a body can be accomplished by means 
of a translation of the body followed by a rotation, or vice versa. Thus let 
AiBiCi (Fig. 388) be one position of a body ABC, and A^B^t a subsequent 
position. By means of a translation the body can be displaced so that one 
of its points is put into its final position; thus a translation to AJ>'c' puts A 



Bi ^. 




Fig. 388 

into its final position. Then a rotation of the body about A^ puts the body 
into its final position. Or, by means of a rotation we can put the body into 
an intermediate position A^"d' so that each line in it will be parallel to its 
final position (in A^^^\ and then the body may be put into its final position 
by a translation. Obviously, the translation and rotation might be performed 
simultaneously. 

The point (or axis) of the body about which we imagine the rotation to 
occur is called a base point (or base axis). Fig. 388 also represents a displace- 
ment from AiBiCi to AzB^2, accomplished with B as base point. A trans- 
lation puts the body into the position 5ia'"C", and a suitable rotation about 
B2 puts it into the final position BiA^t, It is dear that the amoimt of the 
translation component depends on the base point; thus A1A2 is the transla- 
tion for A as base point, while B1B2 is the translation for B as base point. 
But the amoimt of the rotation component does not depend on the base 
point; thus the rotation is the angle VA2P2 for A as base point, and it equals 
the angle a"'BtA2 which is the rotation for B as base point. 

The successive small displacements of ABC from AiBiCi to A'B'C, A"B"C"y 
etc., to A%B^2 (Fig. 389) already mentioned (and which altogether approxi- 
mate to a continuous motion of ABC in which all points of the body move along 
smooth curves), can each be made by a small simultaneous translation and 
rotation. And if we take some one point as base point for all these small dis- 
placements then we may regard the motion as a continuous combined or 
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simultaneous translation and rotation, the translation being like the motion 
of the base point and the rotation being about that point. In accordahce 
with this view, the velocity of any point of the moving body at any particular 
instant consists of two components, one corresponding to the translation and 
one to the rotation. Thus let A (Fig. 390) be the chosen base point, 1/ = the 
velocity of A for the position of the body shown, and <a = the angular velocity 




aY^a' 




Fig. 389 




of the body at the instant under consideration. Then the first component of 
the velocity of any point P equals v' and is directed like v'; the second compo- 
nent equals f« (r = AF) and is directed at right, angles to AP, the sense 
depending on the sense of w (clockwise or counter-clockwise) . Also the accelera- 
tion of any point consists of two components, one corresponding to the trans- 
lation component of the motion and one to the rotation. Thus let a' be the 
acceleration of the base point, and a = the angular acceleration of the body. 
Then the first component of the acceleration of any point Q equals a' and is 
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directed like a'; the second component we describe by means of two com- 
ponents, as in a rotation about a fixed axis (see Art. 37), one of which (the 
normal component) is directed along QA and the other (the tangential com- 
ponent) is at right angles to QA, The normal component equals rco* (r = ^40 
and is always directed from Q to ^, toward the base point or center of the 
rotational component; the tangential component equals ra, and obviously 
its sense depends on the sense of the angular acceleration. 

For a numerical example let us consider the motion of the bar AB (Fig. 391) 
the ends of which slide along the lines OA and OB, Let the length of the bar »= 
6 feet, and the velocity and acceleration of ^4 = 6 feet per second and 2 teee 
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per second per second respectively (both toward the right) when ^ = 30 
degrees. Required the velocity and acceleration of P, 4 feet from A. It is 
plain from the figure that 6 cos 9 = x\ hence, 



— 6 sin ^ dB/dt = dx/dt, or — 6 sin d-w = r, 



(i) 



where o) = the angular velocity of the bar and v = velocity of A at any 
instant. Differentiating the last equation with respect to time we get 



— 6 (o) cos e^/dt + sin B*d(a/dt) = dv/di^ or 

— 6 (w* cos ^ + a sin ^) = a. 



(2) 



where a » the angular acceleration of the bar and a = the acceleration of A 
at any instant. Now when 6 = 30°, (i) gives w = — 2 radians per second, and 
(2) gives a = — 7.6 radians per second per second. The negative signs mean 
that 0) and a are counter-clockwise, clockwise having been taken as positive for 
6. Finally, the velocity components of P are r = 6, and 4 X « = — 8 feet per 
second as shown in Fig. 392; the acceleration components of P are a = 2, 
4 X a = — 30.4, and 4 X w* = 16 feet per second per second as shown in 

Fig. 393- 

§ 3. Any uniplanar displacement of a body can be accomplished by means 
of a single rotation. Thus consider the displacement of ABC from the position 
A iBiCi to A%B^2 (Fig. 394) . The point A can be brought from i4 1 to i4s by means 
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Fig. 396 



of a rotation of AB about any point on the perpendicular bisector aO (of AiAt) ; 
and B can be brought from Bi to B^ by means of a single rotation of ^4^ about 
any point on the perpendicular bisector bO (of BA). If the intersection of 
the bisectors is taken for the center of rotation of both A and B, then the 
amoimts of the rotations (angles AiOAi and B1OB2) are equal; hence, the line 
AB (and body ABC) can be displaced from one position to any other (imi- 
planar displacement) by means of a single rotation as stated. 

In case the* two bisectors coincide (Fig. 395), then the angles Bi and Bt are 
equal and hence the lines AiBi and AtBt extended intersect on the bisector ab 
extended; this extension is the center of rotation C which would displace AB 
from AiBi to AiBf, In case the bisectors are parallel (Fig. 396) the center of 
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rotation is " at infinity," and the displacement is a translation; thus a uniplanar 
translation may be regarded as a rotation about a center at infinity. 

The actual continuous motion of AB from one position AiBi to an- 
other ^^Ba (in which A and B describe smooth curves) can be closely duplicated 
by a succession of rotations of AB from AiBi (Fig. 389) into successive inter- 
mediate positions A'B\ A"B'\ etc., until A^^ is reached. Each small rota- 
tion is made about a definite center O', 0", etc. (not shown). The closer these 
intermediate positions are taken (and the more numerous and doser the centers 
of rotation (7, 0", etc.) the more nearly do the successive rotations reproduce 
the actual continuous motion. "In the limit," the actual motion is repro- 
duced by the rotations, the centers of rotation forming a continuous line. 
Thus we may regard ,any imiplanar motion of a body as consisting of a con- 
tinuous rotation about a center which, in general, is continuously moving. 
The position of the center O about which the moving body is rotating at any 
instant is called the instantaneous center of the motion for the particular instant 
or position (of the body) Under consideration, and the line through that center 
and perpendicular to the plane of the motion is called the instantaneous axis 
of the motion for that instant. 

In general, the instantaneous center moves about in the body and in space. 
Its path in the body is called body centrode; its path in space the space cen- 
trode. Thus, in the case of a wheel rolling on a plane, the instantaneous center 
at any instant is the point of contact between the wheel and plane; the 
successive instantaneous centers on the wheel trace or mark out the circum- 
ference and this line is the body centrode; the successive instantaneous centers 
in space trace or mark out the track and this line is the space centrode. It 
can be shown that any plane motion may be regarded as a rolling of the body 
centrode on the space centrode. 

Now in a rotation about a fixed axis the velocities of all points of the body 
are proportional to the distances of the points from the axis of rotation, and 
the velocities are respectively normal to the perpendiculars from the points 
to the axis (Art. 37); the velocity of any particular point is given by «; = ro, 
where v = the velocity of the point, r = the distance of the point from the 
axis, and « = the angular velocity of the body. So too, in the case of a uni- 
planar motion, the velocities of all points of the body at any particular instant 
are proportional to the distances of the points from the instantaneous axis 
(corresponding to that instant); the velocities are respectively normal to the 
perpendiculars from the points to the instantaneous axis; and the velocity v 
of any particular point is given by «; = rw, where r = the distance from the 
point to the axis and w = the angular velocity of the body. 

By means of the foregoing velocity relations, we can locate the instantaneous 
center for any given position of the moving body if the directions of the veloci- 
ties of two of its points are given; and then if the value of one velocity is given 
we can compute the angular velocity of the body and the velocity of any other 
point. For an example we will consider the connecting rod of an engine {BC. 
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Fig. 397), in the position shown, the speed being 100 revolutions per minute. 
Since the velocity of the point B of the rod is along the tangent to the crank- 
pin circle at B, the instantaneous center of the 
connecting rod is on the normal to the tangent 
at B, that is on ^^ or its extension; and since 
the velocity of the point C of the rod is along 
ACy the instantaneous center is on the normal 
to AC. Hence the instantaneous center is at the 
intersection 0. Now velocity of ^ = 2 t X AB 
(to scale) X 100 = 2000 feet per minute; hence, the angular velocity of the 
rod = 2000 -7- OB (to scale) = 185 radians per minute. The velocity of 
C = OC (to scale) X 185 = mo feet per minute. 

51. Kinetics of Plane Motion 

§ I. General Principles. — From the principle of the motion of the 
mass-center (Art. 34) we may write at once 

2F, = Jfa„ JlFy^Ma^y and SF. = o; (i) 

where SF„ 2Fy, and 2F, = the algebraic gimis of the components of the ex- 
ternal forces acting on the body along three rectangular lines, the third one 
being at right angles to the plane of the motion, 5, and Oy respectively = the 
X and y components of the acceleration of the mass-center, and M = the mass 
of the body. In addition to the above, we have another simple relation 
(established later), 

r = 7a = Mk^a (2) 

where T denotes the torque of all the external forces about the line through 

the mass-center and perpendicular to the plane of the motion, I — the moment 

of inertia of the body about the line just mentioned, k — the radius of 
g3nration of the body about that line, and a — the angular acceleration of the 
moving body. Systematic units (Art. 31) must be used in equations (i) 
and (2). But we may substitute W/g for M (where W = the weight of the 
body and g = the acceleration due to gravity) and then use any convenient 
units for force (and weight), length, and time. 

To derive equation (2), let Fig. 398 represent the moving body, C be the 
mass-center, a == the acceleration of C, « and a = the angular velocity and 
acceleration respectively of the body. Further, let Pi, Pj, etc., be particles of 
the body; f»i, mi, etc., = their masses; fi, f2, etc., = their distances from the 
line through C and perpendicular to the plane of the motion; and Ri, St^ 
etc., = the resultants respectively of all the forces acting on Pi, Pj, etc. We 
will regard the motion as consisting of a translation like the motion of C and a 
rotation about the " base axis " through C. Then the acceleration of Pi can 
be regarded as consisting of three components, a, fia, and riun* as indicated; 
likewise the acceleration of P3 can be regarded as consisting of three com- 
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ponents, a, fia, fiw*; etc. Therefore, the resultant Ri consists of three com- 
ponents miif tnifia, and mirico^ directed like the corresponding accelerations; 
similarly, the resultant Rt consists of three components nw, mjr^, and m^^ 
directed like the corrfesponding accelerations; etc. Now the torque of all the 
forces acting on F\ = the torque of the (three) components of R\\ similarly, 
the torque of all the forces acting on Pj = the torque of the (three) com- 
ponents of R%\ etc. Hence, the torque of all the forces acting on all the 
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Fig. 399 

particles (external and internal forces acting on the body) = the torque of 
the components (as w5, mra^ and wrw*) of all the resultants jRi, jRa, etc. Since 
the internal forces occur in pairs of equal, opposite, and collnear forces, they 
contribute nothing collectively to the first torque just mentioned. It is plain 
from the figure that the normal components Wifiw^, n^r^^, etc., have no 
torque about the (base) axis. Since the resvdtant of the components Wifl, 
wjo, etc., passes through the mass-center (Art. 35), they have no torque about 
the axis. The torque of the remaining set of components is 



mif lofi + m^totr^ + 



= aZmr^ = al 



(see Art. 36). Hence, we have T = la, or equation (2). 

Three Special Cases. — (i) When the velocity of the mass-center is con- 
stant in amount and direction (a = o), the torque of the external forces about 
any line perpendicular to the plane of the motion equals la. (ii) When the 
angular velocity is constant (a = o), the torque of the external forces about a 
line through the mass-center and perpendicular to the plane of the' motion 
equals zero. (Hi) When a and a = o, the torque of the external forces about 
any line perpendicular to the plane of the motion equals zero. 

Examples. — i. Required the value of F for starting a wheel (Fig. 399a) 
or stopping it (Fig. 399b). The figures show the wheel rolling toward the 
right. In the two figures respectively, the angular accelerations are clock- 
wise and counter-clockwise; hence the friction F on the wheels act as shown, 
and F = i Z> = Ml^a. And since the accelerations a of the mass-center are 
toward the right and left respectively, F — F = Ma for each figure. Also 
a =5= ra. From' these equations, it follows that P = if (i + l^/f^) 5. Thus 
the- "effective inertia " of a rolling wheel is i + l^/r^ times its inertia when 
skidding, for in the latter case F = Ma. 
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2. It is required to discuss the rolling of a homogeneous cylinder on an 
inclined plane. Let the weight of the cylinder = 200 pounds, the diameter 
of its bases = 3 feet, and the inclination of the plane = 25 degrees. Further, 
we assume that the cylinder and plane do not distort each other, so that there 
is only line-contact between them and no "rolling resistance" (Art. 52); also 
that the surfaces in contact are sufficiently rough to prevent slipping so that 
the rolling is perfect. There are only two external forces acting on the rolling 





Fig. 400 

cylinder, its own weight and the reaction of the plane, but the latter is repre- 
sented by two components, N and F, in Fig. 400. Since the mass-center 
moves in a line parallel to the incline, a» = a, and iy = o; hence equations 
(i) become 

200 sin 25° — F = (200 -s- 32.2) a, 
N — 200 cos 25° = o, and = 0. 

The second equation shows that N = 181 poxmds. The first equation con- 
tains two unknowns {F and a) and does not furnish the value of either of them; 

so we resort to equation (2). Since * = J 1.5* = 1.125 (see Art. 36), equa- 
tion (2) becomes 

F X i-S = (200 H- 32.2) 1.125 X a. 

Now we have two equations but three unknowns, and so we need an ad- 
ditional equation; this is given by the (simple) relation between a and a. 
Since there is no slipping, the displacement s of the mass-center in any interval 
of time and the angular displacement $ of the cylinder for that interval are 
related thus: s = i.$0 (Bin radians and s in feet); hence d^s/dt^ = 1.5 d^/di^, 
or a =: 1.5 a. Substituting 1.5 a for a in the first equation and then solving 
simultaneously with the fourth, we find that a = 6.05 radians per second per 
second (a = 9.07 feet per second per second) and F = 28.2 poimds. 

3. It is required to discuss the forces acting on a rolling wheel whose center 
of gravity is not in the axis of the wheel, the speed of rolling being maintained 
uniform by a suitable horizontal force P (Fig. 401). Let W = weight of the 
wheel, r = radius, and c = the distance from its center A to the center of 
gravity C; further let ^ = the angle between AC and the horizontal in the 
position of the wheel imder consideration. There are three forces acting on 
the wheel, P, W, and the reaction of the roadway (represented for convenience 
by two components N and F). Equations (i) become 

P - F = iW/gya^ and N - W -- (W/g)ay. 
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Since the angular velocity is constant, a = o, and equation (2) becomes 

F {r + csui0) — Nc cosB — PcsinO = o. 

These equations contain five unknowns (P, F, N, a*, and Oy), and so we 
need other equations. Obviously the relations between a^, ay, and 6 furnish 
the additional equations. To determine these let us regard the rolling as con- 
sisting of a translation with A as base point and a rotation about A. Then 
since A moves imiformly, the acceleration of the translational component = o; 
and there being no angular acceleration, the acceleration of the rotational 
component of the motion of C is wholly radial (along CA) and equals Oi)*. 
Honce a equals oo^ and is directed from C to ^4 ; and 

•' 5r = aci^ cos d, and 5y = — oo^ sin d. 

Substituting these values of a« and Oy in the first two equations, and solv- 
ing them simultaneously with the third we find that 

P=w(j^ + —) cos 6; F= W^cos 6; N = W (i - —sin s) - 

For ci) we may write 2 wn, where n = the number of turns of the wheel per 
imit time. 

It follows from the foregoing results that P and F are always opposite; 
that P and F act as shown whenever the center of gravity C is on the left of 
the vertical through the center A {$ between — 90° and + 90°); that P and 
F act opposite to the directions indicated in the figure when C is on the right 
of the vertical through A; that N always acts upward unless cw^smS is 
greater than g; that the greatest value of N obtains when C is vertically be- 
low A {$ —^ 90®) and then N = W {i + cJ^/g)- This excess Wcta^/g over 
W in the value of N is called " hammer blow " in locomotive parlance, but 
the hammer blow of a locomotive driving wheel depends also upon the side 
rods attached to the wheel (see Art. 35). 

Independence of Translation and Roiation. — Referring to equations (i), 
page 261, it will be noted that they contain no term depending on the rota- 
tion of the body about the mass-center; therefore, they show that the motion 
of the mass-center is entirely independent of the rotation about that point. 
And as already pointed out (Art. 34), the acceleration of the mass-center is 
the same as though the entire body were concentrated at the mass-center and 
all the external forces were applied at that point parallel to their actual lines 
of action. Equation (2) contains no term depending on the motion of the 
mass-center; therefore, the rotation of the body about the mass-center is 
independent of any motion of the mass-center itself. And on comparing 
equations (2) with the equation of motion for rotations about fixed axes 
(Art. 37), it becomes plain that the external forces produce rotation about a 
free (moving) axis through the mass-center as though that axis were fixed. 
Thus we have complete independence of translation (of mass-center) and 
rotation (about mass-center). 
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To illustrate we will apply the prindple of independence to explain center of 
percussion; Art. 48 includes an explanation based on other principles. Let 
AB (Fig. 402) be a prismatic bar lying on a horizontal surface, and C its center 
of gravity. Now imagine the bar to be struck a blow in the line 
F. The only other forces acting on the bar are gravity and the ra_ 
supporting force of the surface; these produce no appreciable 
effect on the motion during the blow. The motion produced, 
therefore, consists of a translation as though the blow F acted 
through the mass-center, and a rotation about the mass-center 
as though the mas&-center were fixed. Any point beyond C 
gets a velocity toward the right due to the translation, and a 
velocity toward the left due to the rotation. For some par- Fig. 403 
ticular point these two velocities are equal and opposite, and 
hence if the bar were pivoted there, the pivot would feel no pressure from the 
bar during the blow. For such a point, G is the center of percussion. Let us 
now find where this pivot, point is. For that purpose let M = mass of the 
bar, k = its radius of gyration about the line through C perpendicular to 
the supporting surface,/ = the arm of the blow F about the mass-center, R be 
the pivot point, r = its distance from C,a = the average acceleration of the 
mass-center, a = the average angular acceleration of the body during the blow, 
and A/ = the duration of the blow. The velocities of R due to the translation 
and rotation respectively equal aAl and raAl. Now 

a = F/M and a = Ff/Mk*l 

therefore, for the pivot point we have 

(F/M)Ai--r{Ff/Mk^)^, or /r = **. 

—2 
That is, r = * //. For a given pivot the distance of the center of percussion 

—2 
from the center of gravity is/ = k /r, which agrees with the result reached in 

Art. 48. 

Kinetic Energy of a Body with Plane Motion. — Let M = the mass of the 

body, W = its weight, 7 = its moment of inertia about a line through the 

mass-center perpendicular to the plane of the motion, i^ = its radius of g3n*a- 
tion about the same line, tf = the velocity of the mass-center, and co = the 
angular velocity of the body. Then the kinetic energy of the body equals 

i J/tl* + i 7«* = § {W/g)v^ + J {W/g)Vc^\ (I) 

The latter is the more convenient form generally for use in a numerical case. 
If ; is taken as 32.2 (feet per second per second), then the foot and second 
should be adhered to as imits of length and time; o) should be expressed in 
radians per unit time. If PTbe expressed in pounds, tons, etc., then the result 
will be in foot-pounds, foot-tons, etc. 
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Fig. 403 



The first term of (i) equals the kinetic energy which the body would have 
if its motion were one of translation with velocity equal to v; and the second 
term equals the kinetic energy which it would have if its motion were one of rota- 
tion about a fixed axis through the mass-center and perpendicular to the plane 

of the motion. Hence the kinetic energy of a 
body with any plane motion may be regarded 
as consisting of two parts; they are called trans- 
lational and rotational. 

The following is a derivation of the preceding 
formula after the view that a plane motion is a 
combined translation and a rotation (Art. 50, § 2). 
Let Fig. 403 represent the moving body, O its 
mass-center, and P any other point of the body. 
Also let r = the distance of P from the line 
through perpendicular to the plane of the motion, and v = the velocity of P. 
Then v is the resultant of v and ru as indicated. The angle QPS = 90 — 
(fi — 6), where /3 and 6 are the angles which v and OP respectively make with 
the X axis. Therefore 

r* = S* + f *«^ + 2 vr<i> sin 03 — ^), 

and the kinetic energy of the entire body (2 ^ m^) equals 

I v^^m + i co^Swr^ + 2 ua (sin 0Zmr cos 6 — cos pUmr sin 0). 

Now r cos and r sin ^, respectively, equal the x and y coordinate of P. Hence 
Hmr cos^ ~ Hmx = xSm (see page 158), x denoting the x coordinate of the 
mass-center; and since i = o, Hmr cos ^ = o. Similarly, 2mr sin ^ = o. 
Hence the foregoing expression for the kinetic energy reduces to 

The following is a derivation based on the view that any plane motion con- 
sists of a succession of instantaneous rotations (Art. 50, § 3). Let / = the 
moment of inertia of the body about that line which is the (instantaneous) 
axis of rotation at the instant in question, d = the distance from that axis to 
the mass-center, p = the distance of any point P of the body from the axis, 
V = velocity of P (as before), and w = angular velocity of the body. 
Then r = pw, and the kinetic energy of the body is 



2i wi^ = J «22mp« = i /«*. 



(2) 



This is a much simpler expression than (i) but not so convenient to use gener- 
ally, because / refers to an axis not fixed in the body. It remains to reduce 
(2) to (i). According to the parallel axis theorem (Art. 36, § 2), 7 = 74- 
Md^l hence 
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For an example we will compute the kinetic energy of a solid cylinder 
rolling on a plane surface. Let W = weight of cylinder, Z> = its diameter, 
and n = number of turns of the cylinder per unit time. Then M = W/g, 
V = xDn, 7 = i (}V/g)D^ (see Art. 36), and « = 2 im. Hence the kinetic 
energy of the cylinder equals 

Thus it appears that two-thirds of the energy is translational and one-third 
is rotational. 

§ 2. Dynamics of a Simple Moving Vehicle. — Let W = weight of 
the body of the yehicle and its load, if any; w = the weight of each wheel (in- 
cluding one-half of the axle if the wheels are rigidly moimted on their axles) ; 
k = radius of gyration of wheel (with one-half of axle in case mentioned); 
r — radius of wheel; n = number of wheels; and v = velocity of the vehicle. 
The kinetic energy of each wheel is 

i {w/g)v^ + i (w/g)k^ (v/ry = J (w/g) (i + k^/r^)v'. 
Hence the kinetic energy of the entire vehicle is 



4[f + f(. + ^>. 



Comparing this expression with that for the kinetic energy of a body with a 
motion of translation, we see that the motion of the entire vehicle may be 
regarded as one of translation provided that the weight of the vehicle is taken 
equal to W + nw {1 + k^/r^). For modern freight cars r = 16.5 inches and 
k = 9.5 inches (about); hence k^/r^ = 0.35. Therefore the "effective in- 
ertia " of the wheels when rolling is about one-third greater than when at rest 
or skidding. 

Height of Draw Bar, — Fig. 404 represents a vehicle, as a railroad car, being 
dragged on a level track by a pull P. The other external forces acting on the 



r \ 
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Fig. 404 Fig. 40S Fio. 406 

car are gravity (W^ + rm) and the reactions of the rails on the wheels (each 
represented by its horizontal and vertical components). In Fig. 405 there are 
represented aJl the external forces acting on one wheel, in Pig. 406 those 
acting on the car body. The pressures between axles and bearings are repre- 
sented by their horizontal and vertical components; axle friction is disregarded. 
Let a = the acceleration of the car; then the angular acceleration of the 
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wheels = a/r. Consideration of the forces on the wheel, equation (2), page 
261, shows that 

Fr = -**-, or F = --;a. 
We have also (according to equations i, page 261} 



g-F = |fl. or <2 = H(x + iy 



Consideration of the forces acting oh the car body shows that P — nQ = 
(W/g)a, or 

When applied high up on the car, P tends to raise the rear end, decreasing 
the rear vertical axle pressures and increasing the forward vertical axle pres- 
sures. When applied low, P produces the opposite effect. Obviously, when 
applied in some certain line, P has no such effect on the vertical axle pressures. 
We will now locate that line; let A = its height above the plane of the axes 
of the axles, and H = the height of the center of gravity of the car body 
and its load above that plane. When the car is at rest {P and Q = o), the 
(vertical) pressures of the axles on the car body take on certain values. 
If, when P (and nQ) act on the car body, their resultant acts through the 
center of gravity, then those forces do not tend to rotate the car body and 
do not affect vertical pressures of or on the axles already mentioned. Thus, 
to provide against extra loading or unloading of axles by P (draw-bar effect), 
the moments of P and fiQ about the transverse horizontal line through the 
center of gravity of the car body (and load) should balance. That is, we 
should have P{H - h) - nQH, or 

H 



h = 



I + {nw/W) (i + kyr^) 



52. Rolling Resistance 

§ I. Rollers. — In the present connection a roller is taken to differ from 
a wheel (of a vehicle) in that the latter sustains its load indirectly through its 
axle, while the former has no axle but takes its load directly. When a roller 
(or wheel) is made to roll, it experiences more or less resistance from the 
track (or roadway) upon which it rolls. Obviously the amount of this resist- 
ance depends in large part on the nature of the surfaces in contact and on the 
amount of the pressure between them. In the case of an inelastic roadway 
(i4. Fig. 407) the roller leaves a rut, and there is a continual expenditure of 
energy in thus (permanently) deforming the track as well as against friction 
due to actual rubbing between roller and track. In the case of an elastic 
roadway {B, Fig. 407) also, there is rubbing between the roller and the 
deforming and recovering portions of the track and consequently friction 
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loss.* In any case there is expenditure of energy against the (internal) friction 
in portions of the roller and track which are deforming or recovering.! 

Let R = the resultant reaction of the track 
on the roller. Obviously the point of ap- 
plication of 2? is on the surface (or arc) of 
contact between wheel and roadway; and it 
will be shown presently that this point is in 
front of the vertical diameter of the roller, 
the roadway supposed to be horizontal. The 
distance from this point to the diameter is called the coefficient of rotting re- 
sistance; we will denote it by c, and express numerical values of the coefficient 
in inches. Obviously the coefficient of rolling resistance depends on the 
nature of the wheel and roadway, and is greater for yielding surfaces than for 
rigid ones. It would seem that the coefficient depends on the load but in 
certain cases at least the coefficient is not influenced much by it. The 
coefficient is claimed to be independent of the radius of the roller; also 
that it varies as the square root of the radius. The predse way in which the 
coefficient varies with the conditions named has not been established. Below 
we give some of the meager experimental data relating to the matter. 

Coulomb seems to have made the first experiments to determine coefficients 
of rolling resistance. The following are his results for 



Lignum ViTiE Rollers on Oak *' Pieces " 



Load. 


Diameter * 2.18 ins. 


Diameter — 6.55 ins. 


220.5 lbs. 

I 102. 7 
2205. 


c»o. 0174 ins. 
.0205 
.0196 


c»o.oi96in.s. 
.0197 
.0196 



For the circumstances of these experiments, it appears that the coefficient 
does not vary much with the load or the diameter of the roller. For elm 
rollers 6.55 and 13.11 inches in diameter on oak pieces, Coulomb found c » 
0.0327 inches.} 
The following also are quoted from Morin's Mechanics: 



Oak Rollers (diameter — 7.87 inches) on Poplar Strips 



Width of strips. 


Load. 


Coefficient e. 


0.97 ins. 
3.94 


409 lbs. 
400 


0.00637 ins. 
.00287 



♦ See Phil. Trans, Roy. Soc.j Vol. 166, Part i (1876), for experiments on rollers rolling on 
a rubber roadway, by Prof. Osborne Reynolds. 

t See Jour, and Trans. Soc. of Engrs. (London), Vol. 3, p. 180 (191 2) for an analysb of this 
element of rolling resistance, by Prof. Herbert Chatley. 

X From English translation by Joseph Bennett of Morin's Mechanics, p. 339. 
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In these experiments, increasing the length of bearii^ from o.gj to 3.94 
(about triple) more than halved the coefficient. Thus it appears that the 
coefficient depends on the loading per unit length of contact between roller 
and roadway. But the coefficient probably does not decrease indednitely 
with increase of length of contact. 

For some conditions the coefficient seems to vary as the square root of the 
radius of the roller, that is 

where ^ is another coefficient and r = radius of the roller. Diq>uit gives the 
following average values: 

Wood on wood <p = 0.0069 

Iron on moist wood -0063 

Iron on iron .0044 

Wheel on macadam .19 

For the conditions of his experiments,* Prof. C. L. Crandall takes the co- 
efficient of rolling resistance as proportional to the square root of the radius, 
that is c = ^ vr. Roller plates used were ij inches thick; rollers i, 2, 3 and 
4 inches in diameter, all ij inches long except the first whose length was i 
inch. Plates and rollers were used as they came from the plane and lathe; 
were not polished or filed. Loads varied from 350 to 2500 pounds per linear 
inch in contact. The coefficient did not seem to vary much with load; with 
materials it varied as foUows: 

Cast iron ^ = 0.0063 

Wrought iron .0120 

Steel ■•^73 

These values refer to cast-iron plates; for wrought-iron plates they should 
be increased about 13 per cent, and for steel plates they should be decreased 
by that amount. 

Fig. 408 represents in principle the device used by Coulomb to determine 
the coefficient of rolling resistance. W = weight of roller, Wi ahd Wi = 
weights of suspended bodies as shown. By adjusting the 
difference between Wi and Wt the roller was made to roll 
quite uniformly. When rolling at constant q>eed, the reaction 
R of the track on the roller is vertical, &ndR= W + Wi + Wt. 
Also there is no resultant torque on the roller; hence the 
moment of R must be counter-clockwise (in this illustration), 
and so the point of application of J? is in front of the vertical 
diameter of the roller (as stated). It follows that (Wt — W{) 
Fio.408 r' = Rc= (iv+Wi + Wi)c; or 

c = r'{Wi- WO/CW + 1^1 + Wt), 
from which c can be computed easily. 

• Traiu. Am. Soc. C.E., Vol. 31, p. 99 (1894). 
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Fig. 409 represents in principle the device used by Crandall. There were 
two rollers under load (and a third one to preserve stability only), and three 
plates as shown. The lower plate was supported on the weighing table of a 
testing machine; load was applied on the upper plate; and then the middle 
plate was subjected to a force P sufficient to start the plate. Thus the middle 
plate was subjected to the reactions of the two main rollers, inclined as shown. 

I P/afe I 






w 



Dm 
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Fig. 409 Fig. 410 






Let R = these reactions (nearly equal), and B = their inclination to the vertical. 

Then, evidently, P= 2jRsin^= 2 Rc/ty and jR cos ^ = W ot R= W nearly; 

hence 

P = 2 Wc/r and c = \Pr/W. 

Rollers are generally used for moving a heavy load as shown in Fig. 410. 
Let r — radius of rollers, c = their coefficient of rolling resistance (assumed 
same for top and bottom contacts), Ri, Ri, etc., = the reactions of the rollers, 
6 = their inclinations to the vertical, W = load, and P = the pull required to 
move the load. Then since 6 is small, (Ri + Ri+ . , . ) = W (nearly); 
and since sin ^ = c/r, P = (2?i + ^ + • . . ) c/r. Hence 

P=-Wc/r. 

§ 2. Rolling Wheel. — The general natiure of rolling resistance in the 
case of a wheel is like that against a roller. A rolling wheel of a vehicle ex- 
periences axle friction as well as rolling resistance,* and few experiments have 
been made to determine them separately. For cast-iron wheels 20 inches in 
diameter on cast-iron rails Weisbach and Rittinger, respectively, found for the 
coefficient of rolling resistance c = 0.0183 and 0.0193 inches.f For an iron 
railroad wheel 39.4 inches in diameter, Pambour gives c = 0.0196 to 0.0216 
inches. 

(i) Whed wUhatU Axle Friction. — We assume the velocity to be constant. 
Of course a force must be applied to the wheel to maintain the velocity; 
we assume it to be applied to the axle of the wheel as shown in Fig. 411, and, 
for simplicity, that the axle is frictionless. Let D = diameter of wheel, 
P = driving force, W = weight of wheel and load upon it, R — reaction of 
roadway, and i^ and Rv = the horizontal and vertical components of R (see 
Fig. 411b and c). 1?* is the "rolling resistance." 

* See Baker's Roads and Pavemenls for full information (m total resistance to traction of 
vehicles (due to rolling resistance and axle friction), 
t Coze's translation of Weisbach's Mechanics. 
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Since there is no angular acceleration, the (resultant) torque on the wheel 
equals zero (see Art. 51) and R acts through the center of the wheel. It 






Fig. 411 

follows that the line of action of R cuts the rim of the wheel in front of the 
vertical diameter of the wheel as shown, and of course within the arc of con- 
tact of wheel and roadway. The distance of this point A on the rim to the 
vertical diameter is the coefficient of rolling resistance, already denoted by c. 
Because the torque of the three forces (P, W, and R) is zero, and the vertical 
distance between A and is^ D nearly, P • ^ D = Wc; and since Rh = P, 

R^ = P:=^W2c/D. (2) 

The work required to overcome the rolling resistance per turn of the wheel 

is equal to the work done by the driving force P per turn. But this latter is 

plainly 

PrDy or Ware. (3) 

(it) Wheel with Axk Friction. — Fig. 412 represents the wheel, of a horse- 
drawn vehicle say, moving at a constant speed toward the right. In addition 






Fig. 412 

to the foregoing notation, let d = diameter of axle, W = weight of wheel, Q = 
resultant pressure of the axle on the wheel, Qh and Qv the horizontal and ver- 
tical components of Q, and / the coefficient of axle or journal friction (see 
Art. 45). R and Q act somewhat as shown but their inclinations to the ver- 
tical are much exaggerated. Fig. 412b shows R resolved at A into its hori- 
zontal and vertical components, and Q resolved at its point of application 
into its normal and frictional components N and F; F = fQ, Fig. 412c shows 
Q replaced by Qh and Qv at the center of the wheel, and a couple C; the 
moment oi C is F^d. Since the speed is constant, 

Rk = Qh and Rkh ^ = RvC + F^d. 

{Conliniuxt on page 279) 
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53. Relative Motion 

§ I. Motion Relative to a Point. — We can specify position of a point 
only by means of a set of reference axes or some other equivalent base de- 
scribed or implied in the specification. Thus when we say that Chicago is 
10} degrees west and 3 degrees north of Washington — the cities regarded 
as points — we are really specifying the position of the former dty with refer- 
ence to the meridian and the parallel through Washington. But we say 
briefly that the specification is relative to Washington. So. too when we say 
that a moving ship A is 40 miles east and 50 miles north of another ship ^ at a 
certain instant, we are specifying position of A by means of the meridian and 
the parallel through B at the instant in question; but we say that the specifi- 
cation is relative to B, the coordinate axes being understood. Being small 
compared to the distances mentioned (40 and 50 miles), the 
ships were regarded as mere points. If, however, the ships were ^ ' 
at close quarters, then to describe the position of A relative to 
B we would specify the position of at least two points in A 
(bow and stem for example) relative to axes fixed in B, as 
indicated in Fig. 415, say. Even if B were turning about, we 
would still use those axes to specify subsequent positions of A 
relative to B. For the present we will deal with position (and 
motion) of points (or bodies regarded as mere points) relative to another base 
point — not body — and it should be understood that the coordinate axes, 
though moving with the base point, remain fixed in direction. 

Let the points o, i, 2, 3, etc. (Fig. 416), on the lines aa and bb be the positions 
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Fig. 417 



Fig. 418 



(relativetoalighthouse), say, of two shipsi4 and-B, at 12, I, 2, . . . o'clock 
of a certain day; then the lines are the paths (relative to the lighthouse) of the 
ships. From these paths we have made the following tabulation of coordinates 
of the positions of A relative to B, These coordinates if plotted on rectangular 
axes, representing a parallel and a meridian, determine the path of A relative 
to B (Fig. 417). 

Time (hours) 

East (degrees) 

North ((fegrees) 






I 


2 


3 


4 


5 


ID 


IS 


21 


30 


37 


40 


20 


19 


16 


10 


2 


-6 
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Taking points o, i, 2, etc., on the line cc (Fig. 416) as the positions (relative 
to the lighthouse) of a third ship C at the hours mentioned, we have the follow- 
ing tabulation of the co5rdinates of the positions of A relative to C from which 
the path of A relative to C (Fig. 418) was constructed. Thus it is clear that in 
general the path of a moving point depends on the point of reference or base 
point. 

Time (hours) 

East (degrees) 

North (degrees) 
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2 


3 


4 
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— 12 


-3 
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12 


18 


20 





12 


20 


23 


22 


15 



For another illustration, imagine a table (Fig. 419), several balls (for bear- 
ings) on the table, a drawing board resting on the balls, another set of balls 
on the board, and a sheet of plate glass resting on these latter balls. Imagine 
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Fig. 419 



also a pencil fastened to the glass so that its point A presses against the board, 
and another pencil fastened to the board so that its point B presses against the 
glass. When either board or glass or both are rolled about on the balls, the 
pencils (if suitable and properly moimted) trace lines on the board and glass. 
If the edges of the board and glass (or coordinates axes through A and B) are 
kept in fixed directions, then A traces its path relative to 5, and B traces its 
path relative to A. 

By velocity of a point relative to another point is meant the rate at which 
the first point is traversing its path relative to the second point at the instant 
in question. We regard this velocity as having direction, that of the tangent 
to the (relative) path at the point corresponding to the instant in question. 
By acceleration of a point relative to another point is meant the rate at which 
the velocity of the first point relative to the second is changing at the instant 
in question. 

Motion of Two Points Relative to Each Other. — The velocities and acceler- 
ations of two points relative to each other are equal and opposite. This 
proposition may be illustrated by comparing the path of ship Ay of the fore- 
going illustration, relative to B (Fig. 417) with the path of B relative to A 
(Fig. 420), constructed from the following tabulation of the positions of B 
relative to A at the hours 12, i, 2, etc. Thus for the hour from 2 to 3 o'clock, 

Time (hours) 

East (degrees) 

North (degrees) 
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— 10 


-IS 


— 21 


-30 


-37 


-40 


— 20 


-T9 


-16 


— ID 


— 2 
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for example, the displacement of A relative to B is represented by vector 2-3 
of Fig. 417, and the displacement of B relative to A is represented by vector 
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Fig. 420 



2-3 of Fig. 420. Apparently these vectors are equal and parallel (also opposite) ; 
and it seems that such displacement vectors would be equal, parallel, and 
opposite for any interval of time. If this be true, then 
it follows that the rates at which these displacements occur 
(the relative velocities) are equal and opposite at each 
instant; and if the velocities are always equal and op- 
posite then their rates of change (the relative acceler- 
ations) are also equal and opposite at each instant. 

To prove that displacements such as mentioned in the 
preceding illustration are equal and opposite, we will use 
the glass-board illustration. Suppose that the pencils A and B are attached 
at the middle points of the glass and board respectively, and that at a certain 

instant glass and board are in the positions shown at 
(i) in Fig. 421, and at a later instant in positions shown 
at (2); the table is not shown. Ai and ^1 and At and 
/|^ B2 are the corresponding positions of the pencil points. 
During this displacement, A will have traced some such 
line as A'At and B the line B'Bi, AiA' is equal and 
parallel to ByB^] hence AiBiB%A' is a parallelogram, 
and A'Bt and AiBi are equal and parallel. BiB' is 
equal and parallel to AiA%\ hence BiAiA%B' is a par- 
allelogram, and B'At and BiAi are equal and parallel. 
It follows that A'B%B'A% is a parallelogram, and so 
A'A% and B'B% are equal and parallel. That is, the 
displacement of A relative to B (chord A'A^) is equal 
and parallel to the displacement of B relative to A (chord B'B^. Obviously 
the senses of the displacements are opposite. 

Motions of Two Points Relative to a Third Point. — For convenience we re- 
gard the third point as fixed, and call velocities and accelerations relative to 
that point as absolute. To illustrate this case we will modify the glass- 
board apparatus as follows: Imagine another pencil a rigidly fastened to the 
glass plate so it presses against the table as shown directly imder A, and B 
extended downward so that its lower end b presses on the table. Then when 
the glass and board are moved about without turning, a and b draw the paths 
of A and B relative to any (third) point as C on the table; and as already 
stated, A and B draw their paths relative to each other. 

In this case two problems arise: (a) Given the velocity (or acceleration) of 
a point relative to a second point, and the absolute velocity (or acceleration) 
of the second; required the absolute velocity (or acceleration) of the first 
point. (6) Given the absolute velocities (or accelerations) of two points; 
required the velocity (or acceleration) of either of the two points relative to 
the other. 

(a) To do this problem we merely need to add (vectorially), or compound, the 
velocity (or acceleration) of the first point relative to the second and the abso- 
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lute velocity (or acceleration) of the second; the sum is the desired quantity. 
To justify this solution we first show that the (vector) sum of the di^lace- 
ment of the first point relative to the second and the absolute displacement 
of the second point equals the absolute displacement of the first, all dis- 
placements being taken for any interval of time. It will follow that the rela- 
tive and absolute velocities (and accelerations) are related as above stated. 
Referring to our glass-board-table device, let A, B, and C be the three points 
respectively. Let (i) and (2), Fig. 421, be the positions of glass and board 
at the beginning and end of any interval, as before. Then A' At is the dis- 
placement of A relative to ^ as explained; BiBi is the absolute displacement 
of B'f and AiAt is the absolute displacement of A. As already shown, the 
quadrilaterab in the figure are parallelograms; hence the vector sum of A'At 
and BiBi equals AiA^. 

(b) Let A and B be the first two points and C the third, and the velocity 
(or acceleration) of A relative to B the desired quantity. According to (a), 

the absolute velocity (or acceler- 
ation) ot A — the vector sum of Wy/ y,, 
the velocity (or acceleration) of A 





relative to B and the absolute / ly^ j5^ 

velocity (or acceleration) ot B. Uc I *^ 
Therefore the (desired) velocity (or '^"^^A 
p. " acceleration) is such a velocity (or piQ ^3- 

'*'^" acceleration) which when added 

vectorially to the absolute velocity (or acceleration) of S = the absolute 
velocity (or acceleration) of A. For example let Va and vt (Fig. 422) be the 
absolute velocities (or accelerations) of A and B; then if OM and ON be 
drawn to represent Va and Vb respectively, NM will represent the velocity (or 
acceleration) of A relative to B. 

The problem can be solved also on the basis of the principle that if we add 
equal velocities (or accelerations) to the absolute velocities (or accelerations) 
of the two points we do not change the velocities (or accelerations) of either 
of the points relative to the other. Thus, taking the preceding example, we 
will add to Va and d^ a velocity equal and opposite to % (Fig. 423); then 
the new ii^ = o and the new Va = NM. Since now ^ is at rest relative 
to C, the new velocity of A relative to C is also the velocity of A relative 
to^. 

§ 2. Motion of a Point Relative to a Body. — As explained in § i, we 
specify the positions of a moving point relative to another moving point by 
means of reference axes of fixed directions through the second point, but its 
positions relative to a moving body by means of reference axes fixed in the 
body. See illustrations of the ships. Then the path of a point relative to 
a body is the line through the successive positions of the point relative to 
the body. Thus, to illustrate, consider again the glass-board-table appara- 
tus (Fig. 419). When both the glass and board are rolled about in any way. 
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the pencil A traces a line on the board, and that line is the path of A relative 
to the board. 

By velocity of a point relative to a moving body is meant the rate at which 
the point traverses its path relative to the body at the instant in question. 
By acceleration of a point relative to a moving body is meant the rate at 
which the velocity of the point relative to the body is changing at the instant 
in question. 

When a point P is moving relative to a moving body B then the absolute velocity 
of P equals the vector sum of its relative velocity and the absolute velocity of that 
point of B with which P coincides at the instant in question. For simplicity of 
proof we take the pencil A of the glass-board-table apparatus as the moving 
point P and the board as the moving body 5. Since P and B have plane 
motion, the proof is not general. Let Bdi (Fig. 424) be the position of B at 




Fig. 424 



a particular time t\, and Bd% the position of J? at a later time tt\ also Pi and Ps 
respectively, the positions of P at those times. Let M be the point of B with 
which P coincides at time t\. At time /i, 3/ is at 3/i (under Pi); and at time 
(t, Af is at Jf 2. Then for the interval <8 — /i the absolute displacement of P 
is P1P2; the relative displacement of P is MtP%\ and the absolute displace- 
ment of M is MiMt. Obviously P1P2 = Af2P2 + MiM% (vectorially). Since 
this relation holds for any interval, the rates at which these displacements occur 
(velocities) are related in the same way; that is, the absolute velocity of P = 
its relative velocity + the velocity of M. 

When a point P is moving relative to a moving body B then the absolute accelera- 
tion of P equals the vector sum of three accelerations, namely — the relative accelera- 
tion of P, the absolute acceleration of that point of B with which P coincides at the 
instant in question, and a so^aUed complimentary acceleration. The compli- 
mentary acceleration equals twice the product of the relative velocity of P and 
the angular velocity of B at the instant in question; its direction is the same 



278 Chap, xn 

as that of the linear velocity of p where P^ is a vector representing the relative 
velocity of P due to the angular velocity of B, 

For simplicity again we restrict the proof to plane motions. Let Pi^i 
(Fig. 424) = the relative velocity of P at the time /i, and Mitni = the absolute 
velocity of M at that instant. The vector sum of these two velocities 
equals the absolute velocity of P at the time h. Making OA' and OB' to 
represent these velocities respectively, we get the diagonal OC' to represent 
the absolute velocity of P at the time /i. Let N be the point of the board with 
which P coincides at the time kl N is imder Pj then. The velocity of N (at 
time ii) equals the vector sum of the velocity of M% and the velocity of A" 
"about " Af2. Now the velocity of iV^ about A£i equals the product of M^N 
and the angular velocity of the board (at time h), or Ar X C02, where Ar == M^N 
and cos = the angular velocity. The direction of this velocity Ar • (1^2 is perpen- 
dicular to MiN as indicated (assuming that C02 is counter-clockwise). OB 
and bB" are equal and parallel to if 2^ and Af(02 respectively; hence 
05" is the velocity of N at time fe. Now let P%p2 (= 0.4") be the relative 
velocity of P at time h. Then the diagonal OC" of the parallelogram on OA'^ 
and OB'' is the absolute velocity of P at time 6. Therefore C'C" is the incre- 
ment in the absolute velocity of P for the interval h — h. It follows readily 
from the geometry of the figure that 

C'C" = A'A" + B'B", (i) 

vectorial addition being understood here and in the following. 

Now let M^ = Pipi and the angle between these vectors equal the angular 
displacement A^ of the board during the interval h — h. Then the increment 
in the relative velocity of P for that interval equals the difference between the 
vectors 3^2^ and P2^. Oa is equal and parallel to if 2a; hence aA" is that 
difference. Therefore 

A'A" = A'a+AVr^ 2Vr^h^+ AVr, 

where Vr means relative velocity of P at time /i. Since Ob is equal and parallel 
to if 2^2 (velocity of M at time fe), B'b is the increment in the velocity of M 
during the interval fe — /ij and since bB" = Ar •C02, 

B'B" = Av« + Ar • C02, 

where Vm means velocity of M. Substituting the foregoing values of A'A^' 
and B'B" in equation (i), we get 

C'C"-^ Avr+Av^+2»rSin|A^+Ar.«2. (2) 

Now let A/ = 6 — /i, and k approach h; then we get 

,. C'C ,. Avr , ,. At;« , ,. A^ , ,. Ar 
^"Ar^^^^^AF+^-Ar + ^'^AZ + ^A/^- 

The left-hand member is the absolute acceleration of P; the first term of the 
right-hand member is the relative acceleration of P; the second term is the 
acceleration of M. Lim (A^/A/) = wi, the angular velocity of the board at 
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time/i; hence the third term = r,wi. Lim (Ar/A/)cd8 = lim (Ar/Ai) X Unia>2 
= VrCi>i, Hence the third and fourth terms are equal in magnitude, and if their 
directions — they are vectors — are parallel, then their sum = 2 t^fWi. The 
direction of the third term is the limiting direction of A' a, perpendicular to 
OA' or Vr obviously. The direction of the fourth term is the limiting direction 
of bB'' or Nc. Now Nc is always (as ft approaches /i) perpendicular to M2Pi\ 
and since Jlf^Pa is the relative displacement of P, the limiting direction of 
M^Pi is Fipi (or iv). Hence the limiting direction of Nc is perpendicular to Vr- 
Thus the sum of the last two terms = 2 VrWi, and it has the direction mentioned, 
perpendicular to Vr. And this sum is the so-called complimentary acceleration; 
it is called also acceleration of Coriolis after him who first discovered the rela- 
tion between the accelerations under discussion. 

» 
{CorUintied from page 272) 

From the last equation on that page and Rv^ Qv + W, it follows that 

J?A = e*=(& + »ro^ + F|- (4) 

In most cases of vehicles, Q, is nearly equal to Q, and W is n^ligible com- 
pared to Q^'y therefore we may write as a close approximation 

2j» = g,«i£+/Q. (4') 

The work required to overcome rolling resistance and axle friction is fur- 
nished by Qk, Per turn of the wheel, that work is 



CHAPTER Xm 

THREE DIMENSIONAL (SOLID) MOTION 

S4- Body with a Fixed Point; Kinematics 

§ z. Spherical Motion means motion of a rigid body with only one 

point of the body fixed. Each point of the body, excepting the fixed one, 

moves on the surface of a sphere, whence the name spherical motion. 

Any spherical displacement of a body can be accomplished by means of a 

rotation about some line of the body passing through the fixed point, and 

fixed in space. Proof: — Evidently, we may describe any position of the 

body by describing the positions of two of its points, not in line with the fixed 

point. Let A and B denote two such points, equally distant from the fixed 

point O; then diuing any motion of the body, A and B move on the surface 

of the same sphere. Let OAiBi be one position of 

the body, and OA^B^ another. Then we are to 

prove that the points A and B could be brought 

from A\Bi to A%B% by means of a single rotation 

about some fixed line through O. Let the lines 

AiBi (Fig. 425) and AtB^ be arcs of great circles 

of the sphere mentioned; these arcs are eqxud 

since A and B are points of a rigid body. The 

lines A\A% and -Bift are arcs of great circles; M 

_. and N bisect these arcs; MR and NR are great 

Fig. 425 ® 

circles perpendicular to AiAt and BiB% respectively. 
In general two such great circles do not coincide but intersect at two points, R 
and S. The diameter ROS is the axis, rotation about which would produce 
the given displacement, proven presently. Let AiR^ A%R^ BiR, and B^R be 
arcs of great circles. Since AiAiR and B1B2R are isosceles triangles, AiR = 
AiR and BiR = BiR; and, as already stated, AiBi = A%Bt. Hence the trian- 
gles RAiBi and RA^Bi are equal, and the angle AiRBi = AiRBi. Finally, 

AiRAi = A1RB2 — AiRBt = A1RB2 - ^li^^i = BiRBi, 

Hence a rotation of the great circles AiR and BiR about iU* of an amoimt 
equal to the angle A1RA2 would displace A from AitoA2 and B from A to ft. 
Imagine any actual continuous spherical motion of a body, in which the 
two points A and B of the body are displaced from Ai to Ai and -Bi to jBj re- 
spectively. Let A\ A", etc., be several intermediate positicHis of ^4, and let 
B\ J5", etc., be corresponding intermediate positions of B. As already shown, 
the displacements of AB from AiBi to A'B', from A'B' to A"B'', from A"B'^ 
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to A'"B"\ etc., might be accomplished by single rotations about definite 
fixed lines R'OS[, RVS", R''VS"\ etc. If a large number of intermediate 
positions A'B\ A"B'\ etc., be assumed, and if tiie successive rotations be 
accomplished in times equal to the times required for the actual displace- 
ments in the continuous motion, then the succession of rotations would closely 
resemble the actual continuous motion. The more numerous the interme- 
diate positions, and the more numerous the succession of single rotations, 
the more closely would the succession resemble the actual motion. '^In the 
limit," the succession would reproduce the actual motion; hence we may 
regard any spherical motion of a body as consisting of a continuous rotation 
about a line through the fixed point, the line continually shifting about in the 
body and in space. The line about which the body is rotating at any instant 
is the instantaneous axis (of rotation) at that instant. 

At any particular instant of a spherical motion, the body is rotating about 
the instantaneous axis at a definite rate; this rate is called the angular velocity 
of the body at that instant. We will, generally, denote magnitude of angular 
velocity by w. In a rotation about a fixed axis, the (linear) velocity of any 
point of the body equals the product of the angular velocity and the perpen- 
dicular distance (or radius) from the point to the axis; and the direction of 
the linear velocity is perpendicular to the plane of the radius and the axis. So 
too in a spherical motion, the linear velocity of any point of the body at any 
instant equals the product of the angular velocity at that instant and the 
radius (perpendicular from the point to the instantaneous axis for that in- 
stant); the direction of that velocity is perpendicular to the plane of the 
radius and the axis. 

Any angular velocity oj may be represented by means of a vector laid off 
on the corresponding instantaneoiis axis; the length of the vector is made 
equal to <a according to some convenient scale, and the sense of the vector 
indicates the direction of the rotation according to some convention. We 
will always associate direction with angular velocity in the way just described; 
that is, we regard angular velocity as a vector quantity. In a spherical mo- 
tion, angular velocity changes in direction continuously; it may or may not 
change in amount too. In any case, the rate at which the (vector) angular 
velocity is changing at any instant is called the angular accderatian at that 
instant. (See page 148 for note on rate of change of a vector quantity.) This 
rate or acceleration has a definite amount and direction at each instant, and 
hence is a vector quantity too. We will use a to denote the magnitude of an 
angular acceleration. 

§ 2. Composition and Resolution of Angular Velocities. — Imagine 
a body P to be rotating about a line ly fixed in a body A ; and that A is rotating 
about a line ft, intersecting h and fixed in a body B (Fig. 426). For conve- 
nience we call the motion of P relative to B its absolute motion, and we regard 
this absolute motion as a resultant motion consisting of the (component) 
rotations about h and ^. We will show presently that the absolute motion 
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of P is spherical, and that the angular velocity of that motion equals the 
vector sum of the angular velocity of P relative to A and that of A relative 
toB. 

That the absolute motion is spherical will be conceded as almost self-evident; 
for the point O (of P) does not move at all, being a point of J?, and O appears 
to be the only point of F which is fixed. But more on this matter later. 

Let Oa and Oh (Fig. 427) be the two lines l\ and 1% at the instant in question, 
and let the angular velocities (of rotation) about those lines be ci)i and cos re- 
spectively, and in the directions indicated. Let C, not shown, be any point 
of the body F in the plane of the lines l\ and It (or paper). If C is taken above 
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Oa, then the rotation wi alone brings C up out of the paper; if below, then 
«i depresses C If C is above 06, then 0^2 alone brings C up out of the paper; 
if below, 0)2 depresses C Hence if C is in either acute angle between h and hy 
the two rotations give C displacements in opposite directions. Let Co be 
such a point C, and so chosen too that the two displacements of Co in an ele- 
ment of time dt would be equal. If r\ and r^ = the distances of Co from h 
and Vl respectively, these displacements = ficoi dX and r^jut di. Hence, ficoi = 
r^u2y or OCo sin a • «i = OCo sin jS • 0)2; and 

sin a • ci>i = sin iS • co2> or sin a/sin p = a)2/wi. (i) 

Let D be any other point on OCo; then its displacements due to a>i and o^ in 
the time dt are respectively (OD sin a) wi dt and (OD sin 0)<a2 dt. But these 
are equal, since sin a • wi = sinjS • W2; hence all points on OCo have zero velocity 
at the instant in question. Evidently, there are no other points in the body 
F whose velocity is zero at the instant; hence the state of motion of P is a 
rotation about OCo, a line fixed by equation (i). 

Let 0) = the angular velocity of the rotation of F (about OCo); Q (Fig. 427) 
be any point of P in the plane of the paper; g, qi, and q^ = distances of Q from 
OCo, hy and h respectively. Then the displacements of Q due to wi and cos 
are respectively ^iwi dt and ^2C02 dt. These displacements for Q as chosen are 
in the same direction; hence the total or resultant displacement = {qnai 
q^ dt, and the linear velocity of Q (displacement per irnit time) = ^iwi 
92CO2. Now the angular velocity of the body P equals the linear velocity of 
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its point Q divided by the distance of Q from the (instantaneous) axis of rota- 
tion OCo, or 

w = (^i«i + ^acos) -^ g. 

It follows from the trigonometry of the figure that 

qi = ^cosa + {OR) sin a, and 92 = q cos/3 — (OR) sin/5. 

Substituting these values of qi and q% in the expression for o) and noting equa- 
tion (i), we arrive at 

« = coi cos a -H W2 cos /3. (2) 

Equations (i) and (2) respectively enable us to determine the axis (OCo) of 
the resultant of two angular velocities wi and 6)2 and the amount of the result- 
ant angular velocity co. 

By means of equations (i) and (2) we can show that w is the vector-simi of 
a>i and «j. Let OM and ON (Fig. 428), on h and k (Figs. 426 and 427), repre- 
sent a>i and C02, and let OMNR be a parallelogram. Then 

coi sin MOR = a>2 sin NOR. 

Comparing this with equation (i), we see that MOR = a and NOR = j3; 
hence the parallelogram construction gives a diagonal which coincides with 
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the instantaneous axis of the absolute motion. It will be readily seen from 

the parallelogram that 

OR = 0)1 cos a + aj2 cos/3; 

hence the length of the diagonal gives the magnitude of the angular velocity 
(see equation 2). 

Reverting now to the proposition that the absolute motion of P is spher- 
ical, we note that the axis of instantaneous rotation OCo (Fig. 427) is always 
in the plane of h and h and hence is not fixed. Therefore there is only one 
fixed point of P, the intersection of /i and fe. 

Obviously, the foregoing analysis could be extended to a case of simulta- 
neous rotations about three or more concurrent axes /i, hy ht etc. Hence, in 
any case, the resultant motion is spherical, and the resultant angular velocity 
is given by the vector-sum of the component angular velocities. Conversely, 
the angular velocity of any spherical motion can be resolved into any number 
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of concurrent components, and the vector-sum of the components is equal to 
the given velocity. 

§ 3, Velocity of Any Point of the Moving Body. — Let P (Fig. 429) 
be any point of a moving body (not shown), fixed at O; a;, y, and z the (chang- 
ing) co5rdinates of F with reference to fixed axes OX, OY and 0Z\ cu^y o'y> and 
coj = the components of the angular velocity of the body with respect to those 
axes; v = the linear velocity of P; and v„ Vy, and Hn — the components of v 
along those axes. Then as will be proved presently 

If the body were rotating about the x axis only, then F would be describing a 
circle about -Y, and the velocity of F would be XF X «x. This velocity has 
no X component, and it is plain from the figxu-e that the y and z components 
of that velocity respectively are — ao, and yw,. These component velocities 
of F due to angular velocity co, are scheduled below; also the component 
velocities due to angular velocities coy and ctf«. It is plain from the schedule 
that the total component velocities due to the three angular velocities are as 
given by equations (3). 

Rotation about OX produces 

OY produces 
OZ produces 

55. Body with a Fixed Point; Kinetics 

§ !• Angular Momentum. — We will now explain what is meant by an- 
gular momentum of a body about or with respect to its fixed povnX, (For 
meaning of angular momentum about a line see Art. 48.) By angular mo- 
mentum of a particle about a point is meant the moment about that point of 
its momentum. Thus if m and v are the mass and velocity of a particle and 
p is the perpendicular distance from the point to the line drawn through the 
particle and in the direction of its motion at the instant in question, then the 
angular momentum, about the point, of the particle at the instant is mvp, 
(See Fig. 430.) This angular momentum is represented by a vector which 
we call r, through the point 0, perpendicular to the plane of O and the mo- 
mentum vector mVy the length of r is made equal (according to some conven- 
ient scale) to mvpy and the arrow on the vector is fixed in accordance with the 
usual rule. By angular momentum of a body about its fixed point is meant 
the resultant of the angular momentums about that point of all its particles. 
Thus the angular momentum, about the fixed point of the body, is represented 
by a definite vector /?, namely, the resultant of the vectors which represent 
the angular momentums, about the point, of the particles of the body. 

If the vector representing the angular momentum of a body about the 
fixed point be resolved into a (rectangular) component along any line through 
the point, such component vector will represent the angular momentum of 



»* = o, 


Vy = — ZUxi 


and 


Vb = ywx. 


Vx = 26)y, 


^y = o. 


and 


», = — XCdy. 


r, = — yw„ 


Vy = »w„ 


and 


Vm = 0. 
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the body about the line. We prove this proposition for a particle, and then 
extend the proof to a collection of particles, — that is a body. Let P (Fig. 
430) be one of the particles of the body, not shown, O the fixed point, OX the 
line, r the vector representing the angular momen- 
tum of P about 0, r, the component of r along OX, 
p the perpendicular from to the vector mv, or 
PQ, and a, j9, and 7 the direction angles of v. Then 

f, = mvp cos XON = mvp (cos 7 • y — cosjS • 3) -5- ^ 
= m (rcos7 • y — vcos/3 • 2) = rnvgy — mVyZ. 

But this last expression is the value of the angu- 
lar momentuni of P about the line OX (Art. 48). 

^^ Sr, = Sw (r,y - v) or i?, = A„ 

where ^ denotes the component of R along OX and Ax the angular momentum 
of the body about OX; thus the proposition has been proved. 

Obviously the greatest value oi R^is R, and hence hx is greatest when OX 
coincides with R. That is to say, with respect to lines through the fixed 
point of a body, the angular momentiun is greatest for the line coinciding 
with the vector which represents the angular momentum of the body about 
the point; this greatest angular momentum, about a line, equals the angular 
momentiun about the point. For brevity, we will call these (equal) angular 
momentums the or restdtatU angular momentum of the body; we will denote 
it by k. Finally hxy Ay, and kg will be our symbols, not only for the angular 
momentums of the body about x, y, and z axes through the fixed point but 
for the components of k along those lines. 

Referring to the foregoing or Art. 48, it will be seen that 

km = 2w(»,y — v^)f ky = Sw(t;,2 — Vmx), k» = Sm(ry.T — v^y). (i) 

These expressions for the component angular momentums can be transformed 
into the following (involving angular and not linear velocities): 

Ay = — 7iWx + /*«y — /xCDy, (2) 

A, = — J^z — Jj/U>y + /iWi. 

/x, /y, and 7« = the moments of inertia of the body about the x, y, and z axes 
respectively; or symbolically, 

/x = Sm(y* + 2*), /y = Sm(z« + X*), 7. = Sf«(:c» + y»). 

7x, /y, and 7, respectively = the products of inertia of the body with respect 
to the two co5rdinate planes intersecting in the x, y, and z axes (Art. 57); or 
symbolically, 

Jx — I^fnyz, 7y = 2f»2x, Jg = Smxy. 

Symbols <»)x, ci>y, and tag denote the axial components of the angular velocity 
of the body. Equations (2) may be deduced from equations (i) by substi- 
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tuting for Vx^ Vy, and v^ their values from equations (3) of Art. 54, and then 
simplifying. If the coordinate axes x, y, and z are principal axes of the body 
at the fixed point (Art. 57), then 7„ Jy, and /, = o; and 

hx = 7*0),, hy = lyuy, and ha = /«w,. 

It is worth noting that the axis of rotation of a body with a fixed point 

(Art. 54), and the vector of the angular momentimi 
about the point are in general not coincident. Thus 
let OA, OB, and OC be three fixed axes coincid- 
ing with the principal axes at of a body (not 
shown) which is fixed at O. If 0^4, OB, and OC 
represent the components (<ax, coy, and co.), along 
the principal axes, of the angular velocity <a of 
the body, then OD represents (a and OD is the axis 
of the rotation. If Oa, Ob, and Oc represent Ax, hy, 
and hg (I^x, Iifi^t and /^s), then Od represents h. And obviously OD 
and Od coincide only Hhxi hy : hgi: cux : a)y : cof ; that is if /« = ly == I9, 
' § 2. Rate of Change of Angular Momentum. — If the x, y, and z axes 
are fixed, then expressions for the rates of change of hx, hy, and hg may be 
obtained by (ordinary) differentiation of the right-hand members of equa- 
tions (2). The results arrived at will not be simple, since in general all /'s, 
J% and «'s vary with the time. Simpler results for these rates will now be 
stated and deduced by means of "moving axes." 

Let (Fig. 432) be the fixed point of the moving body (not shown); OA, 
OB, and OC a set of axes moving with the body or otherwise; 6 the (vary- 
ing) angular velocity of the frame OABC, and ^1, $2, and ^s the components 
of 6 along OA, OB, and OC respectively. If these moving axes are fixed in the 
body, then ^ = «, ft = «,, ^2 = «y, and 6^ = cog. Let OX, OY, and OZ be a 
set of fixed axes with which the moving axes coincide as shown at the instant 
in question. Then at that instant, hi — hx, f^ — hy, and As = *». 

In general all A's vary; the corresponding ones {hi and hx, hi and hy, h% and 
A,) do not vary at equal rates, even at the instant when the sets of axes coin- 
cide. As will be shown presently, these rates at the instant of coincidence 
are 



dh^ 
dt 


~ j: hfit + hfit, 


dhy 
dt 


— V - hfii + hiBt, 


dh. 
dt 


= J, W« + h0\. 



where the derivatives, the A's and the ^'s all pertain to the instant in question. 

Even when the moving axes are not coincident with the fixed set, hx equals 

the sum of the components along OX of h, h%, and As. And in general, changes 

in amount or direction of hi, hi, and As affect hx and also Ay and A«. Suppose 
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first that the body, but not the frame OABC, is rotating; and that the frame 
coincides with OXYZ, Change in h^ and As would not aflFect hx\ but change 
in Ai would. The rate of change in hz would be dhi/dt. Now consider the 
effect on A, of any rotation of the frame OABC about O. The component 
velocity ^i turns hi and As in the plane YOZ, and hence does not affect Ax. 
The component 6^ turns Ai and A3 in the plane ZOX; the turning of Ai does 



vd^B 
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not affect Ax but turning of As contributes As^ to the rate of A, at the instant 
when the axes coincide. The component ds turns Ai and A2 in the plane XOY; 
the turning of Ai does not affect hx but turning of A2 contributes — h^z to the 
rate of Ax at the instant when the axes coincide.* Finally, the total rate of A* 
is (dhi/df) + Aj^s + W2 which was to be shown. In a similar way, the stated 
values of the other two rates could be arrived at. 

Since the torque of the external forces acting on a body about any fixed 
line equals the rate at which the angular momentum about that line is chang- 
ing (Art. 48), 



dh 

Tx = -^T — Aa^s + Asft = Ti, 
Ty = -jT — Aj^i + Ai^s = 7j, 



(3) 



where Tx, T^, and T, denote the torques about the .r, y, and z axes respec- 
tively, and Tiy T2, and Ts those about the coincident moving axes. Torques, 
rates, etc., pertain to the same instant, of course. 

* Let OP (Fig. 433) be a vector R of constant magnitude rotating about 0, in the plane 
of the paper, with angular velocity cu (» d(t>/dl). Also let R' « the component of R along 
the fixed line OU; then R^ ^ R coa 0. The rate at which R' changes is 

dR'/di = - Rdnit>'d4>/di = - i2sin0««. 

Now when R coincides with OU, = 0, and the rate of change of R' = o. When R is per- 
pendicular to OU, ^ — i T, and the rate of change of /?' » — Rxa. If <a is positive (rotation 
counter-clockwise), then — Rta is negative; and this means that R' is decreasing (obvious 
from the figure). If <a is negative (rotation clockwise), then — i^ is positive; and this 
means that R' is increasing (obvious from the figure). 
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§ 3. Kinetic Energy. — As in § 3 of Art. 54, let w„ co^, and «, = the axial 
components of the angular velocity of the moving body at any particular 
instant; Xy y, and z = the coordinates of some particle P of the body then; 
and Vg, Vp, and Vg » the axial components of the velocity of P. If m = the 
mass of the particle, then its kinetic energy at the instant in question is 

im(p.« + V + 0. 

Now if we substitute for p,, Vy and r, their values from equations (3) of Art 
54, we arrive at a new expression for the kinetic energy of P; and if we sum 
up such expressions for all the particles of the body, we find that the kinetic 
energy of the body is 

where /«, /y, and /« are the moments of inertia of the moving body about the 
X, y, and z axes respectively, and Jx, Jyi and /« are the products of inertia of 
the body with respect to the pairs of coordinate planes intersecting in the 
X, y, and z axes respectively (Art. 57) all at the instant in question. That is 

Jz = Xmyz, Jy = Zmzjc, Jg = Xmxy. 

The products of inertia may be zero; then the kinetic energy equals 



56. Gyrostat 

§ I. Steady Oblique Precession. — Let OC (Fig. 434) be the spin-axis 
of a gjn-ostat, OZ a fixed axis about which OC is rotating or precessing at a 
steady rate, 6 = the constant angle ZOCj <a = the angular velocity of spin, 

and Q = the angular velocity of precession. Let 
OX and OY be fixed axes, perpendicular to each 
other and to 0Z\ OA an axis on the plane of ZOC 
and perpendicular to 0C\ and OB perpendicular 
to OA and OC, OA and OB are moving axes, 
rotating with OC about OZ. 

The motion of the gyrostat consists of the com- 
ponent rotations (a and Q about OC and OZ re- 
spectively. The resultant of those components is 
Fig. 434 & rotation about the diagonal of the parallelogram 

on the vectors Oc and Oz representing co and Q 
(Art. 54), and the angular velocity of that resultant rotation is represented 
by that diagonal. Hence, the components of the angular velocity of the 
gyrostat along OA, OB, and OC are respectively 

— Q sin ^, o, and w + Q cos^ = n, 

n being an abbreviation for « + 12 cos B. 

It may be well to note the distinction between the velocity of spin o) and ff. 
The spin velocity is the angular velocity of the gyrostat relative to the moving 
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frame OABC; it is the product of 2 ir and the number of times per unit time 
which a point on the gyrostat pierces the plane ZOC. The angular velocity n 
is the component of the absolute angular velocity of the gyrostat along the 
fixed line with which OC happens to coincide at the instant in question. Since 
OAf OB, and OC are principal axes of the gyrostat (Art. 57), the angular mo- 
mentums of the gyrostat about these axes are respectively 

— ilQsin^, o, and C(«+ Qcos^) = C», 

where A and C denote the moments of inertia of the gyrostat about OA and 
OC respectively. 

Since the entire frame of axes OABC is rotating about OZ with angtilar 
velocity Q, the components of that velocity along OA, OB, and OC are re- 
spectively, 

— 12 sin 9, o, and 12cos^. 

Substituting now in equation (3) of Art, 55, we get as the required values of 
the torques of the external forces about the axes OA, OB, and OC respectively 

Ti = o, 

r- = CnQsin^ - i4 Q^sin^cosff, 
and Ts = o. 

Therefore for steady spin and precession, there must be no torque about any 

line in the plane of the spin and precession axes (Ti and Tt = o) but a torque 

equal to 

Cnl2sin^ ^ AiP^BcosS 

about a line perpendicular to those axes and through the fixed point. 

Let us now consider whether a gjrrostat may precess steadily under the in- 
fluence of gravity and the pivot reaction only. Let W = the weight of the 
gyrostat, and h = the distance of its center of gravity from the pivot; then the 
torques of gravity about OA, OB, and OC are respectively o, Wh sin 6, and o. 
We assume that the pivot is so well made that the torques of the reaction 
about the lines mentioned equal zero practically. Hence the g3n'ostat is not 
subjected to any torque about OA and OC but tQ a torque Wh sin about OB. 
If now the quantities W, h, 6, etc., be given such values that 

Wh sin^ = CnQsinS - A ff sin^cos^, 

then all the conditions for steady precession will be satisfied. Evidently 
such values can be assigned, in general. Indeed if we solve the preceding 
equation for Q, we get 

Cfizfc V(CV-4^TF/rcosd) 



= 



2 A cos^ 



from which it is plain that in general there are two possible velocities of pre- 
cession for a given gjrrostat, spin w, and inclination d. But if C^* = 4 AWh 
cos 6, then there is only one value of Jl; and if C*»* < 4 AWh cos 6, then 
(2 is imaginary, and the gyrostat will not precess under the conditions imposed. 
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A gyrostat whose center of gravity is at the pivot will precess steadily for 
certain conditions of impressed spin, precession, and obliquity. For, suppose 
that spin, precession, and obliquity are so arranged that Cn = AQcosS; 
then Ti = o, that is no torque is required to maintain the precession. Hence 
the gyrostat, with center of gravity at the pivot, would continue to precess. 

It may be instructive to consider the following alternative analysis. Let 
hi, hi, and As be the angular momentums about OA, OB, and OC respectively; 
and hx, hy, and hn those about OX, OY, and OZ. Then 

hx = (Ai cos^ + As sin^) cos^, 
hy = (Ai cos^ + As sin ^) sin ^, 
and hg = —Ai sin*^ + As cos^. 

Now Ai, hi, and As are constant (see preceding page for their values); the only 
variable in the right-hand members is ^; and since the x, y, and z axes are 
fixed in direction, the rates at which hg, hy, and A. change are respectively 

— (AiCOS^ + A8sin^)asin^, (Ai cos ^ + As sin ^) Q cos ^, and o. 

Now consider the instant when OC lies in the plane ZOX; then ^ = o, and 
the rates are o, (Ai cos ^ + As sin d) Q, and o. Hence the torques about OX 
and OZ are zero, and that about OY (the perpendicular to the axes of spin 
and precession) is 

(AiCos^+ A8sin^)0= - .4 ff sin^cos^ + CnOsin^. 

This result agrees with that arrived at by the first method. 

Gyrostat in a Case. — The foregoing analysis must be modified for a spin- 
ning gyrostat in a frame or case which does not spin but merely precesses 
with the axis of spin. Let A and C be moments of inertia of the spinning part 
as before, and A' and C the corresponding moments of inertia of the case. 
Then the angular momentums of the case about the ai^es OA, OB, and OC 
(Fig. 434) are respectively 

—A'Qsind, o, and C'Qcos^. 

These may be added to the earlier expressions for corresponding momentums 
of the spinning part to arrive at values of the angular momentimis of the entire 
gyroscope. Then substituting in equation (3) of Art. 55 as before, we find 
that the necessary torques about OA, OB, and OC for steady precession are 
respectively 

Ti = o, 

7^2= {Cn + C Qcose)Qsme - (A + A')^smeco&e, 
and Tz = o, 

where » = co + Q cos ^ as before. 

§ 2. Unsteady Oblique Precession. — Imagine a gyrostat to have 
been started spinning in some way, and then released and left to itself on a 
frictionless pivot imder the action of the pivot reaction and gravity. The 
subsequent motion will now be investigated. 

Let (oq = the angular velocity of spin, and Sq = the angle between the axis 
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of spin and the vertical at release. Let Fig. 434 represent the gyrostat at 
some instant after its release; co = the velocity of spin (velocity of the gyro- 
stat relative to the plane ZOC); Q = the velocity of turning of the plane ZOC 
(which we will continue to call velocity of precession); and 6 = the angle 
ZOC. We do not assume a?, Q, and ^ to be constants. 

At the instant of release, when there is not yet any motion of the axes OABC, 
the total angular velocity of the gyrostat is coo- At a later instant the angular 
velocity of the g3rrostat is the resultant of its velocity of spin eo (relative to 
the frame OABC) and the angular velocity of the frame. Now this latter 
velocity has the following components along OA, OB, and OC respectively, 

Qsind, $,* and Qcos^; 

hence the (resultant) angular velocity of the gyrostat has the following com- 
ponents along OA, OB, and OC respectively, 

— Osintf, $, and a> + Qcosd = n, 

where n is an abbreviation for o) -|- cos ^ as in §1. And the angular mo- 
mentums about those same lines are 

-i4 0sind. Be, and Cn. 

According to equation (3), Art. 55, the rate at which the angular momentimi 
about OC is changing is 

C» + il ilsin^ • ^'- -B^Osind; 

but this rate equals zero since there is no torque about OC. And because 
A = B,Cn^ o\ hence n is constant, and therefore always equals its initial 
value, that is, 

n = o. 

This does not mean that the spin velocity, cu, is constant. 

Since there is no torque about the (fixed) axis OZ, the angular momentum 
about that line remains constant; thus that angular momentum at any instant 
equals its initial value, or 

A Qsind X sind + Cci)ocosd = Cojocos^. 
This equation shows that 

= C«o (cos^o — cos^) ■^ A sin*^, (i) 

from which one may compute the velocity of the plane ZOC, or the velocity of 
precession. 

Investigation of the (nutational) motion of the spin-axis in the (azimuthal) 
plane ZOC can be made simplest by means of the principle of work and kinetic 
energy (Art. 43). From the instant of release of the gyrostat to any subse- 
quent instant, gravity does an amount of work on the gyrostat equal to the 
product of the weight and the vertical descent of the center of gravity. If, 

* According to this (fluxional) notation, a symbol with a dot over it means the time rate 
of the quantity represented by the symbol; thus $ means d$/dtt s means ds/dl, etc. 
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as in § I, H'' = the weight, and h = the distance from the pivot to the center 
of gnvity, then the work done by gravity is 

Wh(cose^-cosS). 
The initial kinetic energy of the gyrostat is ^ CW, and its kinetic energy at ^ 
later instant is 

\ow the change in kinetic energy is due to the work done by gravity; hence, 
since A^B, 

M (ffsin*^ + e») = Wh{cos6o-cosS). (2) 

From this equation and (i), tt is possible to compute the ai^ular velocity 
of nutation for any value of 6. Thus if we eliminate between equations 
(i) and (2), we get 

e-.-j-Ccosfc-coss) ^;ji^^5 — '-. (3, 

Now the angular velocity must be real, and hence the right-hand member 
of (3) cannot be negative; it may equal zero or be positive. The right-hand 
member is zero (and then 6 = o), when fl = fti; also when 6 equals 0i, where 

cosfli = \— Vi — 2Xcosfli»-|-X*, 

X bring an abbreviation for C^i^/i WkA. Any value of between 0a and 61 

makes the right-hand member of (3) positive, and gives two equal values of 

of opposite sign. Hence the spin-axis oscillates in the 

aamuthal plane, B varying between A) and fi. 

Whenever 6 is greater than Aj, fl is positive (see equation 

i); but when = Bo, then il = o. Hence the azimuthal 

plane rotates always in one direction but its velocity is zero 

every time when the center of gravity of the gyrostat gets 

into its highest position (A = 9o). 

In Fig. 435 the curve CoCiCoCi represents the path of a 

Fio. 435 point on the ^in-axis of the gyrostat; CoCo are the highest 

and CiCi the lowest positions reached by the point; ZOCo = 9o and ZOCi = 0i. 

57. Principal Moments of Inertia and Axes 

§ I. MouENT OF Inertia and RADros of Gyration of a body with respect 
to (or about) a line are defined in Art. 36. It is shown there, among other 
things, that the moments of inertia and radiuses of gyration of a body with 
respect to parallel lines are very simply related (§ 2); and of such moments 
of inertia and radiuses of gyration, the one about the line through the mass- 
center is least. We will now examine the moments of inertia of a body about 
all lines through any point of it. It will be shown that in general there is 
one line about which the moment of inertia is maximum, and a second line, 
perpendicular to the first, about which the moment of inertia is a minimum. 
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These two lines and the one perpendicular to their plane at the point in 
question are called the principal axes at the point, and the moments of inertia 
about those lines are the principal moments of inertia at the point. These 
axes are important dynamically (see § 2). 

Let P (Fig. 436) be a point of a body (not otherwise shown); any other 
point, not in the body necessarily; and OA any line 
through 0. Let X, /i, and p = the direction cosines 
of OA with respect to any coordinate axes with origin 
at 0, w = mass of P, r = distance of P from OA, and 
/ = the moment of inertia of the body about OA, 
According to definition, / = Sf»r*. Now r* = (OP)* — 
(ORy. OP is a diagonal of a parallelopiped of which 
lines X, y, and z are three intersecting edges; hence 
OP^ = «« + / + z2. OR is one side of the closed ^' ^ 

(gauche) polygon OZQPRO] and since any side of a closed polygon equals 
the algebraic simi of the projections of the other sides upon it, OR = Xx + 
$iy+ vz + o. Hence 

f^^oi? + f + s?+0^ + ny+vzy. . 
Expanding this expression for r^ and arranging terms we would find that 
\ I = Sw[XV + 2*) + M*(z* + r^) + i^(x2 + y) - 2MV3« - 2 I'Xax - 2 X^ry]. 
In this (space) summation X, fi, and v are constants; hence 

/ = X*Sw(3^ + 2?) + .... — 2fii'Smy2— .... 

Now y* + z*, 2? + «*, and jc* + 3^ respectively = the squares of the distances 
of P from the x, y, and z axes; hence M A^B, and C = the moments of inertia 
of the body with respect to the x, y, and z axes, we have 

^=Sw(y* + 22), 5 = 2m(252 + .t«), and C^'Lmipf + f). 

The remaining summations in the foregoing expression for / are the so-called 
products of inertia of the body with respect to the two coordinate planes inter- 
secting in the x, y, and z axes respectively. Let Z>, £, and F respectively 
denote these products of inertia, that is 

D = Hmyz, E = Smac, and P = Jlmxy. 
Then we have 

I = \*A+fi^B+iK;-2fivD-2v\E-2 \fjLP. ( I ) 

If we know the moments of inertia (^4, B, and C) of a body about each one of 
a set of coordinate axes, and the products of inertia (D, £, and F) with respect 
to each pair of the coordinate planes, then by means of formula (i) we can find 
the moment of inertia / of the body about any line through the origin of coor- 
dinates. And by means of formula (4) of Art. 36 we can transfer this / to 
any parallel axis desired. Thus the two formulas enable one to ''transfer" 
from the coordinate axes to any line whatsoever. 

Imagine a length OS laid off on OA (Fig. 436) so that OS, which we will 
call p, is inversely proportional to the radius of gyration of the body about 
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OA. That is, if ifc » the radius of gyration and K a factor of proportionality, 
then p = KIk, Such points S for all lines OA would lie on the surface of an 
ellipsoid (proved presently) called the motnefUal ellipsoid of the body for the 
selected point O. Let X, F, and Z = the codrdinates of 5; they equal pX, 
PM, and py req)ectively. Then equation (i) multiplied by p* reduces to 

AX^ + BY* + CZ^-2DZY-2EVX-2PXY^K^M, (2) 

where M = the mass of the body. This is the equation of ^ ellipsoid with 
center at (see any standard work on Analytic Geometry). 

In general, the axes of an ellipsoid are unequal in length. Hence the 
radius of gyration (and the moment of inertia) about the shortest axis of the 
momental ellipsoid is greater than the radius of gyration (and moment of 
inertia) about any other line through the center of the ellipsoid, and the mo- 
ment of inertia about the longest axis is less than that about any other line 
through the center. Thus we have shown that there are two lines at right 
angles to each other through any point of a body (or of its extension) about 
which the moments of inertia of the body are maximimi and minimum. The 
momental ellipsoid might of course be one of revolution in a special case, 
or even a sphere. 

If two of the products of inertia equal zero, say E and F, then the equation 
of the momental ellipsoid is 

AX^+BY^ + CP- aDYZ^IPM, 

which shows that the ellipsoid is symmetrical with respect to the yz plane. 
Hence the x axis coincides with one of the axes of the ellipsoid, that is with 
one of the principal axes of the body at the point O. If the three products 
of inertia eqiial zero, then the ellipsoid is symmetrical with respect to the three 
coordinate planes, and hence each coordinate axis is a principal axis at the 
origin. Then if /i, It, and h denote the principal moments of inertia, formula 
(i) becomes 

Symmetrical Bodies. — If a homogeneous body is synmietrical with respect 
to a plane, then any line perpendicular to the plane is a principal axis at the 
point where it pierces the plane. For, take such line as the a; axis, and the y 
and z axes in the plane. Then for every particle of the body whose coordi- 
nates are a, b, and c, there is another one whose co5rdinates are — a, b, and 
c, hence ^mzx and Jlmxy == o, and therefore as explained the x axis is a 
principal axis at the origin of coordinates. 

If a homogeneous body has two planes of symmetry at right angles to each 
other, then their intersection is a principal axis at every point of that line. 
For if the two planes be taken as co<5rdinate planes and any plane perpendic- 
ular to them as the third co6rdinate plane, then it is obvious that the three 
products of inertia equal zero; hence the intersection of the planes of sym- 
metry (one of the coordinate axes) is a principal axis at the origin of codrdi- 
nates (taken at any point on the intersection). 
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§ 2. Free Axes. — The axes of principal moments of inertia at the mass- 
center of a rigid body are called free axes of the body because they possess 
a certain property which may be described as follows: If the body could be 
set to rotating about any one of these axes and then left to itself entirely free 
from all external forces, even gravity, it would continue to rotate about that 
axis. To demonstrate this, we will imagine this axis to be a shaft resting in 
bearings, and then show that the bearings would exert no pressures whatever 
on the shaft. It will follow that such bearings are not necessary to hold the 
shaft in position. Let BiBi (Fig. 437) be the axis, Bi and Bi the bearings, 
O the mass-center of the body, and « = the angular velocity. Also let O be 
the origin of the axes x, y, and z as shown, P and Q = the reactions of the 
bearings on the shaft; and P,, Py, and P. = the axial components of P, and 
Qx, Qy, and Qb = those of Q. Evidently, P« or Q, = o. Since the mass- 
center is at rest, the sums of the x, y, and 2 
components of all the forces (P and Q) acting 
on the body equal zero. Hence 

P» = C» ~ o; ^^ *^d Q* ^® opposite; 

also Py and Qy, 

That is, the external forces consist of two 
couples, P, and Qx, and Py and Qy. Let A 
be one of the particles of the body; f» = its 
mass; r == its distance from the axis; B = 
the (var)nng) angle which r makes with xz plane (as shown); «, y, and 
2 = the coordinates of A ; r,, »y, and r, = the axial components of the veloc- 
ity of A. Since Va — o, the angular momentums of A about the x and y 
axes are respectively 

— f«t;y2 = — moco&B-z = — mrcucos^*2 = — wma», 
and moji = — mvsinS • 2 = — mrcosmd • 2 = — (ii>myz. 

Hence the angular momentums of the entire body about the x and y axes 

respectively are 

— (aJlmxz and — (oEmyz, 

Since the 2 axis is a principal axb, these summations (or products of inertia) 
equal zero; that is the angular momentmns about the x and y axes equal zero, 
at all times. It follows that there is no torque about either axis at any time; 
hence there are no such couples, PjQs and PyQy. 

If the axis of rotation BiB% is not a principal axis, then the angular momen- 
tums — (oLmxz and — (oSmyz are not always zero nor are they constant in 
value during a revolution; hence the torques of the couples P^Qx and P^y 
are not always zero. Such couples can be sensed roughly by supporting an 
irregular shaped body by means of one's hands as bearings and then making 
it rotate. Of course one would feel the dead weight of the body but also 
pulls and pushes due to the tendency or effort of the axis of rotation to get 
away. If a regular body were selected, one would be apt to rotate it about 
a principal axis, and so miss the effect just described. 
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In general a body has three free axes, the axes of greatest, least, and mean 
moments of inertia — axes through the mass-center being imderstood. There 
is an interesting difference among these axes, namely, rotation about the axis 
of greatest or least moment of inertia is stable, while rotation about the axis 
of mean moment is imstable. That is, if the body were set rotating about 
either of the first two axes, then any slight deviation of the axis of rotation 
from such principal axis would not be followed by continually increasing 
deviations; but if the initial rotation be about the axis of mean moment then 
slight deviation is followed by still greater change. Explanation of these 
properties would take us too far afield. 

58. Any Motion of a Rigid Body; Summary of Dynamics 

§ I. Any Motion of a Rigid Body. — A rigid body can be displaced 
from one position A into another position B by means of a translation followed 
by a rotation. For, it is obvious that a translation can be selected so as to 
move any chosen point of the body from its original position (in ^4) into its 
final position (in B), From this intermediate position, the body can be put 
into its final position by means of a rotation (of suitable amoimt) about a 
(certain) fixed axis through the final position of O (see Art. 54). The displace- 
ment might be effected in the reverse order, that is a rotation followed by a 
translation. For, a rotation about a fixed line through the "base point " 
could be made so as to put the two lines OP and OQ, P and Q being two points 
of the body not in line with O, parallel to their final positions (in 5); and a 
suitable translation would put those lines (and the body) into their final 
positions. 

Evidently, the rotation and the translation could be made simultaneously. 
Therefore any actual motion of a body from one position into another may 
be regarded as a succession of infinitesimal simultaneous translations and 
rotations. All the translations may refer to the same base point, but in gen- 
eral the successive rotations do not occur about the same line of the body. 
Thus we may regard any motion of a rigid body as consisting of a translation 
(in which each point of the body moves just like the base point), combined with 
a rotation about a line through the base point, the line shifting about in the 
body, generally. There is not only such (kinematic) independence of trans- 
lation and rotation as just explained, but if we take the center of gravity 
as base point, then there is also independence of translation and rotation 
dynamically. That is to say, we may ascertain the translation (or motion 
of the center of gravity) quite independently of the rotation; and the rota- 
tion about the center of gravity quite independently of the translation. We 
proceed to demonstrate this independence. 

As already shown in Art. 34, the acceleration of the mass-center of a body 
(even if not rigid) may be determined as though all the material of the body 
were concentrated at the mass-center, and all the external forces were applied 
at that (dense) point. Therefore if R^, Ry, and Rg denote the algebraic sums 



AST. s8 



297 



Y 


Y] 


•\ 


... ^/!^-, 


y' 


D 


■■"■'(■ ^ ""0 ^ X' ' 


( 


^o_^ 


^ 





Fig. 438 



of the components along x^ y, and z axes respectively, of all the external 
forces acting on a body; ax, ay, and a, the components of the acceleration of 
its mass-center, and M its mass; then 

Rz = Mmx, Ry = Aftfy, Rg = MS,. 

And, in Art. 46 it was shown that the component along any line, of the Unear 
momentum of a moving body is just the same as though the material of the 
body were concentrated at the (moving) mass-center; therefore if 5,, 5y, and 
Vm denote the axial components of the velocity of the mass-center, then 

Rx= jMVx, Ry^jMVy, Rm^jMVm. 

To see that the rotation about the mass-center is independent of the trans- 
lation, let us apply the principle that the torque of all the external forces about 
any line equals the rate at which the angular mo- 
mentum about that line is changing (Art. 48), taking 
the line through the mass-center. Let O (Fig. 438) 

be the mass-center, and P any other point of the mov- J ^ i' . ) x* 
ing body; a, b, and c = the (changing) coordinates 
of O with respect to fixed axes QX, QY, and QZ; .r, y, 
and 2 = the coordinates of P with respect to the same 
axes, and a/, y', and zf = the coordinates of P with 
respect to a parallel set of axes, the origin being at O. 
Furthermore, let m = mass of P, and »x, fy, and v, = the x, y, and z compo- 
nents of the velocity of P; then the angular momentum of P about the z' 
axis say (through and parallel to the z axis) = mvyx' — mvxy', and the angu- 
lar momentum of the entire body about that line equals 

^m(vyx' — Vxy'). 

Now jc = x' + a, and y = y' + ft; hence », = dx'/dt + da/dt and Vy = dy'/dl 
+ dbldi. Therefore, the angular momentum = 

Sm(x' d^ldi -f- y! db/dt - y' dx'/dt - y' da/dt) = 
2wx' dy'/dt + (db/dt) Hmxf - Hmy' dx'/dt - {da/di) ^my\ 

Since 'Stnx' and Hmy' = o, the second and fourth terms equal zero. Hence 
the angular momentum equals 

Umix'dy/dt-y dx'/dt). 

Now this expression does not depend on the motion of the center of gravity 
at all; moreover, it is just like the expression for the angular momentum 
of a body rotating about a fixed point, with respect to a line through that 
point (see Art. 55). Therefore if Tx, Ty, and T, denote the torques (mo- 
ment simis) of the external forces acting on a body about any lines jc, y, and 
z through the mass-center, and hx, hy, and h, the angular momentmns of the 
body about those lines, we may write 

r-^ r-^ r-^ 
^'^ dt' ^'' dt' ^'~ dt' 

and use expressions for hx, hy, and hg and their rates given in Art. 55. 
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To further emphasize the independence of motion of the mass-center and 
the motion of the body about that point, let us consider the kinetic energy of 
a body having any motion. Let O (Fig. 438) be the center of mass of the body. 
We will regard the motion as consisting of a translation like the motion of 0, 
and a rotation about some line through O, Let v^, Vy, and v. be the axial 
components of the velocity of 0; cox. Wyi and ta^ the axial components of the 
angular velocity about O. Then the components of the velocity of any par- 
ticle P are (see Art. 54) 

f « = 5* + »'«» — y««i 

Py = 5y + x'«. — z'wx, 

f » = 5« + y'«X — ^Wy. 

Since the kinetic energy of the particle is \ mj? = ^m (v^ + v^ + r**), the 
kinetic energy of the body is S J wr*, or 

i Af (5,* + V + ^m)+ h ^^* + \ ^i/^y + h I^» — J^f^h/^* — J^da» — J^:fay. 
Now the first term of this expression equals \ Mv^, and is the value which 
the kinetic energy would have if all the material were concentrated at the 
mass-coiter and were moving with it. The remainder of the expression is 
the value which the kinetic energy of the body would have if the center of mass 
were fixed (Art. 55). 

Once more, let us consider the angular momentum of a body with respect 
to a fixed line, say the z axis of Fig. 438. From the definition (Art 48) the 
angular momentvun about the z axis of the particle P is 

m{VyX — Vgy) = m [(ry + x'co, -- z'w,) x — (5, + /wy — y'«,)y], 

and the angular momentiun of the body equals the siun of all such expressions 
as the last, or 

M(^^ — Vxy) — J^x — J^y + /•»». 

Now the first term is the value which the angular momentum woidd have if 
all the material were concentrated at the center of mass and moving with it; 
the remainder of the expression is the value which the angular momentimi 
would have if the mass-center were fixed (see Art. 55). 

§ 2. Summary; Motion of a Rigid Body. — The following summary 
is based upon the order of development of dynamics followed in this book; 
it may therefore be regarded as a brief review. 

Motion of Translation (rectilinear or otherwise). — The resultant of all the 
external forces acting on the body is a single force. Its line of action passes 
through the mass-center, and hence the external forces have no torque about 
any line through that point. The resultant and the acceleration of the mov- 
ing body have the same direction; hence the algebraic sum of the components 
of the external forces at right angles to the acceleration equals zero. The 
acceleration is proportional to the resultant directly and to the mass of the 
body inversely; or a = R/M (where a = acceleration, R = resultant, and 
M = mass) if systematic units be used. The (linear) momentum of the body 
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= Mv = (W/g)v, where v = velocity, W = weight, and g = acceleration due 
to gravity. The kinetic energy of the body = i Mv^ = J (W/g) 1^, 

Rotation abotU a Fixed Axis. — The torque of all the external forces about 
the axis of rotation and the angular acceleration of the rotating body are alike 
in sense. The angular acceleration is proportional to the torque directly 
and to the moment of inertia of the body (with respect to the axis of rotation) 
inversely; or a = T/I (where a = angular acceleration, T = torque, and 
/ = moment of inertia), if systematic units be used. (It is generally con- 
venient to take / = Mk? = {W/g) A? where k = radius of gyration of the body 
about the axis of rotation.) We have also 

SF»=ilfa«, SF< = Af5i, and SF8 = o. 

The summations mean the algebraic sums of the components of the external 
forces — including the axle reaction if any — along three certain lines, namely, 
— (i) the perpendicular to the axis of rotation through the mass-center, (2) 
the perpendicular to the plane of the line just mentioned and the axis of rota- 
tion, and (3) the axis of rotation. Symbols an and at denote the components 
of the acceleration of the mass-center along the first two lines respectively; 
an = fof and at = fa, where r = the distance from the mass-center to the 
axis of rotation, o) = the angular velocity, and a = the angular acceleration 
of the body. If the angular velocity is constant then 2F| = o; if the mass- 
center is in the axis of rotation, then the three summations equal zero. 

The angular momentum of the body = /« = Mk^ = (W/g) ife*«; its kinetic 
energy = i/«^ = JMJfeV = i (W/g) Ifo?. 

Uniplanar Motion. — It may be regarded as a combined translation and 
rotation. Motion of the mass-center is given by 

SF, = Jlfa, and 2F„ = Afay, 

where DFx and SFy respectively mean the algebraic sums of the components 
of the external forces along axes x and y in the plane of the motion; and a* 
and Oy » the x and y components of the acceleration of the mass-center. The 
rotation of the body about the mass-center is given by T = /a, where T = 
the torque of the external forces about the perpendicular to the plane of the 
motion through the mass-center, / = the moment of inertia of the body about 
that line, and a ^ the angular acceleration of the body. The kinetic energy 
of the body is given by § M? + \ Icf, where v = the velocity of the mass- 
center and (0 = the angular velocity of the body at the instant in question. 

Rotation about a Fixed Point. — The principle of motion of the mass-center 
(§ 3) furnishes three independent equations of motion of the mass-center like 

where the sjrmbols have meanings already explained. The axes x, y, and z 
must not be parallel. The principle of torque and angular momentum fur« 
nishes three independent equations like 

r, = dfh/dt, 
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where T, is the torque of the forces acting on the body about any line 3c, and hs 
is the angular momentum of the body about the same line. That line and 
the other two may be taken at pleasure; generally lines through the fixed 
point are simplest. 

Any (Solid) Motion, — Motion of the mass-center and rotation about the 
mass-center are independent (§ i). We may treat these motions separately; 
the first as the motion of a particle whose mass equals that of the body imder 
the action of forces like those acting on the body; the second as though the 
body were fixed at the mass-center. 

§ 3. Summary; Motion of Any System of Particles, Solid or Fluid. 

— We will call the system a body but without implying that it is rigid except 
as noted. 

Principle of Motion of Mass-Center, — The motion of the mass-center does 
not depend at all on the internal forces; it moves just as if all the material 
of the moving body were concentrated at the mass-center and all the external 
forces were applied to that (dense) point in their actual directions of course. 
Thus the component of the acceleration of the mass-center along any line 
is proportional to the algebraic sum of the components of the external forces 
along that line directly and to the mass of the body inversely. Or, if sys- 
tematic imits are used a, = SF, -r M, where 5, and SF, = the mentioned 
component acceleration and algebraic sum respectively and M = mass. The 
foregoing equation is generally written 

SF, = JIfa.. 

Principle of Force and Momentum, — The algebraic sum of the components 

— along any line — of the external forces acting on the body at any instant 
equals the rate at which the component (along the same line) of the momen- 
tum of the body is changing them. Or 

where 5, = the component of the velocity of the mass-center along the line 
called X, Mvg = the x component of the linear momentum of the body. 

Principle of Impulse and Momentum. — The algebraic sum of the impulses 
of the components — along any line — of all the external forces for any in- 
terval equals the increment in the component of the momentum of the body 
along that line for that interval. Or 
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F^dt = MvJ'-MvJ. 



Principle of Torque, — The torque of all the external forces, acting on any 
body, equals the torque of the resultants of all the forces acting on the par- 
ticles of the body, all torques being taken about any line. An expression 
for this latter torque was deduced in Art. 48, the line about which torque was 
taken being called a z coordinate axis; it is Sm {oyX — a,y), where m = the 
mass of any particle, x and y = the coordinates of the particle, and Os and 
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Oy == the X and y components of its acceleration all at the instant in question. 
Thus the principle gives 

Tm = ^mioyX — axy), 

where Tm means the torque of all the external forces about the z axis. 

Principle of Torque and Angular Momentum. — The torque of the external 
forces acting on the moving body about any line equals the rate at which the 
angular momentum of the body about that line is changing (Art. 48). Or 

T, = j^Jl(mvyX — mvxy), 

the torque and angular momentum being taken about a z axis of a codrdinate 
frame. If, in a given case, there is no torque during an interval then the 
angular momentum about that line remains constant; this is the principle of 
conservation of angular momentum. 

Principle of Angular Impulse and Momentum. — The angular impulse of all 
the external forces — about any line — for any interval equals the increment 
in the angular momentum of the body about that line and for that interval. 
Or 

Ttdt = AS (mvyx — mv^y). 

Principle of Work and Kinetic Energy. — The total work done upon a body 
by all the external and internal forces during any displacement of the body 
equals the increment in the kinetic energy of the body during the interval. 
K the total work is positive then there is a real gain; if negative, then there 
is loss. If the body is a rigid one, the internal forces do no work; the total 
work done upon the body by the external forces equals the increment in its 
kinetic energy. 

Principle of Conservation of Energy. — If a body is isolated so that it is 
beyond the influence of other bodies, then during any change of condition 
of the body, the amount of its energy remains constant. There may be a 
transfer of energy from one part of the body to another, but the total gain 
or loss in one part is exactly equivalent to the loss or gain in the remainder. 

D'Alembert^s Principle, not heretofore discussed. — The resultant of all the 
forces acting on any particle of a body k called the effective force for that par- 
ticle. Its magnitude equals the product of the mass and acceleration of the 
particle; its direction is the same as that of the acceleration. The group of 
effective forces for all the particles of a body is called the effective system (of 
forces) for the body. It should be noted that these forces are fictitious or 
imaginary, equivalent respectively to the actual forces acting upon the par- 
ticles. The principle may be stated in two forms: — (a) The external sj^tem 
of forces and the effective system are equivalent, and (b) the external system 
and the reversed effective system jointly balance, or are in equilibrium. 
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THEORY OF DIMENSIONS OF XTNTTS 

§ I. Dimensions of Units. — The magnitude of a quantity is e^ressed 
by stating how many times larger it is than a standard quantity of the same 
kind and naming the standard. Thus, we say that a certain distance is lo 
miles, meaning that the distance is lo times as great as the standard distance, 
the mile. The number expressing the relation between the magnitude of 
the quantity and the standard (the number lo in the illustration) is called the 
numeric (or niunerical value) of the quantity, and the standard is called the 
unii, 

A imit for measuring any kind of quantity may be selected arbitrarily, but 
it must of course be a quantity of the same kind as the quantity to be measured. 
Thus, as unit of velocity we might select the velocity of light, as unit of area 
the area of one face of a silver dollar, etc. Many units in use are arbitrarily 
chosen, that is without reference to another imit (for example, the bushel and 
the degree); but generally it is convenient practically to define them with 
reference to each other. All mechanical and nearly all physical quantities 
can be defined in terms of three arbitrarily selected imits, not dependent on 
any other units. These are called fundamental units, and the others, defined 
with reference to them, derived units. It is customary in works on theoretical 
mechanics and physics to choose as fundamental the units of 

lengthy mass J and time; 

but it is sometimes more convenient to take as fundamental the units of 

length, farce, and time. 

We give an analysis of derived units with reference to each of these sets of 
fundamentals, and two tables in which the absolute units are referred to the 
first set of fundamentals and the gravitational units to the second set. But 
either set might serve as fundamentals for all absolute and gravitational 
units. 

A statement of the way in which a derived imit depends on the fimda- 
mental units involved in it is called a statement of the dimensions of the 
unit. For example, 

one square yard _ (one yard, or three feet)^ _ 
one square foot (one foot)* 
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Thus, a unit of area depends only on the unit of length used, and the unit of 
area varies as the square of the unit of length. This relation is expressed in 
the form of a ''dimensional equation" as follows: 

(unit area) = (unit length)*, 

and briefly a unit area is said to be ''two dimensions in length." Similarly, a 
unit volume is said to be three dimensions in length. We proceed to de- 
termine "dimensional formulas" for the units of several of the quantities of 
mechanics. The student should be able to determine formulas (see sub- 
sequent tables) for the others. 

VdocUy. — According to the definition of velocity (Art. 28), a unit ve- 
locity is directly proportional to the unit length and inversely to the unit 
time; hence if V, L, and T denote units of velocity, length, and time respec- 
tively, the dimensional equation is 

V= L/T = LT-*, 

and a unit velocity is one dimension in length and minus one in time. 

Acceleration. — According to the definition of acceleration (Art. 28), a 
unit acceleration is proportional directly to the unit velocity and inversely to 
the unit time; hence if A denotes unit acceleration, the dimensional equation 
is 

and a unit acceleration is one dimension in length and minus two in time. 

Angular VdocUy. — According to the definition of angular velocity (Art. 
37), a unit angular velocity is proportional directly to the unit angle and 
inversely to the unit time; hence if a> and denote \mits of angular velocity 
and angle respectively, the dimensional equation is 

tt = 6/T or » = T"*, 

since units of angle (degree, radian, etc.) are independent of the fundamental 
imits. A unit angular velocity is therefore minus one dimension in time. 

Angular Audcraiion. — According to the definition of angular velocity 
(Art. 37), a unit angular acceleration is proportional directly to the unit an- 
gular velocity and inversely to the unit time; hence if a denotes unit angular 
acceleration, the dimensional equation is 

a = «/T = T"*, 

and a unit angular acceleration is minus two dimensions in time. 

Foru. — In accordance with the equation of motion of a particle (Art. 31), 

R = ma, or 

"force = mass X acceleration;" 

that is, the unit force is directly proportional to the units of mass and accel- 
eration. Hence if F and M denote units of force and mass respectively, the 

dimensional equation is 

F » MA = LMT-«, 



3^4 



APPENDIX A 



ABSOLUTE SYSTEMS 



Namei of Quantities. 



Length 

Mass 

Time 

Velocity 

Acceleration 

Angular velocity 

Angular acceleration 

Force 

Weight 

Moment of mass 

Moment of inertia (body) . . 

Moment of force 

Work '. 

Energy .' 

Power 

Impulse 

Momentum 

Density 

Specific weight 

Moment of area 

Moment of inertia (area). . . 

Stress 

Stress intensity 



Dimen- 


Namei of Units. 


Mf^na.! 














C.G.S. 


F.P.S. 


L 


centimeter (cm) 


foot (ft) 


M 


gram (gr) 


pound (lb) 


T 


second (sec) 


second (sec) 


Ll^» 


cm/sec ("kine") 


ft/sec 


LT-« 


cm/sec* (" spoud") 


ft/sec» 


X-i 


rad/sec 


rad/sec 


X-i 


rad/sec* 


rad/sec* 


LMT-« 


dyne 


poundal (pdl) 


LM 


dyne 
gr-cm 


IWt 


L'M 


gr-cm' 


lb-ft« 


L'MT-* 


cm-dyne 


ft-pdl 


L*MT-4 


cm-dyne (" erg ") 


ft-pdl 


L«MT-« 


cm-dyne (" erg ") 
erg/sec 


ft-pdl 
ft-pdl/sec 


LM'T-i 


dyne-sec (" bole ") 


pdl-sec 


LMP-i 


dyne-sec (" bole *') 


pdl-sec 


L-»M 


gr/cm' 


lb/ft» 


L-«MT^i 


dyne/cm* 


pdl/ft* 


L» 


cm* 


ft* 


L* 


cm* 


ft« 


LMT-^ 


dyne 
dyne/cm* 


pdl 
pdl/ft? 



and a unit force is one dimension in length, one in mass, and minus two in 

kime. 

Mass. — If we regard length, force, and time as fundamental imits, then 

v\ie last equation written as follows is the dimensional equation for a imit 

nxass: 

M = FTVI' = L-^FT% 

and a unit mass is minus one dimension in length, one in force, and two in 
time. 

Work. — According to the definition of work (Art. 40), the xmit of work is 
directly proportional to the units of force and length; hence if W denotes 
unit work, the dimensional equation is 

W = LF = L^MT-S 

and a unit work is one dimension in length, one in force, or two in length, 
one in mass, and minus two in time. 

Power. — According to the definition of power (Art. 42), a unit of power is 
proportional directly to the xmit work and inversely to the imit time; hence 
if P denotes unit of power, the dimensional equation is 

p = w/T = LFT-^ = L^MT-*, 

and a unit power is one dimension in length and force and minus one in time, 
or two in length, one in mass, and minus three in time. 
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GRAVITATION SYSTEMS 



Names of Qtuuitities. 



Length 

Force 

Time 

Velocity 

Acceleration 

Angular velocity 

Angular acceleration 

Mass 

Weight 

Moment of mass 

Moment of inertia. . 
Moment of force .... 

Work 

Energy 

Power 

Impulse 

Momentum 

Density 

Specific weight 

Moment of area 

Moment of inertia. . , 

Stress 

Stress intensity 



Dtmen- 


Names of Units. 


Formulas. 


P.P. (force) S. 


M.K. (force) S. 


L 


foot (ft) 


meter (m) 


P 


pound (lb) 


kilogram (kg) 
second (sec) 


T 


second (sec) 


LT-i 


ft/sec 


m/sec 


LT-« 


ft/sec* 


m/sec* 


X-i 


rad/sec 


rad/sec 


T-« 


rad/sec* 


rad/sec' 


L-iFT« 


" slug " (si) 
lb 


'* metric slug " (msl) 


F 


kg 


FT« 


sl-ft 


msl-m 


LFT« 


sl-ft* 


msl-m* 


LF 


ft-lb 


kg-m 


Lpf. 


ft-lb 


kg-m 


LF 


ft-lb 


kg-m 


LFT^i 


ft-lb/sec 


kg-m/sec 
kg-sec 


FT 


lb-sec 


FT 


lb-sec 


kg-sec 


L«FT« 


sl/ft» 


msl/m* 


L-»F 


lb/ft» 


kg/m» 


L» 


ft» 


m» 


L* 


ft* 


m* 


F 


lb 


kg/m» 


L-*F 


lb/ft* 



§ 2. Applications of the Theory of Dimensions. — A knowledge of 
the theory of dimensions is probably of most value to the beginner as a help 
to a clear understanding of the different mechanical quantities and the rela- 
tions between them. The theory is useful practically in other ways, three of 
which we mention. 

(i) As a test of the accuracy of equations between mechanical quantities. — 
Such an equation if rationally and correctly deduced must be homogeneous, 
that is the terms in it must be the same in kind. To ascertain whether terms 
are the same in kind we write the dimensional form of the equation, reduce the 
terms to their simplest forms and compare; if they are alike, the terms are 
the same in kind. To illustrate let us consider equation (4), Art. 25, 



r = - wfl 1 1 + - 
2 V I 



(' 



6/V' 



where T denotes tension (or force), w weight (or force) per unit length, and a 
and/ lengths. Using L, M, and T, the dimensional form of the equation is 



LMT-* = 



LMT-* 



©' 



Since the right-hand member reduces to LMT"^, the two members are alike 
in kind, as they should be. The coefficient J and the term i were omitted 
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from the dimensional equation because they are independent of L, M, and 
T. Using L, F, and T, the dimensional form of the equation is 

which is simpler than the first form. Indeed dimensional equations based 
on Ly F| and T are generally the simpler in the case of formulas with which 
engineers have to deal, particularly if mass does not appear in the formula. 

Showing that an equation is homogeneous does not prove that it is correct, 
but that it may be correct; showing that an equation is non-homogeneous 
shows it to be incorrect. Since abstract numbers do not appear in the dimen- 
sional form of an equation, the test for homogeneity does not disclose errors 
in numerical coefficients and terms, nor errors in signs. 

(2) To express a magnUude in different units. — Obviously the numerical 
value of a given quantity changes inversely as the magnitude of the unit 
used; thus a certain distance may be expressed as 

10 mi.y 17,600 yds., and 52,800 ft., 

and plainly the numerics are respectively as i, 1760, and 5280, while the cor- 
responding imits are as 5280, 1760, and i. 

Let gi be the known numerical value of a quantity when expressed in the 
imit Qi, and gt the numeric (to be found) of the same quantity expressed in 
the unit 0%; then 

gi/gi = Q2/Qh or §'1 = ^202/^1- 

The ratio Qi/Qi can be easily computed by substituting forjQi and ft their 
eguivalents in terms of fundamental units; thus if a, b, and c are the dimen- 
sions of Qi (and ft), 

Oi = *i (Li«Mi*Ti«) and ft = fe(VM2*T2«), 

where Li, Mi, and Ti are the particular fundamentals for Qr, L2, M2, and Ti 
those for ft; and ki and kt numerical coefficients (very often unity). Finally, 



til \i'l/ \Mi/ \Ti/ 



As an example, let us determine how many watts in 10 horse-power. Since 
Qi (horse-power) =550 ft-lb-secr^, and ft (watt) = 10^ ergs per sec = id' 
cm-d)me-sec"'S 

550 ft lb sec~^ 550 , -V , v^ K\ / \ ^ 

gi = 10^ — -^ -I = 10^(30.48) (4.45 X 10*) (i) = 7640. 

' 10^ cm dyne sec^ j^^i ^ -^ ^ ^-r to / \ / / t 

(3) To ascertain the unit of the result of a numerical calculation. — Substi- 
tute for the quantities the names of the imits in which they are expressed, 
and then repeat the calculation, treating the names as though they were 
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algebraic quantities. The reduced answer is the name of the unit of the 
numerical answer. Thus in the formula for the elongation of a rod due to a 
pull at each end, Pl/AE (wherein P denotes pull, / length of the rod, A area 
of cross-section, and E Young's modulus for the material), suppose that P = 
10,000 lbs., / = 50 in., i4 = 0.5 in*, E = 30,000,000 lbs/in*; the calculations 
for elongation and name of unit are 

10,000 X so J lbs X in lbs X in X in* . 

— c; — ~ 0.33, ana . o v^ n. /» 2 = — . • v^ lu — ~ ***• 

0-5 X 30,000,000 ^^' m* X Ibs/m m* X lbs 
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IfOlCSNT OF INBRTIA AND RADIUS OF GTRATIOIf OF PLANE AREAS* 

§ I. Eleb£ENTs of the Subject. — In the subject of Strength of Ma- 
terials, students of engineering meet certain quantities^ formulas for which are 
like 



/ 



where dA denotes elementary area and x the distance of dA from some line, 
and the integration is to be extended over some finite area as the cross section 
of a beam, colunm, etc. In Chapter V of this book there are integrals like 



/ 



dA'X, or dAi'Xi + dAi'Xi-i- • • • 

Since each of the terms in this sununation is the product of an elementary 
area and its distance from some line (the y coordinate axis), each term (and 
their sum) has been called ''moment of area;" this name is in line with 
"moment of force" which is a similar product. Likewise, since 



/■ 



dA'ofi = {dAi'Xi)xi + (dA • X2)xt + • • • , 

and since each term of the summation may be regarded as the moment of a 
moment, the terms (and more particularly their siun) are called "second 
moments of area." Thus these names for the integrals are quite appropriate. 
But the names are not in general use; others not so appropriate are more 
common. The first moment is generally called statical moment, and the 
second is generally called moment of inertia. This latter name came into use 

because the integral named is like a certain other integral, I dM • r* (Art. 36) 

which has been previously called (with some reason) moment of inertia. 
Students should recognize at once that an area has no inertia, and hence 
in the ordinary sense of the words, no moment of inertia. There is therefore 
no physical meaning whatsoever attached to moment of inertia of an area. 
Nevertheless, the term is so firmly established that we will follow the common 
usage. Thus, 

Moment of inertia of an area with respect to or about a straight line (or 
axis) is the siun of the products obtained by multiplying each elementary 

* Writers on Strength of Materials usually refer to works on Mechanics for a discussion 
of this subject, and for that reason this appendix is included herein. 
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part of the area by the square of its distance from the line. Engineers have 
occasion to compute moments of inertia of plane areas only, and about a line 
which is either in the plane or perpendicular to it. The moment of inertia 
of an area about a line perpendicular to the plane of the area is called a polar 
moment of inertia, and the line a polar axis. 

The almost universal S3mabol for moment of inertia is /. A subscript on 
the S3rmbol indicates the axis to which the moment of inertia refers; thus /« 
means moment of inertia about the x axis. Using p to stand for distance of 
the elementary area Ji4 from the axis we have a general formula 



I — I dA»f^ — dAi • pi* + dA% • ps* + • • 



(i) 



In using this formula care must be taken to select the elementary areas so 
that all parts of each are equally distant from the axis. If this is not done, 
then the distance p is uncertain. This caution is illustrated in the first exam- 
ple following. 

Each term in the preceding series is the product of four lengths; hence a 
moment of inertia of an area is four '^dimensions" in length. The numerical 
value of a moment of inertia of an area is usually computed with the inch as 
unit length, and the corresponding imit moment of inertia is called a ''bi- 
quadratic inch," abbreviated in.* 

Examples. — i. It is required to ascertain the value of the moment of 
inertia of a rectangle whose breadth and height are b and k respectively, about 





Fia I 



Fig. 2 



the base. If we choose for dA a strip parallel to the base (see Fig. i), then all 
parts of dA are equally distant from the base. Let y = that distance; then 
dA = b dy, and 



^'^jT^^'^^^^^^iW =****• 



If we take a vertical strip for elementary area, then dA =^ h dx. Now p, the 
distance of dA from the base, is ambiguous; one would naturally take it to be 
I h. Trying i A we get 

/. = fih dx) (i hy - i lf[x]^ \ bV, 
t/o 

which dififers from the first result and is wrong. 
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2. It is required to ascertain the value of the moment of inertia of a tri- 
angle whose base and height are b and h respectively, about a line through 
its centroid parallel to the base. For (any) elementary area we take a strip 
as shown in Fig. 2; let y » its distance from the axis, and « = its length. 
Then dA ^ udy — (b/h) (i A — y)dy, and hence 

3. It is required to ascertain the value of the moment of inertia of a circle 
whose radius is r about a polar axis through its center. Here it is practically 
necessary to take an elementary area of the second order, as dxdy or pdB-dp 
in polar coordinates. We choose the latter (see Fig. 3). Then 



/. = X'X"^*''*^^ " ^'^' 



Radius of Gyration. — Since any moment of inertia of an area is four "di- 
mensions" in length, it can be expressed as the product of the area and a 





Fio. 3 



FtG. 4 



length squared. It is sometimes convenient to so express it. The length 
is called the radius of gyration of the area about the line to which the moment 
of inertia refers; thus if k and / denote radius of g3rration and moment of 
inertia of an area A about the same line, then 

*M = /, or A = VI/A. (2) 

This length k was called radius of g3rration because gi the analogy between 
it and another length which had been previously called radius of gyration. 
This other length is defined by the equation IfM = /, where / is the moment 
of inertia of a body of mass M about some line (Art. 36). For this length, 
the term radius of gyration is more or less appropriate, but for the first, de- 
fined by equation (2), the term is not appropriate, except through the analogy. 
It is worth noting that the square of the radius of gyration of an area with 
respect to any line is the mean of the squares of the distances of all the equal 
elementary parts of the area from that line. For let pi, ps, etc., be the dis- 
tances from the elements (dA) to the line, and let n denote their number (in- 
finite); then the mean of the squares is 

(pi* + P2* + Pi*+ . . . )/n = (p^dA+p2^dA + . . . )/ndA^I/A^I?. 
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Paralld Axes Theorem, — There is a very simple relation between the mo- 
ments of inertia (and the radiuses of gyration) of an area with respect to par- 
allel axes, one of which passes through the centroid of the area. Thus the 
moment of inertia of an area with respect to any line exceeds the moment 
of mertia with respect to a parallel line through the centroid by an amoimt 
equal to the product of the area and the square of the distance between the 
lines. Or if / and / denote the moments of inertia respectively, A the area, 
and d the distance between the lines, then 

I^I+A(P. (3) 

Proofs of the Theorem. — (i) When the two axes are in the plane area. — 
Let C (Fig. 4) be the centroid of the area, U and X the two parallel lines or 
axes, and v and y ^ the ordinates of the elementary area dA from those lines 
req)ectively. Then 

I -^fdA^v^=fdA(y + dY^fdA^f + 2dJdA'y + d^fdA. 

Now I dil • y* = /; j dA^y ^ o, shown presently; and j dA = -4 ; hence, 

7 = 7 + Ad^, dA*y is the statical (or first) moment of dA about CX, and 

the sum of all such terms asdA^yis the statical moment 

of the area about CX, Since this line contains the 

centroid, the statical moment equals zero (Art. 22). 

(2) When the two lines are perpendicular to the area. 

— Let O and C (Fig. 5) be the points where the two 

parallel lines pierce the area, C being the centroid of 

the area. We take OC for an x coordinate axis, and 

the y axis as shown. Let x and y = the coordinates 

of dA ; then since d = OC, the square of the distance of 

dA from is (x + d)* + ^, Hence the moment of inertia of the area with 

respect to the parallel line through is 

JdA[(x + d)^ + f]-^ JdA(x' + f) + 2dJdA^x + d^fdA. 

Now «? + y* equals the square of the distance from dA to C; hence 

/ dA(pf + y) — I'f and as already shown I rfX •« = o, and f dA = A. 

Therefore/ = / + i4 •<?. 
If we divide both sides of equation (3) by A we get I/A = I/A + <P, or 

** = ** + d«, (4) 

where k and k respectively denote the radiuses of g3rration of the area with 
respect to any line and a parallel line through the centroid and d is the dis- 
tance between the lines. According to this equation k is always greater than 




Fig. s 
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d\ that is, the radius of gyration of an area with respect to a line is always 
greater than the distance from the line to the centroid of the area. But if 
the line is outside the area so that d is great compared with the greatest di- 
mension of the area in the direction of d, then k/d \s small compared to i 
and k equals d approximately. In such a case, the moment of inertia equals 
i4(P approximately. 

The parallel axes theorems enable one to simplify many calculations on 
moment of inertia and often to avoid integrations. Thus having found by 
integration in example i preceding (or otherwise) that the moment of inertia 
of a rectangle with respect to its base equals J bh^ (where b and h are base and 
height respectively), we can write at once that the moment of inertia with 
respect to the median parallel to the base is 

J 6*» - M (J hy = tV bffi. 

With respect to a line parallel to the base at quarter or three quarters height, 
the moment of inertia is 

^blf+ (bh) (i hy = ^j, 6A». 

In steel structural design it is often necessary to compute the moment of 
inertia or radius of g3Tation of the cross section of a beam or colunm which 
is to be "built up" of so-called "structural shapes," about some line of the sec- 
tion. Fig. 6 represents the section of a built-up 
colunm consisting of a web plate W-, two side plates 
5, and four Z bars. Manufacturers of such shapes 
publish "hand books" which include detailed infor- 
mation about the shape sections, — dimensions, area, 
position of centroid, moments of inertia and radiuses 
of gyration about several lines through the centroid, 
etc. Thus for the Z section, 6 X 3J X } inches, it 
is given that its area = 8.63 inches?, its moments of 
«. - inertia respectively about horizontal and vertical axes 

through its centroid (Fig. 6) = 42.12 and 15.44 inchest 
For another example of the use of the parallel axes theorem, we will com- 
pute the moment of inertia of the bvdlt-up section represented in Fig. 6 about 
the X axis. The moment of inertia of the web-plate section (7.75 X 0.75 

inches) is 

tV 7-75 X o.7S» = 0.27 inches*. 

The moment of inertia of the two side plate sections (14 X 0.75 inches) about 
the X axis is 

2 [^ 14 X o,7s» + (14 X 0.7s) 6.75*1 = 9S9-0 inches*, 

6.75 inches being the distance from the centroid of either rectangle to the 
X axis. The moment of inertia of the four Z sections about the x axis is 

4(42.12 + (8.63 X 3-375')l = 561.7 "ichesS 
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3.375 inches being the distance from the centroid of a Z section to the x axis. 
Hence the moment of inertia of the entire section about the x axis is 

0.3 + 959.0 + 561.7 = 1 521.0 inches*. 

While the moment of inertia of a composite area with respect to a line can 
be found by adding the moments of inertia of the component parts about that 
line, the radius of g3rration of the area cannot be found in that way. To find 
the radius of g3Tation in such a case, find the moment of inertia first, and then 
use k = {I/A)K For example, let it be required to find the radius of gjra- 
tion of- the cross section of two 6X4X1 inch angles, placed as shown in 
Fig. 7 about the line XX through their centroid. We find in a hand book 





Fig. 8 



that the radius of gyration of a single angle about the line XX is 1.85 inches, 
and that the area of one section is 9 inches*. Hence the moment of inertia 
of the pair about XX = 2 (9 X 1.85*), and the radius of gyration of the 
pair is 



V/^-^^^ = 1.85 inches. 

▼2X0 ^ 



2X9 

Three Rectangular Axes Theorem. — The moment of inertia of an area with 
respect to any polar axis (perpendicular to the area) equab the sum of the 
moments of inertia of the area with respect to any two rectangular axes which 
intersect the polar axes and lie in the area. If the rectangular axes and the 
polar axis be regarded as x, y, and z coordinates axes respectively, then the 
theorem can be written 

/. = /. + /.. (5) 

To prove this theorem let x and y = the coordinates of the element dA (Fig. 
8). Then the distance of dA from the z axis is (jc* + y*)*, and hence 

/, = JdA (jc» + /) = fdA . x' + JdA • y* = /„ + /^ 



If equation (5) be divided by ^4, we get at once 



(6) 



where kx, ky, and kg denote the radiuses of gyration with respect to the x, y, 
and z axes respectively. 
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Graphical Determination of the Moment of Inertia of a Plane Area. — K the 
area is quite irregular in shape so that it cannot be divided into simple 
parts whose moments of inertia are known, then the method now to be ex- 
plained may be resorted to for finding the moment of inertia of the irregular 
area about any line in its plane. This method is merely graphical integra- 
tion. Let the area at the left in Fig. 9 be the irregular area and XX the line 




.1.LlL.]l 



Jl_V 




2- :: : 



^ A 




Fig. 9 



Fig. 10 



about which the moment of inertia of the area is required. Let w = the 
width of the area, parallel to XX , at any point of the figure; and y = the 
distance of the point or width from XX. Then 



= j (wdy)^ =^ j {wf) dy ^ \ v/ dy, 



where w' is merely an abbreviation for w^. Now suppose we multiply several 
widths w by the square of the corresponding distances y, lay off the products 
wy^ to any convenient scale from a perpendicular to XX as shown, and then 
draw a smooth curve through the ends of the ordinates or distances w^ or v/. 
The area between this smooth curve and the perpendicular equals 



/ 



w' dy, and hence it represents /. 



Evidently, the modified area, as we may call it, must be interpreted according 
to some scale as we will explain in connection with 



w 


y 


w^ 


w 


y 


vrfi 


2.QO 








1. 54 


I. as 


2.40 


1.96 


0.25 


0.122 


1.30 


1.50 


2.92 


1. 91 


0.50 


0.477 


0.93 


1.75 


2.8s 


1.83 


0.7s 


1.03 





2.00 





I. 71 


1. 00 


1. 71 









A numerical example. — Instead of an irregular figure, we take a regtilar one 
so that we can compute its moment of inertia by an exact method also, and 
thus check the graphical method. We will compute the moment of inertia 
of a circular quadrant (Fig. 10) of 2-inch radius about one of the straight sides. 
We have taken nine widths w, see adjoining table. At the right-band of the 
figure we have laid off the products w^y*, or w', to the scale i inch = 5 inchest. 
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The new area is 0.25 inches'. Since the scale of the quadrant is i inch = 
2.5 inches, the scale of the new area is i square inch = 5 X 2.5 = 12.5 inches*. 
Hence, the construction gives 0.25 X 12.5 = 3.12 inches* as the moment 
of inertia desired. The exact formula (^ttt^) gives 3.142 inches*. 

§ 2. Formulas for Moment of Inertia and Radius of Gyration for 
SOME Special Cases. — In the following, / and k are symbols for moment 
of inertia and radius of gyration respectively. Only a few formulas for k are 
stated; in any case k can be computed from V//area. 

Rectangle. — Let b = base and h = altitude. About a line through the 
center parallel to 6, / = xV ^^- About a line through the center parallel 
to A, / = I'j W. About the base 6, / = i W. About the side A, / = i A6*. 
About a diagonal, / = J 6W/(ft* + A^)« About a line through the center 
perpendicular to the rectangle, / = tV i^V + AA*). 

Square. — Make 6 = A in foregoing. The moment of inertia for all axes 
in the plane of the square and passing through the center is ^ h^, where k 
is the length of one side of the square. 

Hollow Rectangle. — Let B and b = outer and inner breadths, and H and 
k = outer and inner heights. About an axis parallel to B and b and passing 
through the center, / = tV (B£P - 6A«). 

Triangle. — Let b = base and k = altitude. About the base, / = tV b¥. 
About a line through the centroid, and parallel to the base, / = ^ Wr*. About 
a line through the vertex and parallel to the base, / = i bl^. 

Regular Polygon. — Let A — area, R = radius of circumscribed circle, 
f = radius of inscribed circle, and s = length of a side. About any axis 
through the center and in the plane of the polygon, I = ^ A(6 R? ^ s^) = 
^i4(i2f* + 5*). About a line perpendicular to the plane of the polygon 
passing through the center, / = double the preceding /. 

Trapezoid. — Let B = long base, b = short base, and k = altitude. About 
the long base, / = A (^ + 3 ft)*'. About the short base, / = tV (3 -5 + 6)A». 
About a line through the centroid and parallel to the bases, 

/ = A (^ + 45* + J^) f^/(B + b). 

Circle. — Let d = diameter and r = radius. About a diameter, T = 
j>^irf* = jTr*; ft = Jrf = ir. About a line through the center and per- 
pendicular to the drcle, I = ^ird^ = h ^'7 k = Vj d = Vj r. 

Semicircle. — Let d — diameter and r = radius. About the bounding 
diameter or about the line of synunetry, I — t Jf irrf* = | nr*. About a line 
through the centroid and parallel to the bounding diameter, 

I — (9 IT* — 64) d*/ii$2 T = 0.00686 rf* = o.iio r*. 

Hollow Circle. — Let D and d = outer and inner diameters, and R and 
r = outer and inner radiuses. About a diameter, / = ^ t (Z)* — d*) = 
J (/j4 _ ^). jfe = J (D« + (P)* = J (/? + f«)*. About a line through the 
center and normal to the circle, 7 = ^x (Z)* — d*) = i x (if* — r*); * = 
V} (Z>« + d»)» = VJ (/? + r*)». 



3l6 Appendix B 

Circular Segment. — Let A — area of the segment, r = radius of the arc, 
and 2 a as the angle subtended at the center by the arc. About the line of 
S3rmmetry of the segment, 

/ = i-4f*[i — f (sin* a cos a)/ (a — sinacosa)]. 

About the diameter of the circle which is parallel to the straight side of the 

segment, 

/ = i^f*[i + i (2 sin*acosa)/(a — sinacosa)]. 

Circular Sector, — Let A = area of the sector, r = radius of the arc, and 
2 a = the angle subtended at the center by the arc. About the line of sym- 
metry of the sector, 

/ = J i4r* (i — sin a cos a/a). 

About a line through the center perpendicular to the line of S3munetry and 
in the plane of the sector, 

/ = i Ar* (i + sin a cos a/a). 

About a line through the center of the arc and perpendicular to the plane of 
the sector, / = i At^. 

Parabolic Segment bounded by an arc of a parabola and a chord which is 
perpendicular to the axis of the parabola. Let a = distance from the vertex 
to the chord and b = length of the chord. About the axis of the parabola 
/ = sV ob^' About the tangent at the vertex of the parabola, / = ? b{^. 

EUipse. — Let 2 a and 26 = lengths of the axes of the ellipse. About the 
2 a axis, / = i toJ*. About the 2 b axis, / = i irba^. About a line through 
the center and perpendicular to the ellipse, / = i Tabic? + V), 

§ 3. Product of Inertia and Principal Axes. — Preparatory to another 
matter, we will now discuss briefly a quantity called product of inertia of a 
plane area with respect to two rectangular coordinate axes in the plane. By 
this term is meant the sum of all the products obtained by multiplying each 
elementary area by its co5rdinates. Thus if dAi, dAi, etc., denote (second 
order) elements of the area, and (xiyi), (x2y2), etc., denote their coordinates 
respectively, then the product of inertia is dAiXiyi + dA^x^yt + • . . , or 



*v 



= J dAxy, (i) 



Jxg being the symbol which we shall use for product of inertia with respect to 
axes X and y. It is plain from the definition and expression that a unit prod- 
uct of inertia is four "dimensions" in length. Like moments of inertia we 
will express products of inertia in biquadratic inches. 

Unlike a moment of inertia, a product of inertia may be zero or negative. 
For example, the product of inertia of the rectangle (Fig. 11) with respect to 
the axes OX and OY is zero, which may be shown as follows: for every elemen- 
tary area whose coordinates are (a, b), there is one whose coordinates are 
(a, — 6), and hence the product of inertia of the pair isdA^ab — dA^ab == o; 
therefore the product of inertia of the entire area is zero. 
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Fig. II 



The product of inertia of the rectangle with respect to the axes (fX' and 
CfY' \& negative; for one of the co5rdinates of each element is negative and 
the other is positive, and hence the product of inertia of each element is nega- 
tive. Even for different pairs of axes with the same origin the product of 
inertia of an area may be positive, zero, or negative. Thus, the product of 
inertia of the triangle (Fig. 11) for the axes 
shown is zero. If the axes be turned clock- 
wise about O slightly, then the product of 
inertia is negative; and if turned counter 
clockwise slightly, then it is positive. As will 
be shown presently there is always one pair 
of axes through each point of an area with 
respect to which the product of inertia is zero, 
and this pair is of prime importance in certain 

particulars. If the area has a line of symmetry, then some of the pairs of 
axes for which the product of inertia of the area is zero can be identified 
easily; indeed for such an area, the product of inertia is zero with respect 
to the axis of symmetry and any line (in the area) perpendicular to that 
axis. For if we think of the elementary areas grouped into pairs sym- 
metrical with respect to the axis of symmetry, then we see that the product 
of inertia of each pair — and hence that of the entire area — equals zero. 

Parallel Axes Theorem for Products of Inertia, — There is a simple relation 
between the products of inertia of an area with respect to two parallel sets 
of coordinate axes, the origin of one set being at the centroid of the area. It 
is expressed by 

J = J + Axy, (2) 

where 7 = the product of inertia about the axes through the centroid, / = the 

product about the other pair, A = the area, and {xy) = 
the co5rdinates of the centroid with respect to the second 
set of axes. To deduce equation (2), let C (Fig. 12) be 
the centroid of the area, any other point, CU and CV 
one set of axes, OX and OY another parallel set, {u, v) 
and (x, y) = the coordinates of any elementary area dA 
with respect to these sets of axes respectively. Then 
Fic. 12 X == u + x and y = r + y; also 

/ -^JdA(u + x){v + y) =^ JdA'UV + xyJdA + xJvdA +yfudA. 




Now j dA'UD ^ J; xy j dA = Axy; j v dA and \ u dA ^ the statical 



mo- 



ments of A about CU and CV respectively, and these moments equal zero 
5ince these lines contain the centroid (Art. 22). Therefore J ^ J '\- Axy. 
We will now illustrate by determining the product of inertia of the angle 
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section (7 X 3i X i) shown in Fig. 13 with respect to the axes CX and CY. 
Imagine the section divided into two rectangles as shown; their areas are 
3-S X X = 35 inches^, and 6X1=6 inches*. The coordinates of the cen- 
troids of these areas with respect to the axes CX and CY are (0.79, — 2.21) 

•Y and (— 0.46, 1.29) respectively. Now the product of inertia 

YcLH of each rectangle with respect to axes through its centroid 

parallel to CX and CY is zero; therefore according to the 

I ~ parallel axes theorem, the product of inertia of the entire 

4^ — I z!n section about CX and CY is 

. 34-. >«' [o + 3.5 (0.79) (- 2.2i)J + [o + 6 (- 0.46) (1.29)] 

EiG. 13 = — 6.11 — 3.56 = — 9.67 inches*. 

Inclined Axis Theorem for Moment of Inertia. — Let OX and OY (Fig. 14) 
be any two rectangular axes in the area and OU and OV another pair, XOU 
being any angle a. It is plain from the figure that 

» = ycosa — ofsina, and u = y^na + xcosa. 

If these values for u and v be substituted in /u = j dA'i^yit will be found on 
sunplifying that 

lu = /»cos*a + /y sin^a — /^ sin 2 a . . . (3) 

With this equation it is possible to find the moment of inertia of an area with 
respect to an axis through any point in the plane, if the moments and the 
product of inertia of the area with respect to two rectangular axes through 
the point are known. 

Obviously, the moment of inertia of an area with respect to different lines 
through the same point are unequal in general. We will show presently that, 
generally, there is one line for which the moment of inertia is greater, and a 
line for which the moment of inertia is smaller than for any other line through 
the point; also that these two lines are at right angles to each other. Tliey 
are called the principal axes of the area for the particular point; and corre- 
sponding to those axes we speak of the principal moments of inertia and principal 
radiuses of gyration of the area for the point. The condition for a maximum or 
minimum value of /» is that diu/da = o. Now from (3), 

dl/da =— 2/,sinacosa+ 2/ysinacosa — 2/syC0S2a. 
Let US denote by a' the value of a which makes this zero. Then we have 
— /, sin 2 a' + /r sin 2 a' — 2 Jxy cos.2 a' = o, or 

tan2a' = y^. (4) 

In general, this equation gives two values of 2 a' differing by 180 degrees; 
hence two values of a' differing by 90 degrees. These two vialues of a' fix two 
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lines {u axes) which are the principal axes for the point under consideration. 
If /«y = o and /y = Ixf then equation (4) is ambiguous. For such case, equa- 
tion (3) shows that lu^ Ix^ Iy\ that is, /« does not depend on the inclina- 
tion, and there is no maximum or minimum value for any axis through the 
point. 

The condition expressed by equation (4), for locating the principal axes, 
can be stated somewhat differently. Referring to Fig. 14, it will be seen that 



/«» = / rf^ • fir = i (^« "" -^ir) sin 2 a -h /it cos 2 a. 



(s) 



Apparently this may equal zero for certain values of a; indeed if we equate 
it to zero we will arrive at equation (4). Hence, the principal axes are such a 
pair for which the product of inertia is zero. 





Fig. 14 



Fig. is 



For an example, we will locate the princq>al axes of the section shown in 
Fig. 13, for the point C, it being given that /« = 45*37 <^d ^v — 7*53 inchest 
In the preceding example, it is shown that Js^ ^— 9.67 inches^. Therefore 
according to equation (4), 

tan 2 a' = 2 (— 9-67)/(7-S3 — 45-32) = 0.5118; hence 
2 a' = 27° 6' or 207° 6', and a' = 13® 33' or 103® 33'. 

Substituting these two values successively in equation (3), we find as the prin- 
cipal moments of inertia 

A = 47«7o> and h = 5.20 inches*. 

There is a simple graphical construction for the radius of gyration of an 
area about any line through a given point, if the principal axes and radiuses 
of gyration of the area for that point are known. Let O (Fig. 15) be the point 
(area not shown), OP the line, OX and OY the principal axes, and kz and ky 
the principal radiuses of gyration respectively. We draw two circles with 
centers at and radiuses equal to ks and ky\ and we call the intersection of 
these drcles with OP, A and B respectively. We draw lines through A and B 
parallel to OY and OX respectively and call their intersection C Then OC 
equals the desired radius of gyration (about OP). For when the axes x and y 
of equation (3) are principal axes, /^y = o and 

/» = /,cos*a + ^f sin*a, or ft«* = Vcos*a-h Vsin*a; 
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but OD (Fig. 15) = *, cos a and CJ9 « *„ sin «, and hence {pDY + {CDY, 
which equals {00)^^ = k^ cos* a + V sin* a =» fc^*, or OC = ku* 

§ 4. Inertia Curvx;s. — By means of a certain {inertia) circk, we can 
locate principal axes, find principal moments of inertia, etc., — in short, do 
graphically what we did algebraically in the preceding section. We will now 
show how to draw and use this circle; proof of the method b supplied later. 

Let the shaded portion of Fig. 16 be the area under consideration. To 





Fig. 16 



Fig. 17 



draw the required circle we must know (as in § 3 to apply equations 3 and 4) 
the moments of inertia of the area about two rectangular axes through the 
point under consideration and the product of inertia about those axes; we 
will suppose these quantities (/,, /y, and Jgy) to have been determined. First 
we lay off OA and OB to represent /» and /» respectively, according to some 
convenient scale; draw BC from B parallel to OY, and make BC = Jg^ (re- 
quiring that BC be drawn in the positive or negative y direction according as 
Jxg is positive or negative); we bisect ^4^ in Q, and then draw the drde with 
center at Q and radius equal to QC. This is the inertia circle of the area for 
the axes OX and OY. If we letter the intersections of the circle with OX say 
M and N, then the principal axes for O are parallel to CM and CN, and the 
corresponding (principal) moments of inertia are equal to OM and ON, ac- 
cording to the scale used. To find the moment of inertia of the area about 
any line through as OU: — draw a secant through C parallel to OU, and 
mark its intersection with the circle D\ from D draw a line parallel to the y 
axis and mark its intersection with the x axis £; then OE equals the desired 
moment of inertia /«. Incidentally we may note that ED represents /««, the 
product of inertia of the area with respect to OU and 07. 

We will prove first that the construction for lu is correct. Equation (3) 
can be written 

lu = (/*cosa — /,ySina)cosa+ (/ysina — /.y cos a) sin a, 

and this form suggests the proof. Since (Fig. 17) 7, = 0-4, /y = OB, and 
J^-=BC= AC, 

lu = {OA cosa — i4C'sina) cosa H- (O^sina — fCcosa) sina 
= {Oa — (u/) cos a + {Bb — Be) sin a 
= Oc' cos a + (6c = c'D) sin a = Oe + {dD = eE) = OE. 
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If we imagine OU to turn about clockwise, say, CD (drawn parallel to 
OV) turns about C; and OE (and therefore /«) increases. The greatest 
value of /tt (larger principal moment of inertia) obtains 
when £ is at Af ; then D is at ilf , and the corresponding 
principal axis is parallel to CM. If we imagine OU to 
tiun counter clockwise, OD turns and OE (or /«) gets 
smaller. The smallest value of /« (the lesser principal 
moment of inertia) obtains when £ is at iV; then Z> is at 
N and the corresponding principal axis is parallel to CN. 

Inertia Ellipse. — Let OX and OY (Fig. 18) be the 
principal axes of an area (not shown) for the point 0, ki 
and kt respectively = the radiuses of gyration of the area 
with respect to those axes, and OA = hi and OB ^ ki\ 
then the ellipse ^4^ is called the inertia eUipse of ,the area for the point O. 
Let f = any radius as OP, * = the radius of gyration of the area about OP, 
and # = the perpendicular from to either tangent parallel to OP; then, 
as will be shown presently, 

k = kikt/r = p. (i) 

Since the coordinates of P are r cos a and r sin a, the equation of the ellipse 
can be written 




FIG. 18 



f^ cos' g f^^\T?a _ 



or f* = 



k^ cos' a + k? sin'a 



It follows from equation (3), § 3, that If = k^ cos* a + W sin* a; hence r* = 
k^kf/k\ or ft = ifeiiSjj/f . One of the well-known properties of the ellipse is 
that the product of any radius and the perpendicular from the center to 
either tangent parallel to that radius is constant; that is rp = ftifts; hence 
kih/r = p. 



PROBLEMS: SET A 

Tht nttmiir t» Parenthtsa following a problem number referi to the artitU 
mticA pertains to that problem. 

i-(3). Compound the 80 and 1 10 lb. forces (Fig. i) by means of the poraHelognuii 
law. (To describe the line of action of the resultant, note where it cuts edges of the 
square board. Use scales of about 4 ins. and 40 lbs. to the inch.}* 

3-(3). Compound the 50 and 60 lb. forces 
(Fig. i) by means of the triangle law. (Make 
the vector diagram separate from the space 
diagram, and use standard notation.) 

3-(3). Compound the 60 and 70 lb. forces 
(Fig. 1) algebraically. (Specify the direction 
of the resultant by means of the angles between 
it and the two given forces.) 

4-(3). Compound the 50 and 90 lb. forces 
(Fig- i). 

5-{3). Resolve the 40 lb. force (Fig. i) into 
two components, one parallel to the 70 lb. force 
and one vertical, by a graphical method.f ^te- 1 

6-(5). Resolve the 100 lb. force (Fig. i) into two components, one of which acts 

in the lower edge of the square and the other throu^ the upper right-hand comer. 

7-(3). Resolve the no lb. force (Fig. i) into horizontal and vertical components. 

8-(3). Draw a square and number the comers i, 2, 3, and 4 consecutively. 

Imagine a force of 100 lbs. to act in Is and in the 

y. y, direction 12. Resolve it into components acting in 

/^\ y the other three sides. 

X ^ y^fc 9~(4)- Compound the 40, 50, 60, and 70 lb. 

— — ^-~:^p^^ «j- forces (Fig. i) graphically. (Do not draw the force 
j^-tT Jt '*' polygon in the space diagram; use standard nota- 

!*__, .L t*°i) 

/ y^ io-(4). Compound the 70, 90, 100, and no lb. 

/ / forces (Fig. i) algebraically. (Specify the direction 

2 ■' ' of the resultant by means of the angle between it 

K j' M and the horizontal.) 

' n-(4)- Compound the four forces of the cube in 

Fig. 1. 
I3-(S)> Compute the moment of the 60 lb. force (Ilg. i) about point i. 

* Complete con^position requires that the magnitude, line of action, and sense of the 
remiltant be detennined. 

t Conqtlete resolution requires that the magnitude, Uoe of action, and sense of eadi 
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i3-(s)> Compute Uie moment of the 40 lb. force (fig. i) about point 3, 
of the principle of moments. 

14. A certain chimney is 150 ft. high and weighs 137,500 lbs. Suppose tliat it is 
subjected to a. hoiizontal wind pressure of 54,000 Itis., uniformly distributed along 
its height. Determine where the line of action of the resultant of the wei^t and 
pressure cuts the ground. 

15. Fig. 3 represents the cross section of a masonry dam. It weighs 150 lbs/ft* 

and the water pressure against it is 113,500 lbs. per foot length of 
dam. The resultant pressure acts at right angles to the face of 
the dam and 30 ft. above its base, llie center of gravity of the 
cross section is 11.46 ft. from the face of the dam and 24 ft. above 
the base. Find where the resultant of the weight and the 
pressure cuts the base. 

i6-(s). Imagine a clockwise couple of 2 ft-lbs. to act on the 
square board of Fig. i. Then compound the couple and the 
40 lb. fc«ce. 

i7~(s)- Fig. 4 represents a 3 ft. pulley on the end of a shaft; 

the pulley is subjected to a pull of 100 lbs. applied tangentially 

^•3 as shown. 

Kesolve the force into a force acting through the center of the pulley 

and a couple. 

i3-(6}. Compound the four forces (wind pressures) represented in 
Fig. 5. (Be prepared to give the inclination of the resultant and the 
point where the line of action cuts the floor.) 

i9-(6). Fig. 6 represents one-half of an arch and certain loads 
ai^ed to it. Pi ■ 4000, Pt = 5000, /*> = 6000, and P, «■ 10,000 



^ 




Fig. 7 
respectively; the co&xlinates of points 
), and {ia.8, 4.8), all m feet. Com- 
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lbs.; their inclinations aie 0°, 3°, 8°, and 13 
I, a, 3, and 4 are (1.6, 0.1), {4.9, 0.7), (8.4, ; 
pound the four load by the second method. (Specify the line of action of the result- 
ant by means of the angle between it and the x axis and the intercept on that axis.) 
3o-(7). Determine the resultant of the locomotive wheel-loads (Fig. 7), 
3i~(7). Detennine the resultant of the loads described in Prob. 19 algebraically. 
aa-(8). Compute the moments of each of the forces represented in Fig. a about 
the X, y, and t axes. 
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23~(S)« Determine the resultant of the three couples acting on the 4 ft. cube repre- 
sented in Fig. 8. (Specify the plane of the resultant by means of the angles which 
a normal to the plane makes with the edges of the'cube.^ 

34-(9). Determine the resultant of all except the 300 lb. forces (Fig. 8). 

25-(io). State what you can about the resultant in the following cases: 

(a) A system of coplanar concurrent forces for which zFy » o; for which 

XMa = o; for which the force polygon doses. 

(b) A system of noncoplanar concurrent forces for which ZF. » o. 

(c) A system of coplanar parallel forces for which xFg « o; for which 

xMa = o; for which the force polygon closes. 

(d) A system of coplanar nonconcurrent nonparallel forces for which 

SF, = o; for which 2F, = zPy « o; for which zMa - sJlf 6 = o. 
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26~{ii). A and B (Fig. 9) are two smooth cylinders supported by two planes as 
shown. A weighs 300 lbs. and B 100 lbs.; the diameter of il is 6 ft. and of B 10 ft.; 
a » 30^. Determine the pressures on the planes and that between the cylinders. 

27-(ii). Fig. 10 represents two wedges; a = 70** and =» 40**. A push P of 
xooo lbs. can sustain what load Q if all rubbing surfaces are smooth? 

38-(ii). The chains AB and AC (Fig. 11) are 5 ft. long. When BC '^ S ft. and 
the suspended load W ^ 2 tons, what is the tension on each chain? If the safe pull 
for each chain is 3 tons, how large may the spread BC be? 





Fig. iz 

29-(ii). Two bars AB and CD (Fig. 12) are connected by a pin at A and to a 
floor by pms ^ and C. BC ^ S ft., AB '^ AC ^ $ ft., and AD ^ B (L A weight 
of 100 lbs. is suspended from D. Determine the pin pressures at il, B, and C. 

3o-(ii). A carrier is arranged as shown in Fig. 13. The bar AB connecting the 
axles of the wheels is 24 ins. long. The bars AC and CB are each 30 ins. long There 
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i load of 1100 lbs. at C. Detennine the compression in AB and the tension in AC 

3i-(ii). ^B(Ftg. 14) is 0, bar suspended from a cdling 
by means of vertical ropes AC and BD. The middle 
points£and Fare connected by another rope. AB—AC 
= BD "Sit. A vertical force P is applied at the middle 
G, deflects the ropes aa shown by the dotted lines, and 
raises the bar. Hon large must i' be to support the bar 
(weighing 1000 lbs.) 6 ins. above its origuial position? 

33-(ii). The cylinder of the steam engine (Fig. 15) is 
10 ins. in diameter, the crank AB is 5 ins. long, and the 
connecting rod BC is 15 ins. long. Assume the engine to 
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be stalled in the position shown, $ = 
degrees, and the steam pressure 150 lbs 
/in'. Determine the push on the connect- 
ing rod BC and the pressure against the 
cross-head guide D. 

33-(ii). ThebeU-crank^BC(Fig. 16) 



Fig. is 




Fig. 16 



is pinned to a wall at ^ ; a cylinder G is suspended by means 
of a cord from D as shown; BD = 4 ins. The cylinder weighs 
80 lbs. and b smooth. Detennine all the forces which act upon 
the bell-crank. 

34-(ii). Fig. 17 represents a riveting machine operated by 
compressed air. It consists of a rigid frame P on which the 
air cylinder C is mounted; P is the piston; AB is the piston 
rod pinned to the piston at .4 so that the rod can be rotated 
somewhat about A inside of the (hollow) piston; the toggle link 
BD is pinned to the frame at D; the toggle link BE is pinned 
to the plunger Q (movable in a vertical guide on the frame) at 

E; BB are the rivet dies between which the 

rivet is squeezed. AB = 19 ins.; BD= 13 ins.; 

BE ~ 10 ins.; the diameter of the cylinder is 

10 ins. Assume the air pressure to be 1 

lbs/in' and then determine the pressure at [ 

thepin3Z>and£,thepressureagainsttheguide. I 

and the pressure on the rivet. (To "lay out " | 

this mechanism begin at D, then fix A , then B, ' 

and then E.) Solve the problem when A is 

advanced 3 ins. from the position shown. 
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35-(i3). The beam AB (Fig. 18) is supported at C and D, and it sustains three 
loads as shown. The beam weighs 50 lbs. per lineal feet. Determine each supporting 
force, or reaction. 
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36-(i2). Fig. 19 represents a shutter dam; AB is the shutter, and CD and CE are 
bnCces. The shutter and the braces are pinned 
together at C; the shutter rests against an 
inclined stop at A; brace CD is pinned to a ^ 
bed plate at D; brace CE rests against a bed 
socket at E. The shutter is 4 ft. wide and its 
length AB ^ 12 ft. The water pressure is 
16,000 lbs., and its "center" is at F, 4 ft. 
from A, Determine the reactions at D and E 
due to the water pressure. 

37-(i3)- F>g« 20 represents a truss supported 
by a shelf f on a wall and a horizontal tie A ; 
AB,^ g ft. and BC = 12 ft. Determine the 
reactions at A and B due to the loads. 

3S-(i3}. AB (Fig. 21) isa beam supported 
byarod CZ> and apin at il; AB = git, AC ^ 3 




/OCOlts, 



looonis. 




Fig. 19 

ft., i4Z> = 8 ft, and AE- s ft- The beam weighs 
400 lbs. and the load, » W 1000 lbs. Determine 
the pull at C and the pressure at A. 

39^(13)- The crane represented in Fig. 22 is sup- 
ported by two floors as shown. £ is a hole in the 
upper floor and F is a cylindrical socket in the lower 
floor. The crane weighs 5 tons and its center of 
gravity is 2 ft. to the left of the axis of the post. 
Determine the pressures on the floors when the load 
W is 5000 lbs. 
4o-(i3). A and B (Fig. 23) are two horizontal 
pegs in a wall; they are 3 and 6 ft. above the floor 
respectively, and the horizontal distance between 
them is 4 ft. A smooth straight bar CD^ 15 fL long 
and weighing 200 lbs., is placed under A and over B 
with its lower end on the floor, but is not sprung into 
that position. Determine all the pressures on the 
bar, due to its own weight. 

41. AB (Fig. 24) is a bar 12 ft. long fastened 
to the floor at i4 by a pin and it rests at C on a 
smooth cylinder 4 ft. in diameter. The center 
of the cylinder is 6 ft. to the right of A and is 
connected by a horizontal cord to the bar at Z>. 
A weight of 100 lbs. is hung on the free end of 
the bar. What is the pressure between the 
bar and the cylinder; between the cylinder 
and the floor; what is the tension in the cord; 

^r 20'' >| ^^^ what is the pressure exerted by the pin on 

the bar A ? Consider the cylinder and the bar 

as weightless. 
^'—'i^^foor ^^ ^^ ^Pjg 25) is a bar 20 ins. long, and 

Fig. 22 weighs xo lbs. It rests on a peg C and against a 








w 
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smooth wall at i4, as shown. What vertical force applied at B will preserve the 
equilibrium of the bar? 

43. If the weight of the bar in Prob. 42 is 12 lbs. and a load weighing 4 lbs. is 
suspended at JB» at what angle must the bar be placed to insure equilibrium? 
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44-(i4). Figs. 26 and 27 are two outline views of a steam shovel; the former repre- 
sents a dumping and the latter a digging position. A is the 'M-frame/' B the boom, 
and D the dipper. The pin P (axis perpendicular to the paper) is seated on the upper 
half of a "fifth wheel " which permits swinging of the boom about the vertical axis 
PQ. Two engines are mounted on the boom, — the main engine which operates the 
hoisting drum, and the thrusting engine which operates the pinion meshing with a 
rack on the bottom of the dipper handle. 
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Many of the parts of a shovel are most severely stressed when the dipper is en- 
countering an unyielding obstruction in the bank. We indicate how some of these 
stresses may be determined and then ask the student to determine others. 

The actual resistance of the bank against the dipper cannot be determined with 
certainty because the line of action of the resistance is generally unknown. It doubt- 
less depends largely on the direction in which the cutting edge of the dipper tends to 
move in the bank, determined mainly by the pull of the hoisting rope and the thrust 
on the dipper handle. Some designers assume that the line of action of the resist- 
ance for the digging position shown in Fig. 27 is about along the bottom of the dipper. 
Making this assumption and analyzing the system of forces acting on the dipper and 
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its handle (resistance of the bank, hoisting pull, weight of dipper and handle, and 
thrust on the handle) we find that the resistance is about 20,000 lbs. We might 
proceed now and determine the pressures developed at various points in the structure 
and mechanism on account of this bank resistance. For instance, analysis of all 
the external forces acting on the boom, dipper and handle, main and thrusting engines 
(resistance of bank, pull of front guys G% pin pressure at base of boom, and weight 
of parts under consideration) shows that the pull of the guys is about 22,000 lbs. 

The student should now determine the stress in each leg of the il -frame and that 
in each back guy C. (These guys are fastened to the car at points 9 ft. apart. 
22} ft. from the base of the ^4 -frame and on the same level with that base.) 

4S-(i4). Suppose that the shovel is digging as shown in Fig. 27, but with the boom 
at rig^t angles to the track as shown in Fig. 26. The pull of the front guys is 22,000 
lbs. as in the preceding problem. Determine the stress in each leg of the X-frame, 
and the stress in each back guy. 

.1^ ?J 
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46-(i5). The truss represented in Fig. 28 is supported at A and D; CE =12 ft., 
Pi = 1000 lbs. and Pt = 2000 lbs. Deter- 
mine the amount and kind of stress in 
each member. 

47-(i5). The truss represented in Fig. 

29 is supported at F and D; BF = CE 
= 12 ft., Pi « Pj =» 2000 lbs., and Pa =P4 
e 1000 lbs. Determine the amount and 
kind of stress in each member. 

48^1 5) • The truss represented in Fig 

30 is supported at A and E] each load Fig. 30 
P B 1000 lbs. Determine the amount and kind of stress in each member. 
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49-(z5). The truss represented in Fig. 31 is supported at each end; span « 80 ft. 
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and rise >■ so ft; consecutive points on 
AG are equidistant; DI is perpendicukr 
to AG; B bisects AI, and J bisects GI; 
each load — 1000 lbs. Determice the 
amount and kind of stress in IK, and be 
prepared to describe how to detennine 
the stress in every other member. 
50-(i6). Solve Prob, 46 graphically. 
5i-(i6). The truss represented in Fig. 
33 is suiq>ortcd at each end. Hie points 
1, 3, 3, 6 and the points 3, 4, 5, 7 are at the 
vertices of parallelograms. Draw a stress dia- , 
gram for the truss loaded as shown, and make a 
record of the stresses in the members. 
Sa-(i6), Stive Prob. 47 graphically. 
53-(i7)' Fig. 33 represents a crane consisti n g 
of three members, a boom AC, a brace AD, and 
a post BP, The crane is supported at £ and P 
by two floors. The load W^ 5 tons. Determine 
all forces acting on each member. 

54-(i7). TTie crane represented in Fig. 34 
con^ts of a post AB, a boom CD, and braces 
DE and FG. The crane ia supported by sockets 
at A and B as shown. The boom passes freely 
throu^ a smooth slot in the post at fi so that 

any reaction existing there will be 

■^C vertical. The counterweight at 

^ O is i ton, the load tF is J ton, 

and the latter is 31 ft from the 

axis of the post. Determine all 

the forces which act upon each 

member. 

S5-(i7). Fig. 35 represents a certain type o£ 

hydraulic crane. It consists of a post AB, an 

hydraulic cylinder C mounted on the post, a larze sleeve S 

which can be slipped 





^^rr along the post, two rol- 
PiG. 34 'b" ^ ^°d £ mounted 
on the sleeve, a boom 
UP, and a tie rod FG. When water (under 
pressure) is admitted to the cylinder, the 
pistons are pushed upward; the upper one 
bears against the sleeve, and rolls the entire 
part DEPG up along the post. Let the b>ad 
W^ 3 tons and suppose that it is 10 ft. out 
from the axis of the post; then detennine all 
the forces which act upon each [un {D, E, 
andG). 
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56-(i7). Solve Prob. 54 but take into account the weights of the members of the 
crane as follows: post AB — 0.7 ton, boom CD » 0.5 ton, brace DE = 0.3 ton, and 
brace FG » 0.6 ton. Middle of boom is 5 ft. 6 ins. from axis of post 

S7-(i7)- Solve Prob. 53 but take into account the weights of the members which 
are as follows: post BF^ 0.5 ton, brace AD » 0.2 ton, and boom AC » 0.7 ton. The 
boom is 18 ft. long; its center of gravity is 2 ft. 6 ins. from B. 

58-(i8). Fig. 36 represents a crane supported by a foot-step bearing at B and a 
collar-bearing at C. B can furnish horizontal and vertical support, and C can furnish 
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Fig. 37 



horizontal support only. The pulleys E and F are i ft. in diameter; the noisting 
cable enters the post at F, descends through the post, over pulley G, and to the 
hoist as shown. The counter-weight IT is 2 tons and the load 4 tons. Determine all 
the forces which act upon each member. 

59-(i8). The crane represented in Fig. 37 consists of a post AB^ a boom CD, and a 
tie rod DE, The pulley at D and the winding drum at G are i ft. in diameter. The 
load W is I ton. DE = 12 ft. Determine all the forces which act on each member. 

6o-(i8). Imagine the winding drum (Prob. 59) to be mounted in bearings at E 
(supported by the brace CD) instead of at G. Then solve. 
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6i-(i9). A (Fig. 38) weighs 100 lbs. and B 200 lbs. ^4, J3, and C are very rough. 
Make separate sketches of A and B and represent all the forces which act on each 
body when P = 20 lbs. (not large enough to produce any slipping). 

62-(i9). A (Fig. 39) weighs 100 lbs. and B 200 lbs. For A and B, p » }; for 
B and C, m ~ i* How large must P be to cause slipping? 

63~(i9)* ^ (FiS- 40) weighs 100 lbs.; the surfaces in contact are very rough; 
P = 50 lbs., and a = 20**. Determine the friction F and the normal pressure N. 

64-(i9). A (Fig. 40) weighs 100 lbs.; a =* 20**, and /x — 0.6. How large must 
P be to start A ? How large is F when slipping impends? 

6s-(i9). A (Fig. 40) weighs 100 lbs., a = 40®, m — 0.6, P = 200 lbs. Does 
Pmove A'i 

66-(2o). Same as Ptob. 63 but refer to Fig. 41. 




67-(3o). Same as Prob. 64 but refer to Fig. 41. 
68-(ao)- Same as Prob. 65 but refer to Fig. 41. 

69--(«>). Fig. 43 represents a double~wedge device for taising and lowering a 
heavy load W* The device consists of wedges A and B 
and Ixaring bloclcs C and D\ W — 200,000 lbs. The 
coefficient of friction is 0.5. How large are the required 
pushes P to raise the load? How large are the required 
pulls to lower the load? (First consider C and determine 
the forces acting upon it.) 

70-(2o). Fig. 43 represents, somewhat conventionalized, 
fiG. 41 ^^ adjusting device used in making the closure (insertion 

of the kst few members) of a. large cantilever bridge (Beaver River).! The mechanical 
elements are a double wedge W, a screw S, and a lever L. The accessories are a head 
piece H, two struts ^, and two wedge-blocks B; they are 
pin-connected as shown. C and C are two portions of the 
bridge member to be connected; they are under compres- 
uon P and pin-bear against the wedge blocks B. The 
nut, which bears against the head piece, can be turned by 
means of the lever, and the screw and wedge raised or 
lowered. Raising the wedge separates the wedge blocks 
and parts C and C. Determine the necessary moment (of 
force) on the lever for raising the wedge against pressures 
P = 1,335,000 lbs., assuming that the struts A are vertical 
and the following data: mean diameter of screw = 4} 
ins,; pitch of screw = J m.; bevel of wedge {each side) 
K I in 10; mean radius of nut where it bears on the head _ 

piece-^Q ins.; coefficient of friction for all rubbing surfaces 

= \. (Consider first a wedge-block, and determine all the forces which act upon it.) 
7i-(jo). Fig. 44 represents a screw 
tog^e used in the erection of a steel arch 
(Niagara Falls and Clifton firidge).t It 
consists of four multiple links pinned to- 
gether as shown, a right-and-left screw S 
with nuts If, and a lever L. The toggle 
is supported by the anchor rod R and brace 
B. The "pulling end " of the toggle was 
connected to the arch under construction, 
supplying the supporting force P. Assume 
WW i ^ mean diameter of scsew = a ins., pitch 
tw^LpE "i '^•1 coefficient of friction = 0.3; also 
■'^^ that now the diagonal MM = 16 ft., 4 ins., 
■" and the diagonal NN = 4 ft., 4 ins. De- 

termine the couple on the lever which will shorten NN; which will lengthen Nff. 

73-(2o). Solve Prob. 34, taking into account the friction at all rubbing surfaces 
(pins, piston, and guide). Pins A and E are 3 ins. and pins B and P are 3 ins. in 
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diameter. The coefficient of friction is }. (Solve graphically and make drawing of 
riveter full size or larger.) 

73-(2o). Fig. 45 represents a band-brake. The diameter of the wheel is i ft, 8 
ins., the angle of lap » 255^, P = 60 lbs., and the coefficient 
of friction is i; the wheel is turning clockwise. Compute the 
frktional moment and the pull on the pins A and B. Solve for 
the case when the wheel is turning in the other direction. 

74-(2i). Fig. 46 represents a ciank-arm for a shaft, by 
plan and elevation — dotted lines to be disregarded. Locate 
the center of gravity of the arm. 

75-(2i). Solve Prob. 74 but change width at thin end as 
shown by dotted lines. (See Obelisk, Art. 24.) 

76'(2i). Fig. 47 represents a connecting rod for a steam 
engine by plan and elevation. The rod is i } ins. thick except as noted. Determine 
the distances of the center of gravity from the center of eadi hole. 
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77-(2i). Fig. 48 represents a thin plate into which holes were pimched at A and 



B, and the pieces glued on at C and D respectively. Area of hole A 
of B s 2 ins*. Locate the center of gravity of the modified plate. 



4 ins.'; that 






Fig. 49 

78'(2i). Fig. 49 represents a five-sided prism made from a rectangular prism by 
bevelling one edge as shown. There is a cylindrical hole 2 ins. in diameter in the 
piece, its axis being parallel to the line AB, 4 ins. from the face ABCDE^ and 1} in. 
below the face ABG, Find the center of gravity of th^ modified prism. 

79-(22). Fig. 50 is the cross section of a steel beam ''built- 
up " of two angles 5X4X} ins. and a plate 8 X i in. The 
centroid of each angle is 1.57 ins. from the back of the shorter 
leg. Determinethepositionof thecentroidof theentiresection. 
80^(22). Fig. 51 represents the cross section of a machine 
part. Determinethepositionof thecentroid of thecrosssectioiL 
8i-(23). Prove that the distance of the centroid of a triangle 
from its base equals one-third the altitude. 

82-(23). Prove that the distance from the centroid to the 
base of a paraboloid of revolution formed by revolving a pa- 
rabola about its axis equals one-third the altitude a (see Fig. 
168, page 94). 
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83-(24). Prove construction (i), page 98, for locating the centroid of a trapezoid; 
also construction (2), page 98, for locating the centroid of any quadrilateral. 

84^(25). A cord is supported at two points on the same level 30 ft. apart, and its 
lowest point is 8 ft. below the level of the supports. If the load is 20 lbs. per hori- 
zontal ft., what are the tensions at the supports and at the lowest point? 

85-(26). A cable is to be suspended between two points at the same level 200 ft. 
apart; the sag is to be 80 feet. Determine the length of the cable. 

86-(27). A rope 100 ft. long is suspended from two points A and B at the same 
level 60 ft. apart. A body weighing 1000 lbs. is suspended from a point Cx ft dis- 
tant from A. Determine the tension m AC when x = 10, 20, 30, 40, 50, 60, 70, 
80, and 90 ft. Make a graph showing how the tension varies with x. 



87-(28). Fig. 52 is a chronographic record of the launching of the U.S.S. Cali- 
fornia (Transactions of Naval Architects and Marine Engineers , Vol. 12). DetermiDe 
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Fig. 52 

the velocity of the ship at the twentieth second in the following three wa3rs: first, 
from the average velocities for at least four intervals after the instant; second, from 
the average velocities for at least four intervals before the instant; third, from the 
average velocities for the half -seconds immediately before and after the instant. 
88-(28). The following velocities (feet f)er second) were computed from the chion- 
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ographic record (Fig. 52) by taking the mean of the average velocities for the half- 
seconds immediately preceding and following the instants or times listed below. 

/= 1$ 16 17 18 19 20 21 22 23 24 
t»= 2.50 3.00 3.55 4.20 4.80 5.4s 6.10 6.7s 7.45 8.15 

Compute the acceleration for / = 16 sees. 

89-(28). Reduce a sprint of 100 yds. in 10 sees, to miles per hour. Compare the 
retardation of a train at 4 mi/hr/sec with the retardation of gravity on a ball thrown 
vertically upward. 

90-(28). A point P moves in a straight line so that 5 = 2 /* — 5 /*, where s (in feet) 
equals the distance of P from a fixed origin in the path at any time / (in minutes). 
Determine the velocity and acceleration when / = i min.; when / = 2 mins. Inter- 
pret the negative signs. 

9i-(28). A certain point P of a mechanism is made to move in a straight line by 
means of a crank in such a way that ^ » 3 cos 2 9, where 5 = the distance of P from 
a fixed origin in the path of P and B == the angle which the crank makes with a 
fixed line of reference. The crank rotates imiformly at 100 rev/min. Determine 
position, velocity, and acceleration of P when 9 = 60**. Interpret signs of the re- 
sults. 

92-(28). In a certain *' gunnery experiment" the shot was fired through screens 
placed 150 ft. apart. The times (in seconds) of piercing were observed with the 
following results: 

screen 1234567 
time o 0.0666 0.1343 0.2031 0.2729 0.3439 0.4161 

Determine the velocity at the fourth screen. 

93-(28). A point P moves in a straight line so that a = 4 — 2 /, where a is in 
feet per minute per minute and t in minutes. When / — o, 9 = o and $ ^ o. De- 
termine general formulas for v and s. What are v and s when / = 4 ? when / = 5 ? 

94-(28). A certain electric train can get up full speed of 24 mi/hr in a distance of 
150 ft., and can stop from full speed in a distance of 100 ft. What is the shortest 
time in minutes in which the train can make a run between two stations 650 ft. 
apart, the train starting from one station and coming to full stop at the other? 
(Assume that the starting and stopping are accomplished uniformly with respect to 
time.) 

95-(28). A certain train can be retarded at a rate of 4 mi/hr /see by braking. 
Determine the times (in seconds) and the distances (in feet) in which the train can 
be stopped from 10, 20, 30, and 40 mi/hr. (Assume that the retardation is the same 
at all speeds.) 

96-(29). Draw the distance-time and velocity-time graphs for the interval from 
15 to 34 sees, of the launching mentioned in Prob. 87, and determine the velocity 
and acceleration at the twentieth second from the graphs. 

97-(29). Fig. 53 shows the acceleration-time graph for a certain rectUinear motion. 
When / = o, T^ and 5 = 0. Construct the v-t and s-t graphs. 

98-(29). Make a sketch of the velocity-time graph for the train-run described in 
Prob. 94, calling the lengths of the three periods /i, h, and h respectively. Then use 
the principle that '^ area under the curve '' represents distance travelled to find 
values of /i, h, and ^, and finally the time for the entire run. 
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99~(3o)* '^e period of a certain simple harmonic motion is 8 sees., and the ampli- 
tude is 6 ins. What is the maximum velocity ? the maximum acceleration ? For 
the motion from one extreme point in the path to the center, what is the average 
velocity?' the average acceleration? 

ioo-(3o). Four particles, Qi, Qt, Qh and Q4, are describing simple harmonic motions 
in AB (Fig. 54) ; the period of each motion is 8 sees. At a* certain instant the four 
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particles are at points i, 2, 3, and 4 respectively; Qi and Q% are moving toward the 
right and Qt and Q4 are moving toward the left. Write out the expressions for the 
X coordinates of the moving points % sees, after the instant mentioned. (AB = 12 
ins., and is divided into sixths by the points.) 

ioi-(3i). A (Fig. 55) weighs 200 lbs., B weighs 100 lbs.; the coefficient of friction 
" under " A is i, that under 5 is J; P = 300 lbs. Determine the acceleration of A 
and B^ and the tension in the rope connecting them. 
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i02-(3i). Sup[X)se that the sup[X)rting surface in the preceding problem is not 
horizontal but inclined at 30 degrees to the horizontal. Then solve. 

io3-(3i). A (Fig. 56) weighs 50 lbs. and B weighs 100 lbs.; the pull P gives A 
and B an acceleration of 2 ft/sec/sec. Determine the magnitude and direction 
(referred to the horizontal) of the pressure between A and B, 

io4-(3i). Two bodies are connected somewhat as two cars, and are placed on a 
plane inclined at 30 degrees to the horizontal. The lower one weighs 600 lbs. and is 
smooth, that is, there is no resistance to its sliding on the plane. The upper one weighs 
1000 lbs., and the coefficient friction under it is ^, With what acceleration will 
the bodies slide down when released? Will there be tension or pressure at the con- 
nection? What is its value? 

io5-(3i)- The weights of A, B, and C (Fig. 57) are 50, 100, and 200 lbs. respec- 
tively. Contacts between ^4, 5, and C are very rough; between C and D very 
smooth; P = 100 lbs. Determine the forces which the bodies exert upon each 
other. Sketch each body separately, showing the forces acting on it. 

io6-(3i). A (Fig. 58) weighs 100 lbs., and B weighs 200 lbs. The coefficient of 
kinetic friction under 5 is J ; the coefficient of static friction under A is ^. When 
jR = 75 lbs., will A slip? How great is the friction under A} How large a force 
P would just make A slip ? 

io7-(3i)- A (Fig. 56) weighs 50 lbs., and B weighs 100 lbs. C is perfectly smooth; 
the coefficient of static friction ^^ between '' A and B is \\ the angle between the 
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top of B and the hoTizontal is 35 degrees. How great may P be without making A 
slip on B7 

ioS~<3i). A (Fig. 59) weighs 100 lbs., and B weighs 50 lbs. The coefficient of 
friction under ^ is }. Neglect the inertia of the pulley and the frictioD at its 
axle, and find the acceleration of A and B, and the tension in the cord. (The re- 
sultant of the three forces acting on A is T— >o, where T <- tension; and the resultant 
of the two forces acting on B b 50 — 7". Now write the equations of motion, 
R — iW/g)a, for A and B, and solve them simultaneously tor a and T.) 

10(^(31). Show that the acceteiation of the suspended bodies and the tension in 
the cord of the Atwood machine (Fig. 60) are respectively 

when the inertia of the pulley and the axle friction are negligible. 

iio-(3i). Fig. 61 represents a simple engine, without connecting rod. Strc^ — 
18 ins., speed = 150 r.p.m. Piston and rod weigh 120 lbs. When x » 3 ins., steam 
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pressure = 3000 lbs. Determine the pressure of crank pin P on the piston rod. 
When the piston is advanced 6 ins. beyond the position shown (x —— 3 ins.), the 
steam pressure is still 2000 lbs. Determine the pressure of the pin on 
the piston rod for this position. 

iii-(3i). Suppose that Fig. 61 represents an air compressor, steam 
being changed to air and the crank turning clockwise. Determine 
the pressures of the crank pin for the two positions mentioned in the 
preceding problem (« "+ 3 ins. and a; =— 3 ins.). 

ii3-(3i). Fig. 62 represents, in principle, a certain "throw " test- 
ing machine for subjecting a metal specimen to rapid changes of 
direct stress (tension and compression). S is the specimen, firmly 
screwed into two bosses M and N. If is a weight firmly fastened 
to the lower boss. The parts named can be oscillated in the vertical 
guides G by means of an ordinaiy crank-connecting rod mechanism 
{OP-PQ. When the machine is not running, the specimen is sub- 
jected to a tension equal to the weight of N and W. When the 
machine is running, the stress on the specimen changes continuously.* 
Let OP " i ia., PC •= 9 ins., wei^t of iV and W = 25 lbs., and 
^>eed of crank — 2000 rev/min. Determine the stress on the spec- 
imen at each end of a stroke or oscillation, and at the middle of the strode. 

ii3--(3i). Take data except speed as in preceding problem. Determine the speed 

* For detailed description see Pkil. Tratu. Roy. Soc., Ser. A, Vol. 199 (1901). 
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which would make the stress on the specimen equal to zero at the upper end of the 
stroke. What would the stress be at the lower end at that speed? 

ii4-(32). A point P starts at A (Fig. 63), and moves in the circle as indicated 
traversing distance s so that 5=2/*, where / is time after starting in seconds and s 
is in feet; radius OA = 20 ft. Draw the hodograph for the first 3 sees. Then de- 
termine the average accelerations for the intervab i to 3, 1.5 to 3, 2 to 3, 2.5 to 3. 
Next determine the magnitude and direction of the acceleration when / = 3 from 
these average accelerations. 
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ii5-(33). Determine 9«, Vy, v, a«, Oy, ai, On, and a for the motion described in 
Prob. 114 and / == 3 sees. 

II 6^(33) . The point Q (Fig. 64) on the rim of a wheel rolling in a straight line 
describes a curve known as cycloid. Let »' = velocity of the center of the wheel C, 
a* s the acceleration of C, and R = radius of the wheel. Find formulas for the x 
and y components of the velocity and acceleration of Q when in the position shown. 
(Let 5 = the abscissa of C, and x and y = the codrdinates of Q. Then x = 5 — 
R sin ^, and y = J? (i — cos d) ; also s = R9^ 
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ii7-(33). A point Q describes a simple harmonic motion; the frequency — 100 
(to and fro) oscillations per minute and the amplitude = 3 ft. Determine the 
average accelerations of Q for the following distances traversed: first 6 ins. from one 
end of its path; second 6 ins.; third 6 ins.; and first 18 ins. 

ii8-(33). A 16-inch gun can give a projectile weighing 2400 lbs., a muzzle velocity 
of 1465 mi/hr, and at an elevation of 15 degrees can throw it approximately 9 mi. 
Compute the range for the velocity and elevation stated neglecting air resistance, and 
compare with the actual range. 

ii9-(34). A cylinder C (Fig. 65) is suspended by a cord and rests against a smooth 
inclined plane F as shown. The cylinder weighs 20 lbs.; its diameter is one foot. 
The plane is rotated at 30 rev/min about the vertical axis AB, Determine the 
tension in the cord and the pressure against the plane. 

i2o-(34). CD (Fig. 66) is a vertical axis about which E can be rotated i4 is a 
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body resting on £, and B is suspended by means of a cord fastened to ^ as shown. 
A weighs lo lbs. and B weighs 20 lbs. Suppose that E makes 30 rev/min; then 
compute the pressure at the stop S. The centers of A and B are 5 and 3 ft. from 
CD respectively. (Neglect friction under A, at B and the pulley axle.) 

iJi-(34). Suppose that A and B in Prob. 120 are rough, the coefficients of static 
friction being i for each. What rate of rotation would lift ^ ? 

i22-(34). T (Fig. 67) b a horizontal whirling 
table. A and B are spheres connected by an elastic -- — ^' JT-- — s. 

cord, the tension in which is 30 lbs, when the table f •-- ft ^- -flr—i 1 

is at rest. A weighs 10 lbs. and B weighs 40 lbs. V^ ' I I bu^ 

What are the pressures of the stops y and 5" against [^ ^'—L-J^—g— M 

the spheres when the table is rotated about CD at 20 ,. , 

, . , Fig. 67 

rev/nun? 

iiS'iiS)- Suppose that the floor of the car and A (Fig. 483, Art. 35) are very 
rough so that A will not slip on the car; then ascertain how great an acceleration of 
the car would result in tipping of A. 

^^4~(iS)- Suppose that the coefficient of friction in Prob. 133 is ). If the ap- 
plied push on the car is gradually increased, thus increasing the acceleration grad- 
ually, will A slip or tip eventually? 




Fig. 68 Fic. 6q Fig. 70 

"5-C35)- The Scotch cross-head (Fig. 61) described in Prob, no presses against 
the stufEng box and on the cylinder by reason of the weight of the cross-head and 
the pressure of the crank-pin on it. Suppose that the center of gravity of the cross- 
head is 15 ins. from the center of the slot, the center of the piston is 34 ins. from 
the same point, and the center of the stufiBng box is 13 ins. from 0. Determine the 
pressures mentioned when the circumstances are as in Prob. no (steam pressure » 
aooo lbs., etc.). 

i36-(36). Show that the moment of inertia of the slender wire AB (Fig. 68) 
about the ^tr-axis is } Mr*[i — (sin a cos a)/a], where Jf •= mass of the wire. 

ia7-(36). Show that the moment of inertia of a right circular cone about its axis is 
A Hf^i where M = the mass of the cone and r ~ the radius of its base. 

i2S-(36). Show that the moment of inertia of the ring or torus (Fig. 69) about 
the s-axis is Af {IP + ir^), where Jf => the mass of the ring. 

11^(36). The length of a homogeneous right elliptic prism is /, and the semi- 
axes of its cross section arc a and b. Prove that the radius of gyration of the 
prism with respect to a line through its center of gravity parallel to the axis b is 
(ia»+A?)*. 

i3o-(36). Fig. 70 b a section of a cast-iron flywheel; there are six q>okes. The 
cross section of each spoke is elliptical, the axes of the ellipse being 2 inches and 5I 
ins. long. Compute the moments of inertia of rim, spokes, and hub with respect to 
the axis of the wheel; also the radius of gyration of the wheel about that axis. 
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i3i~(37)- In order to produce a tension of loo lbs. in the cord of Ex. 2, Art. 37, 
how heavy must the suspended body be? 

i32-(37). Ay By and C (Fig. 71) weigh 100 lbs., 30 lbs., and 34.4 lbs., respectively. 
The diameter of C » 2 ft. 3 ins., and the radius of gyration of C about the axis 
of rotation « i ft.; ^ » 3odeg. Friction imder Ay when the system is moving, 
B 10 lbs. Determine the acceleration of i4, ^, and C, and the tensions, the system 
having started without initial velocity. (Neglect axle friction.) 

i33~(37)- Ay By and C (Fig. 72) weigh 50 lbs., 100 lbs., and 150 lbs. respectively. 
C is a solid disk of cast iron 16 ins. in diameter. Determine the acceleration of A, 
By C, and also tHe pulls of the cord on A and B. (Neglect axle friction.) 
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134^(37). AB (Fig. 73) is a brake for regulating the descent of the suspended 
body C. C weighs 1000 lbs., the drum 2000 lbs., the diameter of the drum = 12 ft, 
that of the brake wheel = 14 ft., a » 4 ft., 6 » 6 ins., and the radius of gyration of 
the entire rotating system about the axi^ of rotation = 4 ft. When P = 100 lbs. 
and the coefficient of brake friction is }, what is the acceleration of C? (Neglect 
axle friction.) 

i35-(37). The wheel A (Fig. 74) is a solid cylinder weighing 1000 lbs. and its 
diameter is 8 ft. It is desired to arrange a brake BC as shown, by means of whidi 
the speed of the wheel may be reduced from 100 rev/min to zero in 10 sees. The 
coefficient of friction at Z) = J; the available puU P is 100 lbs. Determine the 
ratio a/h, (Neglect axle friction.) 

i36-(38). Determine the magnitude and direction of the axle reactions in Probs. 
131 and 132; in Probs. 133 and 134. 

i37-(38). In Fig. 74, a = 6 ft. and 6 = 6 ins.; the 

wheel weighs 400 lbs. The coefficient of brake frictioii 

« |. When the wheel is turning clockwise, a push 

P of 120 lbs. is applied. Determine the axle reaction. 

i38-(38). A (Fig. 75) is a rigid piece which can be 

rotated about the vertical axis BC, Z> is a vertical 

bar pinned to A at £, and rests against A at F\ 

the bar is 14 ins. long and weighs 20 lbs. The speed of 

rotation is 100 rev/min. Determine the pressures on D, 

i39-(38). In Ex. i of Art. 38, § 2, take P as applied at F and solve; then as applied 

at G and solve. 

i40-(39). Compute the length to the nearest hundredth inch of the simple seconds 
pendulum for your locality. 

i4i-(4o). lie body C (Fig. 76) weighs 50 lbs. It is dragged up the plane by P 
(=40 lbs.) and Q (= 20 lbs.). The frictional resistance is 5 lbs.; « = 30°. Com- 
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pute the work done on C by each force acting on it while C is moved from A to B, 
a distance of 15 ft. 

i42-(4o). ABC (Fig. 77) is a smooth rail in the form of a vertical semicircle of 
4 ft. radius. D 'is a. body, weighing 50 lbs., which can be made to slide along the 
rail. P is a force of 150 lbs. always inclined 30 deg. to the horizontal; Q is a 
force of 40 lbs. always directed along the tangent. Compute the work done on D by 
all the forces acting on it while D is moved from A to B. 





Fig. 76 



Fig. 77 



. i43-(4o). Solve the preceding problem on the supposition that P is always di- 
rected toward B. 

i44-(4o). In order to retard the motion of a launching ship, ropes were fastened 
to it and to points on the shore, so that the ship broke many of the ropes as it pro- 
gressed. In order to estimate the retarding effect of each rope broken, tension tests 
were made on samples of the rope (7-in. manilla). Fig. 78 shows the average ten- 
sion-stretch curve for these tests. The average strength of the samples was about 
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32,500 lbs. It was assumed that the efficiency of the knots used would be about 
80 per cent, and therefore that the ropes would fail at about 26,000 lbs. On the 
basis of this assumption and the curve, it was estimated that each rope (20 ft. long) 
would do 60,000 ft-lbs. of work on the ship before breaking. Can you check this 
estimate? (Data taken from Trans. Sac. Nov. ArcfUs. and Mar. Engrs., 1903, p. 

295O 
i45-(4i). Show that the rotational part of the kinetic energy of a rolling sphere 

b two-sevenths of its total kinetic energy. 
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i4&-(4')- A certain freight car with its load wdghs 60 tons. Each pair of wheel* 
with its axle weighs 1800 lbs.-, and the radius of gyration of a pair and axle with 
re^wct to the axis of the axle is 0.81 ft.; the diameter of the wheels b 33 ins. De- 
termine the ratio of the rotational part of the kinetic 
energy of the moving car (and bad) to the tiaii&- 
lational part. 

i47-(42). In the American Machinist for Dec 2, 
igog, there appears a communication in which an 
alleged " fault in brake dynamometers " is pointed out 
and explained. The writer states that on several 
occasions he got ridiculous results with a Prooy brake. 
Tlie "enigma" became clear to him when he en- 
countered a " paradox " in his eq>eiimental work, 
described by him as follows: 

In Fig. 79 S represents a shaft, mounted in two bearings 

BB', carrying two levers, aims AA', each exactly 50 inches 

long from center of shaft to the f ulcrums MM', respectively, 

and firmly keyed to the shaft. Al K h represented a i3>un- 

terweight which balanced the two lever arms and brou^t 

the center of gravity about the center line of the shaft S; 

T represents a platform scale and W represents a weight, 

which weighed 100 pounds when placed on the scales T. 

FlO. 7!) When W of loo-pounds weight was hung on the fulcrum 

A", the scales just balanced at no pounds. At first the 

paradox almost paralyzed the bram, but on closer examination the mystciy was ea^ly 

solved, as follows: Considering A and ^' to be firmly keyed to the shaft S, then the Ivn 

arms and shaft S become practically one solid mass. Therefore, when any weight W is placed 

on the fulcnim if' of the lever A', the whole mass will tend to rotate about a line piassing 

through the points of support U and B, with a moment of W times the lever arm X'. The 

shaft S at the point B' will be fetched forcibly up against the top of the box or bearing cap 

of bearing B', which will resist the rotation of the mass about MB, with a balancing 

moment equal to WX', or a reaction on the bearing cap equal to 

WX' WX 

y '"' y " 

Now, it is evident that the resultant of these two forces is a downward vertical force C at 
the point C equal to If + (iVX)/V which load is distributed between the points of support 
B and M inversely proporiional to their reflective distances from the pobt C. Hence the 
load on the scales T will be represented by 

.ic_ ^^_z_(^ wx\ 
v + z' v + z\ y I 

Hence a weight of 100 pounds on the fulcrum U will produce a load on the scales T equal to 

V+2V y I 

instead of 100 pounds as generally believed. The above condition obtains, more or less, in 
the vast majorities of dynamometets, and is sometimes so exaggerated as to make the re- 
sults powtively ridiculous. In the case of a motor test let W represent the tangential puU on 
the armature, an equal upward pull on the oppoNte »'de of the shaft might tend to balance 
the error, or it might lend lo make matters worse, depending upon the position of the other 



Q the diagram, but wherever W may f&U the results will be most enoDeous. For 
:, suppose that W happens to fall on the line MB at W, then it is evident that the 
wdgbt eierled on the scales T will be equal to 

as generally acc^ted. 
Show that the writer is mistaken in his assertion that 

«^^ m. 



r+z('"+- 



and, hence, that his explanation of the " enigma " does not explain. 

i43-{42). Fig. 80 represents Durand's dynamometer. ^, 3, C, and D are sprocket 
wheels of equal diameter; A and B are mounted on a beam XVT which is carried 
by the well-known Emery steelrplate support or 
knife-edge at E. The knife-edge rests on the 
standard R. Sprocket wheeb C and D are 
mounted on R. The bars SS are fastened rig- 
idly to the beam, and engage loosely with a pin 
on R, thus limiting rotation of the beam. The 
sprocket chain passes over A, under D, over B, 
under C, and up to A. The shafts for C and 
D are extended forward and back; and on these 
extensions pulleys may be mounted, or universal 
joint coupling may be attached, for the receipt 
and delivery of power, (For detailed descrip- fic. 80 

tion see American Mackittiit for June ao, 1907.) 

OBCyT is horizontal; PQ and IH are vertical; MN and KL are inclined at an angle 
of 27 deg. with the vertical; OE = C/E = 12 ins.; and ET « 14 ins. Suppose that 
an electric motor on the shaft of C turns counter-clockwise at too rev/min, and 
transmits to a. machine on the shaft of D, and that a weight of 40 lbs. at T keeps 
the beam X¥ balanced. What b the power of the motor? 

i49-{43). Assume that the law of mean effective pressure and piston speed is 
represented by the dotted line in Fig. 331 of the text, so that 

where p — mean effective pressure. Pa — boiler pressure, and s = piston speed in 
feet per minute. Tlien derive a formula for indicated locomotive power. Find 
piston speed at which power is m a xIr n uTn, Also graph your formula in the figure, 
calling the maximum power 100 per cent. 

i5o-(43). Let D = diameter of the driving wheels of a locomotive in inches; 
I = stroke in indies; d ^ diameter of the cylinder in inches; Pt = boiler pressure in 
pounds per square inch; and V = velocity of the locomotive in miles per hour. 
Assume that the mean effective pressure varies as described in the preceding 
problem. Derive a formula for the indicated power of the locomotive in horse 
powers for any velocity V. 

i5i~(43)' A certain body weighs 400 lbs., and is dragged along a rough hori- 
zontal plane by a force of So lbs. The force is inclined 10 deg. upward from the 
horizontal; the coefficient of friction between the body and plane is about fy. 
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At a certain point in the motion, the velocity of i4 is 5 ft/sec. What is the velocity 
of A 10 ft. beyond the point? 

i52-(43). For the purposes of comparing the ^' running qualities " of certain freight 
car trucks, they were tested substantially as follows: Elach one was made to roll 
down a steep incline to give it '' initial velocity/' and then it passed onto a moderate 
upgrade; the velocity was measured at two points on the upgrade; then the loss 
of kinetic energy was computed. These losses furnished a comparison. The up- 
grade was 0.38 per cent, and the points at which velocities were measured w«% 
257.2 ft. apart. One of these trucks (four-wheeled) weighed 18,150 lbs.; each pair 
of wheels and axle 1800 lbs. The diameter of wheeb was 33 ins.; the radius of 
gyration of a pair and axle was 0.81 ft. In one test the velocities at the two points 
were 14.95 &Qd 11*05 ft/sec. Determine the average " truck resistance," a single 
imaginary force equivalent to actual resistances, not including gravity,' on the 
truck. (Experiments by Prof. L. £. Endsley for American Steel Foundries.) 

iS3~(43)- The suspended body C (Fig. 81) weighs 10 lbs. The coefficient of 
friction under the brake is J; fi « 4i ins., r 2 = 6 ins., a = 2 ft., and 6 = i ft. C 

is allowed to descend 6 ft., thus turning 
the wheel, and then the brake is put on, 
with P = 20 lbs. How much farther will 
C descend? (Neglect axle friction.) 

i54-(43)- -4, B, and C respectively 
(Fig. 82) weigh 100, 30, and 64.5 lbs. 
The diameter of C = 30 ins., and its 
Fig. 81 Fig. 82 radius of gyration about the axis of rota- 

tion = 1 ft.; * = 30 deg. The friction 
under i4 = 10 lbs. Determine the velocity of the system when A has moved 
through 10 ft. from rest. 

i5S-(43)- Copy Fig- 339 (pertaining to Exs. 2 and 3, Art. 43, § 2) using scale 
I in. — 10,000 lbs. and 5 mi/hr. (a) Make a graph in your copy which will show 
how the accelerating force is apportioned between the locomotive and the cars. 
What is there in your finished figure which represents draw-bar pull? (6) Modify 
your figure for the case of the train when on an upgrade of 0.5 per cent. 

1 56^(43). Make graphs showing how the total train resistance in poimds varies 
with the velocity in miles per hour according to Schmidt's formula and the Engi' 
neering News formula for the train described in Ex. 2, Art. 43, § 2. 

i57-(43). Make a new figure (as for problem 155) assuming that the train re- 
sistance varies according to Schmidt's formula. First assume level track; then 
modify the diagram for the case of an upgrade of 0.5 per cent. 

iS8-(43)- Referring to the preceding problem with train on upgrade: (a) Make 
a graph showing how the acceleration changes with velocity, (b) Find the time re- 
quired for the velocity to change from 10 to 20 mi/hr. (See § 3, Art. 28.) 

i59-(43). Make a graph showing how the velocity of the train of the preceding 
problem (on the upgrade) changes with the time (in seconds) during the run men- 
tioned. 

i6o~(43). Make a graph showing how the distance covered by the train of the 
preceding problem (on an upgrade) changes with the time. 
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i6i-(44)- Fig. 83 represents in outline a certain small vertical-lift bridge. The 
lifting span is counterweighted as shown. At the center of the span there is a cross- 
shaft having on each end a drum long enough to provide for two up-haul and two 
down-haul cables. From each drum the cables are led to deflecting sheaves at each 
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end of the span, beyond which they arc led to attachments at the top and bottom of 
the tower, as shown. The cross-shaft is driven through a pair of bevel gears by a 
vertical shaft connected by a single set of spur gearing to a second vertical shaft to 
the capstan head of which the operating lever is fitted when the span is to be raised or 
lowered. For full description see Engineering News for July 18, 1912. 

The dimensions, etc., are as follows, but those marked "assimied" are missing in 
the published description: — Weight of lifting span = 58,000 lbs., and of each coun- 
terweight 29,000 lbs.; length of operating lever =: 6 ft. (assumed); number of teeth 
in pinion 17, in spur gear 68, and in each bevel gear 30; diameter of drums = 18 
ins. (assumed); diameter of (four) deflecting sheaves = 12 ins., and diameter of 
shafts for same = i in. (assumed); diameter of (four) counterweight sheaves ~ 
54 ins. (assumed); and diameter of shafts for same = 3} ins. (assumed); diameter 
of (four) counterweight cables = i in.; and of other cables f in. Determine the 
necessary effort (force) at the end of the operating lever required to lift the span; 
to lower it. 

i62-(44). Fig. 84 represents the arrangement of tackle, engines, etc., used for 
moving a large building (three stories, 120 X 142 ft., weighing about 8000 tons). 
Pulls were applied at six points on the rear of the building as shown. The four blocks 
under and the three immediately in front of the building are single (one sheave or 
pulley in each) ; A and B are single, C and D double, and E and F triple. The pull- 
ing cable from each engine extends to Aj and is reeved through A and B, ending 
at i4 ; a second cable is fastened to A and reeved through C and Z>, ending at C; a 
third cable is fastened to C and reeved through E and F, ending at E. Blocks E are 
merely hooked to the three blocks immediately in front of the building; blocks B, 
D and F are held in place by cables fastened to deadmen (buried logs or the like). 
The runs of cable from A toC and from C to £ are really parallel to the main runs; 
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they are shown indined to avoid confusion of lines. The pull of each engine was 
about one ton. (For fuller description see Engineering Record for Nov. 22, 1913.) 
Assume Kto be 1.15, and compute the total pull exerted on the building; also the 
pull exerted on each deadman cable. Which one or ones of all the cables is subjected 
to the greatest pull? 
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i63-(44).~ The building (preceding problem) was moved forward 40 ft. for each 
setting of the equipment. How far did blocks A, C, and E travel for each setting? 
How much cable was wound on the drum of each engine? 

i64-(45). Fig. 85 represents the mechanism for operating a small bascule bridge 
of a single draw span. The train of gears, A, B, C, Z>, and E rests on the (fixed) ap- 
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proach span. The quadrant and the draw span are keyed to the same trunnion, 
supported on the pier shown. When the hand crank is turned counter clockwise 
(in the view shown), the quadrant rotates clockwise, and the free end of the draw 
span lifts. The total weight of the draw span and counterweight is 115,000 lbs., 
and the center of gravity of that (moving) i)art of the bridge is in the axis of the trun- 
nion. The trunnion is 7 ins. in diameter. The following description of the gear train 
is sujfficient for our purpose: 



Gear A 

Number of teeth 13 



B 

94 



C 

IS 



D 
122 



E 
II 



Quadrant 
57 
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(For fuller description see Engineering News for July 24, 1913, or the paper by 
the designer, Prof. L. £. Moore, in Engineering and Contracting for Aug. 13, 1913.) 
Determine how large a force applied to the crank handle at right angles to the crank 
is required to raise the draw span. 

i65~~(45)* Fig. 86 represents in plan certain elements of the downstream (miter) 
gate of the lock at the Keokuk Dam. Each leaf of the gate is htmg on hinges some- 
what like an ordinary door; but the lower hinge is a hemispherical pivot or pintle 
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and it takes up all the direct weight of the leaf, the upper hinge taking up only hori- 
zontal pull. Each leaf is opened and closed by means of an operating strut AB^ 
pinned to the top of the leaf and to the rim of a horizontal bull-wheel; each wheel 
is driven by an engine through a train of gears. Each leaf weighs 463,000 lbs.; the 
distance from its center of gravity to the (vertical) axis of its hinges is 31 ft. 8 ins.; 
the distance between the hinges is 48 ft.; the diameter of the upper hinge pin is 12 
ins.; the radius of the pintle is 9 ins. Assume coefficients of friction for pin and 
pintle to be 0.05 and 0.15 respectively. Determine the reactions at the hinge pin 
and pintle due to the weight of the leaf, and the moment of the frictional resistance 
to swinging, about the axis of the hinges. 

i66-(45). Fig. 87'represents certain details of theoperating mechanism for the lock 
gate described in the preceding problem. It will be noticed that when the gate is 
wide open, the axis of the operating strut is over the center of the bull-wheel. The 
dimensions, proportions, etc., are such that a turn of the wheel through 180^ from 
the position shown doses the leaf; and then the center of the wheel is again in line 
with the axis of the strut. From a large drawing, we have scaled the arms of the 
thrust of the strut with respect to the axes of rotation of the leaf and bull-wheel for 
thirteen positions of the strut, corresponding respectively to the open position of the 
wheel, 15** turn, 30® turn, etc. (see adjoining table). Compute the torque required 
on the buU-wheel for overcoming the frictional resistance at the hinges for each of 
the thirteen positions, neglecting the frictional resistance at the pins of the strut, 
at the center pin of the wheel and at the rollers under the rim of the wheel. Make a 
curve which ^ows how this torque varies with $, What does the area under the curve < 
represent? 
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i67-(45)- '^^ shaft of the engine, which operates the gate described in the pre- 
ceding problems, carries a pinion A (Fig. 87) ; A drives a spur wheel B on a second 
shaft which also carries a bevel pinion C; C drives a bevel spur wheel Dohsl vertical 
shaft which also carries a pinion E; E gears with the rack F and thus drives the bull- 
wheel. The numbers of teeth on the pinions, wheels, etc., are as follows: 
A B C D E F 

18 126 20 90 16 150 

the last for one-half the circumference, more not required. Neglecting all friction 
loss in the operating mechanism, compute the torque required at the engine shaft 
for each of the thirteen positions of the gate mentioned in the preceding example, 
and make a graph which shows how this torque varies with 0, Recompute, but 
allow for friction loss by means of (estimated) efficiency of the gear train. What is 
the total amount of work done at the engine shaft in closing one gate? 

i68-(45). The engine (preceding problems) is run at 370 rev/min. Compute 
the rate (in horse-power) at which the eiigine works, at the engine shaft, when closing 
a leaf at each of the thirteen positions mentioned. Show by means of a graph how 
the power varies with e and the time. (The author is indebted to Mr. B. H. Parsons, 
Mechanical Engineer of the Mississippi River Power Company, for the data of these 
problems relating to the Keokuk Lock.) 

i69-(46). Water is flowing through a certain 6-in. pipe at a velocity of 4 ft /sec. 
Compute the resultant pressure of the water against a right-angle bend in the pipe. 
(Assume that the water pressure is the same at both ends of the bend, and equals 
100 lbs/in*.) 

i7o-(46). Actually, the water pressure (referring to^the preceding problem) is 
greater at the inlet end of the bend. Assume that the pressures are 104 and 100 
lbs/in'; then solve. 

i7i-(46). A certain three and one-half inch hose is conducting water at a velocity 
of 20 ft/sec. There is a circular bend of 180^ in the hose; the radius of the bend is 
8 ft. Assume water pressure at both ends of the bend to be 100 lbs/in*. Determine 
the resultant water pressure on the bend. How much pressure (tending to straighten 
the hose) is there per inch of bend. 

i72-(46). Water is projected into a smooth channel with borders so that the mag- 
nitude of the velocity of the stream is not changed, only its direction. Determine 
the pressure of the stream against the channel. 

i73~(47)- A body whose mass — M is dragged along a smooth horizontal plane 
by a force which varies uniformly with the displacement', the force being zero when 
the displacement = o and 40 lbs. when the displacement =» 10 ft. Determine the 
time-average value of the force. 

i74-(47). Fig. 88 is a part copy of a figure from a report on certain tests of an 
hydraulic (railway) buffer by Mr. Carl Schwartz, published in the Journal of the 
American Society of Mechanical Engineers for June, 1913. An abstract of the report 
is printed in Engineering News for Sept. 11, 19 13. The buffer consists essentially 
of a cylinder 22 ins. in diameter, and a piston; the working stroke is 11 ft. The 
buffer is flrmly anchored at the stopping point, with the piston rod in the line of ap- 
proach of the buffer of the car or locomotive to be stopped. The cyUnder is grooved 
so as to allow water to pass by the piston during a stop. 

The curve marked " speed *' shows how the speed of the locomotive, in this instance, 
varied during the 12 sees, preceding impact, and also during the impact. Thus 
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the speed was about 5.6 mi/hF at the beguming of the test; it increased to about 
7.3 in Si secsj then it decreased uniformly up to the instant of impact after wbicb it 
decreased much more rapidly. The curve marked pressure shows how the hydraulic 
pressure behind the piston varied during the impact. Thus the initial picssuie on 
each side of the piston was about 45 lbs/in*; after the instant of impact the pressure 
shot up to a maximum of 925 lbs/in*, and then decreased to about So. The entire 
travel of the piston in this case was 3 ft. (not indicated in the figure). The locomo- 
tive weighed 100 tons. 
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Compute the time-average and the space-average force which stopped the loco- 
motive, neglecting the effect of the so-called train resistance. Estimate the train 
resistance from the retardation of the locomotive just before the impact, and then 
recompute the averages just mentioned. Measure the area under the pressure curve 
and interpret it. Does the shape of the curve suggest any improvement in the buffer? 

i75-(48). The power of an operating hydraulic turbine equab the product of the 
angular velocity of the turbine and the rate at which angular momentum (about 
the axis of rotation) of the flowing water is changed in its passage through the tur- 
bine. Prove. 

i76-(48). A certain homogeneous prism is a X 6 X 36 ina. In dimensions. It 
is mounted so that it can oscillate like a common pendulum about either of two axes 
of suspension. Both axes contain the center of one small face of the prism; cme 
axb is parallel to the a-in. edges, and the other is parallel to the 6-in. edges. Locate 
the center of percussion for each of these axes. 

i77-(49). Describe the gyrostatic reaction which a screw-propelled ship sustains 
when pitching (in a rough sea). 

i78-(4q). In the General EUclric Reniew, Vol. IX, pages 117 and 118, there appears 
the following: " The spin of a precessing body increases the centrifugal force about 
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the axis of precession. Take the case of a wheel spinoing about a horizontal axis 
supported at one end which is precessing about a vertical axis through the point of 
support. The total centrifugal force is 



'^h^ 



which equals the ordinary centrifugal force WV^/gR plus the additional centrifugal 
force due to spin (gyroscopic centrifugal force) (JrF*^^)/(g/f2r*). W = weight of 
the gyroscope, ib » its radius of gyration, i^ == the radius of the circle of precession, 
r — the radius of the spinning wheel, V — the linear velocity of the precession, v == 
the peripheral velocity of the wheel, and p = the ratio v/VJ* Presumably, R means 
the radius of the drde described by the mass-center of the wheel. Ascertain in your 
own way whether any force, appropriately called centrifugal force, has the value 
above stated in the case in question. 

i79-(49). On page 144 of the journal mentioned in the preceding problem there 
appears this statement. "The total vertical force on the outside rsdl [car wheeb 
running around a curve] due to gyroscopic action will therefore be (3 WV^l^) -f- 
(2 gRrx)" (T = the weight of a pair of wheels and axle (presimiably), k » radius 
of gyration of the pedr and axle (about their axis), r « the radius of the wheels, R » 
radius of the curve, x = gage of the track, and K » the velocity of the car. Can 
you prove the statement? 

i8o-(5o). A wheel 6 ft. in diameter rolls on a straight track. At a certain instant 
the velocity and acceleration of its center are 10 ft/sec. and 4 ft/sec/sec. Deter- 
mine the acceleration of the lowest point of the wheel at the instant in question. 

i8i'(5i). When a slender body, such as a pole, chimney, etc., is tipped over from 
an upright position, the motion is one of rotation about the point of contact of the 
body and the surface which supports the body until slip occurs at the contact or 
the lower end lifts from the surface. Assume that the slender body is hinged to the 
supporting siurface so that it cannot slip or lift, and then determine the vertical and 
horizontal components (7 and H) of the supporting force for various positions of the 
tipping body. Draw ourves showing how V and H vary with the angular displace- 
ment of the pole from the vertical. How could you ascertain whether slip or lift 
would occur first? 

i82-(5i). Referring to the preceding problem, assume that the pole is supported 
on the ground, and that slip cannot occur during tipping. The lower end of the pole 
will lift when a certain degree of tip is reached; afterwards the pole moves under the 
influence of gravity only. Until the pole strikes groimd, it rotates with the angular 
velocity which it had at the instant when the contact was broken, and the center of 
gravity moves in a parabolic path due to its initial velocity (when the contact was 
broken) and action of gravity. Determine the distance from the (original) point 
of support of the pole to where it first strikes the ground. 

z83-(52). In Fig. 410, the load W = 18,000 lbs.; the diameter of the rolleis » 
1$ ins.; the coefficient of rolling resistance "under" the rollers = 0.020, that "over" 
the rollers = 0.025. How large a force P is required to mpve the load? Determine 
the two forces which act upon a roUer supposing that the load is distributed equally 
among the rollers. 

i84-(52). Referring to Prob. 162: The rollers used were 3 ins. in diameter; about 
2000 were used. They were of steel 2 ft. long and rolled between steel plates above 
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and below. Assume that your computed result in Prob. 162 is the value of the piiU 
actually exerted on the building when moving on a level stretch. Then compute 
the average coefficient of rolling resistance. 

i85~(53). Two men A and B are walking at a speed of 4 mi/hr along east and west 
and north and south paths respectively. Compute the velocity of A relative to B 
when A is walking northward and B eastward; when A is walking northward and 
B westward. 

i86-(53). The disk (Fig. 89) is 4 ft. in diameter and is rotating uniformly about O 
at one rev/sec A point P is moving uniformly along the diameter AB from A 
toward ^ at a speed of 4 ft/sec. Determine the absolute velocity of P when midway 
between A and O; when midway between O and B. 

i87-(53). Suppose that P (see preceding problem) is moving from C toward A; 
the angle ^ « 150^, and when P reaches A its speed is 6 ft/sec (along CA). What is 
the absolute velocity of P then? 





Fio. 89 

i88-(53). A certain square is 6 X 6 ft, and its comers are lettered A, B, C, and D 
in succession around the perimeter. The square is rotating unifoimly about a line 
through A perpendicular to its plane at one rev/sec; a point P is moving uniformly 
along CD and in that direction at 6 ft/sec. Determine the absolute velocity and 
acceleration of P when it reaches the mid position between C and Z), 

i89-(54). The sphere (Fig. 90) is suspended from the end of a vertical shaft OZ 
by means of the rod OC extending into and rigidly fastened to the sphere. The 
shaft and the rod are connected by a Hooke's (flexible) joint When the shaft is 
rotated it exerts a torque on the rod which in turn makes the sphere roll around on 
the cone. Assimie that the sphere is 2 ft. in diameter, i? » 4 ft, / =: 8 ft., and that 
the shaft makes 150 rev/min. Deteimine the angular velocity of the sphere, and the 
X, y, and z components of that velocity. 

i9o-(55). Referring to the preceding problem, suppose that the sphere is cast 
iron (weighing 450 lbs/ft*). Then compute the angular momentimi of the ^here 
and determine the rate at which the angular momentum is changing. 

i9i-(55). Suppose that there is no "rolling resistance" (Art. 52) between sphere 
and cone. Then determine the following: normal pressure and friction between 
cone and sphere; the torque which the shaft must exert on the rod; and the x, y, 
and 2 components of the supporting force at O. 

i92-(56). Fig. 91 represents in principle the GrifiBn Mill for grinding cement The 
cross piece of the (upright) frame supports the upper (vertical) shaft S by means 
of a thrust ball bearing. The large pulley P is rigidly fastened to the shaft The 
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pulley hub EE is extended downward and is restrained laterally by tlie guides GG, 
thus virtually fonning an extension of the shaft. The "roll" is rigidly fastened to 
the "roll shaft" and both are suspended on a cylindrical seat on the inside of the hub 
of the pulley as shown. Thus the roil and its shaft can oscillate like a common pen- 
dulum about a perpendicular to the paper at O. K )sa. cross head rigidly fastened 
to the roll shaft but slipping in vertical guides on 
the hub when the roU and its shaft oscillate like a r -r 

conunoD pendulum. The "die" is a hard metal 
ring between which and the roll the grinding of 
the cement takes place as explained presently. 
When the mjll is idle, the roll shaft hang ^ in a 
vertical poation; if the pulley be rotated the guides 
in the hub ezeit a torque on the cross head, and 
the roU shaft is made to rotate in the vertical 
portion with the pulley. When it is desired to 
start the mill for grinding, the roll b first pulled 
outward "with an iron hook," and then the power 
b tumed on at the pulley. The roll shaft rotates 
with the pulley; promptly, the roll begins and 
continues to roll on the die (ring), a great pressure 
being developed between roll and die. Material 
to be ground is fed into the mill so that some is 
cau^t between the roll and the die and then pul- 
verized. Suitable paddles on the lower side of the 
T<41 continually toss the material which collects in 
the recess of the base; eventually it is caught be- Fig. 91 

tween roll and die. 

It will be noted that the roll and its shaft constitute a large gyrostat We now 
propose the problem of determining the pressure between the roll and the ring when 
the millia operating. The makers (Bradley Pulverizer Co.) state it to be about is.ooo 
lbs. for their giant size when run at a pulley speed of 165 to 1 70 rev/min. The follow- 
ing data, approximated in some cases, was taken from drawings furnished by the 
makers of the mill. Thedieis4oins.indiameter (in^de), Sins, high; fromtbeplane 
of its top to the point of suspension is 5 ft. 4) ins. The roll wei^ S80 lbs.; its 
larger diameter is 24 ins. The roll shaft weighs 600 lbs.; its length over all b 6 ft. 
9J ins.; its point of suspension is 6 ins. from the upper end; its diameter varies from 
5i ins. at the cross head to 6] ins. at the roll but the ends in the cross head and roll 
are tapered. For simplicity, make the following approximations: roll-shaft uniform 
diameter U 5I ins., smaller diameter of roll = 2a ins,, and its ttiiclfnpfis is 8 ins. As 
a further close approximation for locating center of gravity and determining required 
moments of inertia, assume that the roll b a cylinder aj ins. in diameter and 8 ins. 
thick (with 5] ins. hole for the roll shaft). 

i93-(57). A certain right cone with a circular base b homogeneous; the diameter 
of its base is 4 ft.; the altitude b 6 ft.; and half the apex angle b 10°. Determine 
the radius of gyration of the cone with respect to an element of its curved surface. 
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The number in parentheses following a problem number refers to the artide (in He body of tins 
book) which pertains to that problem. In many 0/ the problems, the data are not fully gken. 
The missing ones are indicated in the statement or figure; they are to be supplied. 

20i-(3). Fig. loi rq>reseBts a wdod frame to which forces are applied as indi- 
cated; the forces are applied by means of ropes tied to nails in the frame. By in- 
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Determine completely the resultant of the 40 and 70 lb. forces. 
Resolve fuUy the 50 lb. force into two components parallel to the 60 and 



Fig. ioi 

spection of the figure, estimate where you might drive the nail and how you would 
pull the rope to get the same effect as the 50 and 70 lb. forces give. Determine oom- 
pletdy * the resultant of the 70 and 80 lb. forces by means of the parallelogram law. 

202-(3). Determine completely the resultant of the 40 and 50 lb. forces by 
means of the triangle law. (Remember that the arrow-heads on the sides of the 
triangle are not confluent, do not point the same way around.) 

203-(3). Determine completely the resultant of the 60 and 70 lb. forces alg^ 
braically. 

204-(3). 

2os-(3). 
80 lb. forces. 

2o6-(3). Resolve fully the 60 lb. force into two components, one perpendicular 
to that force and one horizontal. 

207-(3). Resolve fully the 60 lb. force into two components, one perpendicular 
to that force and one vertical. 

2o8'-(3). Resolve fully the 60 lb. force into two components, one horizontal 
and one vertical. 

209-(3). Resolve fully the 60 lb. force into two components, one applied at the 
upper right-hand comer and one at the lower left-hand comer of the square. 

* In many of these problems it is required that one or more forces be determined wholly 
or in part. Complete determination requires, not only the magnitude of the force, but 
also its direction and at least one point in its line of action; statement also of magnitude, 
line of action, and sense is complete. In order to make the line of action of a required ibrce 
seem more real, the student should decide upon an appropriate point of application; for 
example a nail or hook in the body to which one could tie a cord or rope for applying the 
force. 
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2io-(3). Resolve fully the 60 lb. force into three components, applied along 
the two sides and bottom of the frame. 

2ii~(3). Resolve fully the 60 lb. force into two components, one of 120 lbs. applied 
at point I and one horizontal. 

2i2-(3). Is it possible to apply three forces along the sides of a triangular board 
so that they will balance? Is it possible to apply four imequal forces along the sides 
of a square board so that they will balance? 

2i3-(4). Compound completely the 30, 40, 60, and 90 lb. forces (Fig. 10 1) graphi- 
cally. (Do not draw the force polygon in the space diagram ; use standard notation.) 

2i4-(4). Compoimd completely the 40, 50, 70, and 100 lb. forces algebraically. 
(Specify the direction of the resultant by means of the acute angle between its line 
of action and the horizontal.) 

2iS~(4)- Resolve fully the 100 lb. force (Fig. 102) into x, y, and « components. 

2i6-(4). Compound completely the forces applied to the cube (Fig. 102). 
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2i7-(s). Compute directly (force times arm) the moment of the 50 lb. force 
(Fig. loi) about point i. 

2i8-(s). Compute indirectly (by means of the principle of moments) the 
moment of the 60 lb. force (Fig. loi) about point 2. 

2i9-(5), Without actually locating the line of action of the resultant of the 
horizontal and vertical forces in Fig. loi, ascertain where the line of action cuts a 
side of the frame. (Use principle of moments.) 

220-(5). Fig. 103 is a cross section 
of a "rolling dam." AB is the sheath 
rigidly fastened to the cylinder which can 
be rolled upward on two inclined racks 
CD^ one at either end of the dam. The 
figure shows the dam resting on the bed 
at A and against the rack at D, In that 
position the horizontal and vertical com- 
ponents, Pi and Pj respectively, of the 
water pressiure are 180 and 30 tons. The 
weight W \& 10 tons. Without compu- 
ting the resultant of these three forces, 
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ascertain how far from D its line of action intersects the line CD, 

22i-(5). Resolve each of the forces shown in Fig. 104 into a force applied at the 
center of the pulley and a couple. 

222-(5). The forces (Fig. 105) are applied at right angles to the cranks. Re- 
solve P\ into a force at A and a couple, and Fi into a force at B and a couple. 
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223-(6). Fig. io6 is a half-section of a building. The four forces are wind pies- 
sures, perpendicular to and applied at mid-points of the portions oT, os, etc Deter- 
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Fig. 105 

mine completely the resultant of the four forces graphically. (Note where the 
line of action cuts 35 and 45. The figures in parentheses are coordinates of the 
points I, 2, and 3 with respect to 0.) 

224-(6). Determine completely the resultant of the three forces described in 
Prob. 220. 
225-(7). Determine completely the resultant of the six forces applied to a plank 

as shown in Fig. 107. 

2 26-(7) . What force applied at the middle of the plank 
(Fig. 107) and couple are equivalent to the three forces 
acting upward? 

227-(7). Resolve fully the 20 lb. force (Fig. 107) into 
two components applied at A and B\ applied at B 
and C. 
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228-(7). Determine completely the resultant of the four forces described in 

Fig. 108. I<. 4I 

229-(8). Compute the moments of each , — j — , — -— 



force (Fig. 102) about the coordinate axes. 

23o-(8). Fig. 109 represents a cube with 
several forces applied to it. Specify as com- 
pletely as possible the resultant of the two 
couples. 

23i-(8). Resolve the couple represented 
in Fig. 105 into two components, one 
whose plane is perpendicular to AB^ and one whose plane is parallel to AB. 

232-(9)^ Determine completely the resultant of the forces excluding the two 
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100 lb. forces applied to the cube shown in Fig. 109. (Specify the coordinates of 
the point where the b'ne of action of the resultant pierces the XY plane.) 
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333-(9)- Fig- ^^° represents a three throw crank shaft, consecutive cranks being 
no" apart. When the shaft is made to rotate rapidly, as in a balancing machine, 
the cranks are subjected to equal air pressures. Assume 
that these are perpendicular to the cranks respectively and 
have (equal) 4 in. aims; then reduce these three forces to a 
force applied at B and two couples. 

234-{io). (a) Two couples are in equilibrium; what can 
you say about them? (6) Can a force and a couple be 
in equilibrium? (c) Three parallel forces are in equilib- j 
lium; what can you say about the middle force? (rf) Is l, 

it possible for four forces to be in equilibrium if three are 
parallel? (e) Four forces are in equilibrium and two are ' "° 

known to constitute a couj^e; what can you say about the other two? (J) What 
can you say about the resultant of a set of coplanar nonconcurrent forces whose 
force polygon closes? 

: all surfaces are smooth; a, 0, and y are respectively 
, , and deg.;Q= 

X) lbs. Determine the magnitude of P 
required for equilibrium. 

236-(ii). The sphere (Fig. its) weighs zoo 
bs.; a, 0, and y are respectively , 

, and deg.; allcontactsur- 

faces are smooth. Determine the pressures 
m the wedge M and the tendon in the rope. 
237-(ii)- A homogeneous beam 30ft. bug 
wei^ so lbs. At the upper end it rests 
against a smooth vertical wall and is held at the lower end by a rope ft. 

long which is also attached to the wall. Find the angle between the beam and the 
wall, and determine the pull in the rope. 

238-(ii). Two right circular cylinders arc supported in a box 18 ins. wide as 
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, and B weighs 



All surfaces are 



shown in Fig. 113. A weighs 
smooth. Find all of the 
forces acting on each cyUn- 
der and properly represent 
on separate sketches. 

i39-(ii}. A cylindrical 
cask b rolled slowly along a 
level floor by means of a 
push applied at the top. 
(f is the diameter, W the 
wdght of the cask and B is 
the inclination of the force with the horizontal, determine the least push required to 
move the cask over a cleat h units high. 

340-(ii}. AB (Fig. 114) is a rigid beam; two hooks are pjined to it at A and B 
as shown; CD and CE are rods pirmed to the hooks and to each other; the hooks 
engage a heavy body W. AB = 14 ft., CD = CE = 8 ft., tt' = 4 tons. Deter- 
mine the tension iu each rod and all forces acting on one hook. (Neglect weight of 
paru.) 
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24i-(ii). InFig. ii5i4B - 4 ft., i4C = CD «8ft.; P« 200 lbs.; and the cylinder 

E wdghs 100 lbs. Ay By and E are pin joints. The surfaces at D and F are smooth. 

Determine the forces acting on the cyl- 
inder and those acting on the bell-crank 
ACD. 

242-(ii). Fig. 116 shows Ridley's 
apparatus for withdrawing the mold 
from a fr«shly cast concrete pile. The 
device also compresses the concrete into 
the space vacated by the mold. Pin 
joints are used at Ay By C, and D. 
AssiuneP » 10,000 lbs.; AB = 30 ins.; 
BC = 18 ins.; and CC = BD = 24 ins. 
Find the force at C and the push on 
the pile. 
243-{ii). The links in Fig. 117 are pinned at Ay By and C. A and C are rigid 

supports. Assiune P «- 100 lbs. Find the reactions 

(on the links) at A and C. 4r 

244-^12). A horizontal beam 20 ft. long is sup- ^' 

ported by a knife-edge ft. from the left end 

and is pinned at ft. from the right end. ^- 

It sustains loads of 5000 lbs. at the left end, 1000 

lbs. at 10 ft. from the left end, 2000 lbs. at the 

right end, and a uniformly distributed load of 1000 lbs. per ft. between the left end 

and left support. Determine the reactions of the pin and knife-edge. 

245-(i2). The diagrammatic sketch in Fig. 118 represents a lever system for a 

scales. Assume W » 250 lbs.; a » 12 ins.; 6=8 ins.; c - g — ins.; 

d » /i B 10 ins.; « = I J ins.; / « 15 ins. Determine P. 
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246-(t3). The frame shown in Fig. 119 is pinned at B and rests against a smooth 
^ «• vw o' ^ <»^ wall at i4. P = 1000 lbs. and Q = 250 lbs. Find the 

reactions at A and B. 

247-(i3). The beam in Fig. 120 weighs 50 lbs. per 
Ai^ ft. and is 14 ft. long. 5 is a smooth support^ i4 is a 
4r*^ pin joint. Q = lbs.; W = 100 lbs. per ft.; P « 
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1000 lbs.; CD = EF -^6 ft.; AF - i ft. Determine 
the reactions at A and B, 
248-(i3). A light bar 9 ft. long is fastened to the floor at its lower end by a hori- 
zontal pin perpendicular to the bar. The angle between the bar and the floor is 
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deg. ; its upper end rests against a smooth vertical wall. Loads of 300 and 
200 lbs. are hung at distances of 4 and 7 ft. respectively from the lower end. 
Calculate the reactions at the ends of the bar. 

249-(i3). The imiform bar AB (Fig. 121) is pinned to the floor at A and sup* 
ports a load of 100 lbs. at B, The diameter of the smooth 
cylinder supporting the bar is ft. Determine 

the forces on the bar, in the rope AC, and on the cyl- 
inder. 

2So-(i3). The truss shown in Fig. 122 is pinned at A 
and supported by a smooth roUer at B. Q » 5000 lbs.; 
W » 20,000 lbs.; the rolling friction (along the track) » 
500 lbs. Compute the reactions at A and B when the car is stationary in the 
middle of the truss. (Mass. Civil Service examination.) 

2Si-(i3)- The travelling waU crane (Fig. 123) rolls on three rails A, B, and C. 
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The weight of the crane is i ton; the load P is 3 tons; the center of gravity of the 
crane is 7 ft. from the vertical through A, Neglect flange pressures, and detennine 
the reactions on the rails. 

2S2-(i3). In a wall there are two hori- 
zontal pegs, A and B\A is 3 ft. above the 
floor, B is 6 ft, and the horizontal dis- 
tance between them is ft. A 
straight bar 15 ft. long weighing 200 lbs. 
is placed with its lower end on the floor, 
touching the underside of A and the 
upper side of B. The bar is not sprung 
into place, and aU surfaces are smooth. 
A weight of 100 lbs. is hung from the 
upper end of the bar. Determine the 
pressure on the floor, on A^ and on B, 

253-(i3). A frame for building and 
raising a concrete wall is sketched in Fig. 
124. The truss B is supported on a 
trunnion D and by the telescoping piston 
C of a pneumatic jack F, The dotted 
lines show the wall and jack in an ex- 
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treme position. D is 10 ft. vertically and 12 ft. horizontally from £; it is 6 inches 
from the upper surface IE of the truss; C is 3 ft. from that upper surface; the 
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projections of C and D on IH are 13 ft. apart. The truss weighs 2 tons; its center 
of gravity is i ft. below IE and 8 ft. to the right of D. The load (wall shown) 
weighs tons; its center of gravity is ins. above IH and 

ft. to right of D. When the truss is inclined to the horizontal deg. as shown, 

how large are the pressures at C and Z)? (Solve graphically.) 

254-(i3). Fig. 125 illustrates an 
apparatus for testing the strength of 
small concrete beams. The force 
produced by pouring shot into the 
bucket L is multiplied by the lever 
system and imposed (in equal amounts) 
on the specimen B at PP, points 
equally distant from the center of the 
beam. ^ is a knife-edge penetrating 
the beam slightly and furnishes a 
support for the upper two levers; the 
other bearings on the beam are rollers. Determine the ratio of P to L. 

255-(i4). The vertical shaft in Fig. 126 carries a pulley at B weighing 150 lbs. 
and one at E weighing 80 lbs. The radius of pulley B is 20 ins., of pulley £ 15 ins. 
The center of gravity 6 of B is 2 ins. from the axis of the shaft; c of £ is i in. F\ - 200 
lbs.; F2 - 50 lbs.; and W = 200 lbs. Find the reactions on the bearings at A and 
O when the shaft is in the position shown. 

2S6-(i5). The truss represented in Fig. 127 is supported by pins at A and B, 

Each load P » 2000 lbs. Determine the amount and kind of stress in each member. 

257-(i5). The truss represented in Fig. 128 is supported by a pin at E and by a 
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horizontal tie at -4. Each load P\ — 1000 lbs.; each load P% = 500 lbs. Determine 
the amount and kind of stress in each member. 

258-(i5). The truss represented in Fig. 129 is supported as shown. Each load 
P\ =a 500 lbs. ; each load Pt = lop lbs. 
Determine the amount and kind of 
stress in AB^ AG^ and JBC. 

259-(i5). The structure represented 
in Fig. 130 is a steel head frame for i 
hoisting ore from a mine. The frame •*-•- 
is pinned at A and is anchored at B ?Jf 
so that either an upward or a down- 
ward reaction can occur at that point. 
The load is 10 tons. Determine the amount and kind of stress in each member of 
the frame. 

26o-(i5). The truss represented in Fig. 131 rests on a smooth support at A and 
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is held by a pin at E. Each load Pi » 500 lbs.; each load Pt « 1000 lbs.; each 
load Pa « 2000 ]bs. Determine the amount and kind of stress in each member. 
26i-(i5). The truss represented in Fig. 132 is held by a pin at joint B and by a 
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horizontal tie at joint A. Each, load » 1000 lbs. Solve for the stress in each 
member. 

262-(i6). The truss represented in Fig. 133 is supported at each end. Each 
load Pi = 1000 lbs., and Pi = 2000 lbs. Determine the amount and kind of stress 
in each member graphically. 

263-(i6). The truss represented in Fig. 134 is held by a pin at the right end and 
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Fig. 133 

rests upon a smooth support at the left end. Each load Pi » 1000 lbs.; Pt » 2000 
lbs. Solve graphically for the stress in each member. 

264-(i7). The crane represented in Fig. 135 is pinned at B and is held by the 
guy rope CA. The load W is 20 tons. FG = 3 ft. Determine the tension in the 
guy rope and all forces acting on each member of the crane. 
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265-(i7). The crane represented in Fig. 136 rests in a socket at A and bears 
against the smooth side of the hole in the door at Z>. There are pins at B^ C, and P. 
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The load W is 40c» lbs., the counterweight E weighs 5000 lbs. Detennine all the 
force| which act upon each member of the crane. 

266-(i7). The crane represented in Fig. 137 resU 
in a socket at A and passes through an opening in 
the floor at B. The post AB passes freely through a 
smooth slot in the boom at C, so that any reaction 
existing there will be ^uieum. 

horizontal. The load 2' r- IZ-- ^ •»! 

IF is 3 tons and is 6 ft. «j^-c H^ ,i^ | F 

out from C. Determine j 
all the forces which act 
upon each member of 
the crane. 
267-(i7). The crane 4 
represented in Fig. 138 rests in a socket at A and is ^'JJa 
horizontally restrained by the ceiling at B, The load "^ ''* 
IT is 4 tons. The weights of the members are: post 
AB « 0.7 ton, brace DE - 0.5 ton, boom CF — 0.6 ton. The center of gravity 
of the boom is 9 ft. to the right of C. For the other members the position of 
the center of gravity is midway between the ends. Detennine all the forces which 
act upon each member. 

( 268-(i7). The crane represented in Fig. 139 is 

6'..-.-,K..6'^ pinned at Band is sup- , ^^, / 

ported horizontally at A, jr|[ ^T j » 

The load IF is I ton. De- \z.'-^ '"^' 



Fig. 137 




Fig. 138 




W termine the amount and 



kind of stress in each of \ 

the members C£, Z7£, j 

and B£, and determine 

all forces acting upon the 

post and boom. 
^^^' '39 269-(i8). The crane 

shown in Fig. 140 rests in a" socket at A and passes ^^®- '^*^ 

through a hole in the floor at B, the sides of the hole affording horizontal support 





Fig. 141 Fir. 142 

The diameter of each pulley is 2 ft. The rope is vertical from Fto D and is fastened 
to a bracket on the post at D, The load H^ is 8 tons. Detennine all forces acting 
on each member. 
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27o-(i8). In Fig. 141 the members are pimied to the wall at A and at B, and to 
each other at C. The diameter of the pulley is 2 ft.; the load W is 1000 lbs.. Deter- 
mine the forces which act upon each member of the structure. 

27i-(i8). The crane shown in Fig. 142 is pinned at A and is horizontally re- 
strained by the floor at B, The diameter of the pulley at Z) is 2 ft., of the drum on 
the floor, i ft. The load W is 2 tons. Determine all the forces which act upon 
each member. 

272-(i9). A, By and C (Fig. 143) respectively weigh 100, 200, and 300 lbs. The 
surfaces in contact are so rough that a force P of lbs. 

causes no slip. Rq>resent in a separate sketch of each body all 
the forces acting on it when P has the stated value. 



T\ 



D 



1 



273-(i9). A body is on a horizontal surface and is subjected > j^wwwS ' wwJ/j i 



Fig. 143 



to a force which does not make it move; the body weighs 200 lbs.; 

the force is inclined d^. with the horizontal and equals 

200 lbs. Determine the normal pressure and friction on the body when the force 

is a pull; when a push. 

274-(i9). Suppose that the coefficient of friction for A and B (Fig. 143) is 
; for B and C ; and for C and D . What is the least 

value of P which would cause a slip? 

275-(i9). The coefficient of friction between A and B (Fig. 132, Art. 19) is 
and e « 30^. Determine the least pull P and push P which would 
cause slip. 

276-(i9). Compare the values of the pull P required to cause slip (Fig. 132, 
Art. 19) when ^ = o, ^ = 30, and e = 50**. 

277-(i9). A straight bar rests in a vertical plane with one end on a rough hori- 
zontal floor and the other against a smooth vertical wall. The coefficient of fric- 
tion for floor and bar is 1 "^ .At what minimum angle between bar and floor 
would the bar rest? 

278-(i9). Suppose that the bar of the preceding problem weighs 100 lbs., and is 
set at an angle of ' , deg. Determine the necessary downward force applied 
at the upper end to cause slip of the bar. 

279-(i9). The ladder AB (Fig. 144) is 40 ft. long and weighs 100 lbs. The co- 
efficient of friction at A (between the upper rung and the pole) is i; dXB \, Com- 
pute the force P reqidred to overcome gravity and friction in the position shown. 

Rod 
rRaif 





Fig. 144 Fig. 145 

28a-(i9). Fig. 145 represents the cross section of a dam, a sluice gate G, and a 
log sluice or trough AB (shown in section at S). Water is shown passing over the 
gate and down the sluice permitting the passage of logs. The sluice is made ad- 
justable to the water level. The front wheels at A rest against vertical rails, and 
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the wheels at B on inclined rails. The end A is raised or lowered by means of a 
vertical rod operated from above by a suitable winze. The log sluice weighs 10 tons, 
AB = 80 ft. Determine the pull at the rod required to overcome the weight of 
the sluice and the friction at A and B in the position shown. (The diameter of the 
wheels A and B is small compared to AB; so regard the sluice as slipping on the 
two ends (like the ladder in the preceding problem) and take the equivalent coeffi- 
cient of friction as i^r-) 

28i-(2o). A (Fig. 146) weighs 100 lbs.; when /8 = o and P = lbs., A 

does not move, (a) Compute the fric- 
tion on A and determine its direction. 

„.. ^ (b) Solve when fi = 40®. 

'^ ^ 282-(2o). A (Fig. 147) wdghs 100 

^ lbs.; the coefficient of friction under A 
^ is J. What force P is required to pull 
I A down? 

283-(2o). The coefficients of friction 
between A and B and B and C (Fig. 
148) are i. W weighs 10 tons. How 
great must P be to start the wedge B? 

284-(2o). A (Fig. 149) weighs 10,000 lbs.; the coefficient of friction for all con- 
tacts is \. What value of P is required for starting A up the plane? 

P 





1 — § 



Figs. 146, 147 




?9;!!s^ 





Fig. 149 Fig. 150 

285-(2o). In Fig. 150 IT = 7000 lbs.; the coefficient of friction for all contacts 
is i. Determine the values of horizontal forces applied to wedges B required for 
raising W. 

286-(2o). The required forces mentioned in the preceding problem are supplied 
by means of the right-and-left screw, Fig. 150. The m6an diameter of screw threads 
is ins., and the number of threads per inch is Determine the 

torque required for raising W, 



?^ 





Fig. 152 



Fig. 151 

287-(2i). Each parallelopiped (i4, B, C, Fig. 151) is homogeneous; their weights 
are respectively 8, 42, and 16 lbs. Determine the distances of their center of gravity 
from the coordinate planes. 

288-(2i). Fig. 152 represents a bent wire. Determine the coordinates of its 
center of gravity. 
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289-(ai). ng. 153 represents a cube with two grooves cut along the medians of 
two sides as shown. The grooves are 2 ins. wide and i in. deep, Detennine the 
cofhdinates of the center of gravity of the grooved cube. 



iFig. 




Fig. 1S3 



Fig 154 



Fic. iss 



agoK^i). Detennine the coQrdinates of the centroid of the shaded area in 
154. (See Art. 34 for centroid of semicircular area.) 

agiHjji). The angles Fig. 155 are 6 X 4 X 1. Locate the centroid of the entire 
shaded area. 

j92-(i3). Determine the centroid of the shaded area in Fig. 156. The area of the 
hole is 8 sq. ins. and the coordinates of its centroid are x - 3 
and y = 4 ins. 

393~(i3). Imagine an ellipsoid separated into halves by one 
of its planes of symmetry. Determine the position of the cen- 
troid of one of these halves. 

a94-(i4). Prove the statonents on page 100 about the cen- 
troid of a right circular cylinder. 

29S-(35)- A certain wire weighs lbs/ft, and can sustain 

a puU of lbs. with safety. It is to be suspended between two points on the 

same levd and 1000 ft. apart. Assume that the suspended wire will be parabolic, 
and compute the shortest piece of wire that may be used. 

i96-(36)- Solve the preceding problem but on the assumption that the sus- 
pended wire taltes the catenary form. 

2gy-(2j). A rope is to be suspended at its two ends from two points AB on the 
same level and 40 ft. apart. Heavy weights are to be hung from knots on the rope 
so that the rope will assume the form of half an octagon. What weights will hold 
the rope to the desired form? 



3qS'(i8). The following data were secured from the launching of the battleship 
Connecticut (Engineering News for Dec. 31, 1904): 

Timei, 5 10 15 20 35 30 33 40 43 50 sec. 

Distances, 18 60 132 225 335 410 520 610 680 720 ft. 
Determine the velocity when / = sec.; when I = sec. 

i99-(i8). A point moves in a straight line in accordance with the law j — ? — 40 *, 
where s is distance in feet from a given point in the path and I is time in seconds. By 
calculus find the velocity when / ■■ sec. What is the average velocity for the 

second preceding ihe instant named? for the second following the instant? 
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30(>-(28). Express a velocity of 60 mi/hr in feet per second. A certain electric car 
gets up such a velocity in : > sees. Express that average starting acceleration in 
foot and second unit; compare with "gravity." 

30i-(28). In a certain run the velocity of an electric car changed in the following 
manner: 

Time /, o 10 15 20 25 30 35 40 50 114 125 sec. 

Velocity*, o 15 21 24.5 26.5 28.5 29.5 31 32.5 21 o mi/hr. 

The car coasted during the interval 50-114 and was braked during the interval 114- 
125. (Sheldon and Hausman, Electric Traction and Transmission Engineering^ p. 63.) 
Find the acceleration when / « sec.; when t » sec. 

302-(28). In a certain rectilinear motion r = /* — 10 <, where v is velocity in feet 
per minute and / is time in minutes. Determine by calculus the acceleration when 
t = sec. What is the average acceleration for the second preceding the instant 

named? for the second following the instant? 

303-(28). A point moves in a straight line in accordance with the law 5=2 sin 
(0.05 1+ )j where 5 is in inches, / in seconds, and the angle in radians. Deter- 
mine the velocity and acceleration when / » ; when / — . Interpret the 
signs of your results. 

304-(28). A body has an "initial velocity" (when / = o) of 15 ft /sec and an 
acceleration expressed by a = 90 / — 24 /^, the units being foot and second, (a) 
How far does the body move in the interval / = to / = ? (^) What are the 

velocities at the instants named? (c) What is the average velocity for the interval? 

305-(28). In a certain series of tests on emergency stops with an automobile the 
following data were obtained: 

Speed of auto, 6 10 15 20 25 30 mi/hr. 

Stopping distance, 1.67 6.00 9.50 36.8 42.0 47.5 ft. 
{Engineering News for Sept. 7 and Oct. 10, 191 2.) Compare the average retardations. 

3o6-(29). Draw the distance-time curve for the data in Prob. 298 and deter- 
mine the velocity when t = sec. ; when / = sec. What can you state con- 
cerning the acceleration at / = 30 sec.? 

307-(29). Draw the velocity-time graph for the data in Prob. 301. Determine 
the acceleration when t = sec. What is distance covered from / = to 

/ = sec.? 

3o8-(29). A train can get up a speed of 60 mi/hr in 5 min., and stop in 0.5 mi. 
About midway between two stations 10 mi. apart a bad piece of track one nule long 
necessitates reduction of speed to 10 mi/hr. Assimiing that accelei:ation and re- 
tardation can be applied uniformly with respect to time, determine the time between 
stations. (Sketch the velocity-time graph before calculating.) 

309^(29) . In the preceding problem how much time was lost on account of de- 
fective track? 

3io-(29). In testing automatic safety cushions placed at the bottom of elevator 
shafts in the Woolworth Building, N. Y., the following data were obtained: 

Distance from top 

of air cushion, o 20 40 60 80 100 120 130 135 137 ft. 

Pressure on bottom 

of car, 447 10 12 99980 lb/in*. 

Downward velocity 

of elevator, 168 168 157 140 116 92 67 52 32 o ft/sec. 
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Plot the distance-velocity curve, and find the acceleration when the elevator had 
fallen ft. in the cushion. (Engineering Record for Sept^ 5, 1914.) 

31 1-(29). From the data in the preceding problem find the time consumed in fall- 
ing ft. in the air cushion. (Hint. Plot the reciprocals of the velocities against 
the corresponding distances.) 

3ii-(3i). The following quotation from Engineering News^ Dec. 3, 1914, relates to 
tall building elevators: '^I and some of my associates have been subjected to retarda- 
tions as high as 72 ft /sec/sec without much discomfort. The stress in the ankles is 
quite noticeable. In air cushion practice it is customary to aUow for retardations of 
five or even six times that of gravity; i.e.f retardations up to nearly 200 ft /sec/sec, 
and it is considered that even this high retardation will not be injurious to life. There 
are several instances on record where it has been sustained without serious injury." 
Calculate in the case of a man standing upright in an elevator undergoing a retarda- 
tion of six times gravity, the pressiure on the soles of his feet, and the stress at his neck. 
(Take the weight of his head as 7 per cent of his total weight.) 

3i2-(3o). The period of a certain simple harmonic motion is sec., and its 

amplitude is ins. Compute the maximum velocity, the velocity at a quarter 

point, and the average velocity for one-half the length of path. Ditto for acceleration. 

3i2-(3i). Take the weight of the elevator in Prob. 310 as 7500 lbs., and the area 
of its bottom as 30 ft*. Determine the amount and direction of the resultant of all 
forces acting on the elevator when it was ft. below the top of the air cushion. 

What forces make up the resultant? Are the records consistent? 

3i3-(3i). Imagine the surface C (Fig. 58) tilted so that its inclination to the 
horizontal is 20 deg.; that the coefficient of static friction between A and B is 0.5; 
that the coefficient of kinetic friction between B and the incline is 0.2. A and B 
weigh 100 and lbs respectively; and P = lbs. Find the acceleration of 

the system, and represent the forces acting on each body in separate sketches. 

3i4-(3i). In the preceding problem determine the force P which would make A 
slip on B. 

3iS-(3i). Bodies A and 5, Fig. 157, weigh 40 and 60 lbs. respectively. The co- 
efficient of friction under A is 0.2; that under £ is 0.25. When P = lbs., the 
forces on the spring connecting the bodies have what value? 





Fig. 158 




Fig. 159 



3i6-(3i). The box shown in Fig. 158 weighs 120 lbs. and the body A 80 lbs.; the 
system is moving to the right on a floor from an initial impulse. The coefficient of 
friction between A and the box is zero and that between the box and floor is 
Find the forces on the (like) springs. 

3i7-(3i). A body weighing 24 lbs. is projected up a 30 deg. incline at a velocity of 
20 ft/sec. The coefficient of friction between body and incline is . Find the 
position of the body after 5 sec.; after 20 sec. 

3i8-(3i). A (Fig. 159) weighs 160 lbs. and B lbs. The coefficient of kinetic 

friction between A and the incline is , and between B and the incline 0.25. De- 
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termine the acceleration of the system. (Consider the rope very flexible and n^lect 
tho mass of rope and pulley^ 

3i9--(3i)- ^» -8, and C (Fig. i6o) weigh 60, 30, and 10 lbs. respectively, and the 

I A 1— r!N coefficient of friction between A and D is . Neglect the stiff- 
•^®^^^^^fcJ ness of the rope, its mass, and that of the sheave. Find the ten- 

g sion in the rope between B and C. 

32o-(3i). Suppose the apparatus in Fig. 218 is being used to 
compress air. The piston is 10 ins. in diameter and weighs 40 lbs.; 
the lengths of crank and connecting rod are 3 and 10 ins. 
respectively; the crank rotates at 100 r.p.m.; the pressure on the top of piston is 
50 lbs/in'. Find the stress in the top of the piston rod when B = deg. 

3 2 1-(3 2) . A particle is moving at a constant speed of 2 ins/sec along an ellipse whose 
axes are and ins. long. Determine the amount and direction of the acceler- 

ation of the particle at the instant it is passing one end of the er axis. 

322-(33). P XFig- 263) moves in the circle (diameter = ft.) with constant 

speed of one revolution in sec. When the angle FOX is deg., what are 

Vxt Vyy axj and Uy? 

323-(33). A projectile is discharged from a gun with a velocity of 644 ft /sec., at 
an elevation of 30 deg. Neglecting the resistance of the air, compute (a) the extreme 
range of the projectile measured on a horizontal plane through the muzzle of the gun, 
and (b) the maximum elevation of the projectile above this plane. (U. S. Civil Service 
examination.) 

324-(34). A smooth sphere weighing 2 lbs. (Fig. 161) is in a box rigidly fastened 
to an arm which can be rotated about a horizontal axis. By means 
of suitable forces applied to the arm the system is made to get up 
speed uniformly so that in every second the speed is increased by 
2 rev/sec. At the instant when the speed reaches rev/sec, the arm is 
inclined as shown. What are the values of all the forces acting on 
the sphere then? Represent them in a separate sketch of the 
sphere. 

325-(34). CD (Fig. 162) is a rough inclined plane rotating about the 
vertical axis AB at & constant speed of 200 rev/min. The body E 
weighs 100 lbs. and its center of gravity is 3 ft. from AB. Determine the friction 
and normal pressure on E. 

326-(34). AB (Fig. 163) is a board lying upon a table. C is a vertical peg in the 
table top projecting upward through a suitable hole in the board. The board weighs 
20 lbs. The table top (and board) are spun about C at 400 rev/min. Determine the 
stress at the smallest section of the board. 

-mm. 






Fig. 162 Fig. 163 

327-(34). Imagine a table with a circular top fitted with a border along the edge 
and mounted so that it can be rotated about the vertical through its center. Suppose 
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that a straight rod lies on the top. When the table is rotated the rod rolls to and its 
ends bear against the border. Take the diameter of the top = 6 ft., length of rod = 
6 ft., weight of rod = lo lbs., and speed of rotation = 200 rev/min. Compute the 
pressures at the ends of the rod. 

328-(34). Fig. 164 represents a block A upon which is mounted a drum B. A 
light rope is wound aroimd the drum so that a horizontal 
pull P can be applied as shown. The weight of i4 is 960, 
and that of 5 is 640 lbs. The coefficient of friction under 



A]& ^ When P = 
what value? 



lbs., the acceleration of A has *m?/>w???wm//Mfp 





Fig* 165 



Fig. 164 

3 29-(34) . A Ipcomotive is nmning along a level track. The horizontal component 
of the reactions of the rails on the drivers are forward or back according to certain 
drcimistances; on the other wheels it is opposite to the direction of motion. Call the 
first force P\ the second Q. What is the relation between P and Q ({) when the loco- 
motive speed is constant? {%%) when it is being increased? (m) when it is being 
lessened? What does a locomotive do to a bridge over which it is moving in the three 
cases? 
33o-(34)' What is the nature of the action of a travelling crane (Fig. 165) on its 

Cq;qIA track (a) when it is starting to "travel" (run 

down the yard)? (6) When it is starting to 
"traverse" (crab B runs over the bridge i4)? 
(c) When hoisting of the load begins? 

33i-(34). Take weights of parts of crane 
(preceding problem) as follows: bridge i4, 

tons; crab By tons; load C, 

tons. Take acceleration of travel 0.7 it /sec/ 
sec, and acceleration of traverse 0.4 ft /sec/sec; then calculate the wheel reactions 
on track so far as possible for commencements of travel and traverse. (Neglect 
swing of load. What is effect of this error?) 

332-(34). The following is an extract from a description of the Sheepshead Bay 
Motor Racetrack {Engineering News for Aug. 19, 191 5): "There are two parallel 
straightaway stretches connected by two turns of 180 deg. each. Each turn con- 
sists of a circular arc of about 135 deg. connected by 'spirals' to the straightaway 
stretches; the radius to the inner edge of the circular track is 850 ft. The outer edges 
of the circular turns are given a maximum super elevation of 25 ft. 6 in., computed 
for a speed of 96 mi/hr by the common railway formula C = di^/gR, The width d 
was taken in 14 ft. strips commencing at the inside of the track, and the super ele- 
vation computed for speeds of 40, 52}, 65, 77!, and 96 mi/hr. This gives a cross 
section theoretically of a parabolic curve." Prove the last statement, and show how 
the formula gives 25 ft. 6 in. 

333-(35). Imagine the surface C (Fig. 56) tilted so that the top of B is horizontal; 
assume the angle of tilt to be deg., the surface C to be frictionless; that A and B 
respectively weigh and lbs. When the body B is released {P = o)^ A and B 
slide down the plane together. Then the pressure between A and B has what value 
and direction? 

334~{3S)- Fig. 166 represents a bar which rests upon a horizontal surface in the 
plane of the paper. The bar weighs 160 lbs. and the coefficient of friction between the 
bar and table is 0.5. The two forces shown acting on the bar are horizontal. De- 
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Fig. 167 



termine the magnitude, direction and point of application of a third horizontal force, 
which, when acting with the two forces shown, will give the bar a motion of trans- 
lation with an acceleration to the right along AB of 
60 ft/sec/sec. 

33 $-(3 5). B (Fig. 167) is a straight post which rests 
upon the front edge of the car A. 
With what acceleration must A be 
made to move along a level track in 
order that B will remain in the position shown? 

336-(35). Assume that the car of the preceding problem 
moves up a 30 deg. incline with a uniform acceleration of ft/sec/sec. At what 
angle with the vertical must the post be inclined in order that, as before, it may 
maintain its position? . 

337~(35). A homogeneous cylinder weighing 100 lbs. is drawn up an inclined plane 
by a force of 200 lbs. acting parallel to the plane. The cylinder is 4 ft. long and 2 ft. 
in diameter; it rests on end with its length normal to the plane. The coefficient of 
friction between cylinder and plane is 0.2; the angle of inclination of the plane is 
deg. to the horizontal. Determine the limits between which the point of application 
of the 200 lb. force must lie in order that the cylinder may not tip over. 

338-(36). A solid piece of cast irpn consists of a right circular cylinder 4 ft. in 
diameter and 10 ft. long, and a right circular cone 4 ft. in diameter and * ft. long, 
placed end to end. Determine the moment of inertia and radius of gyration of the 
body with respect to the common axis of cone and cylinder. 

339-(36). The moment of inertia of a sphere with respect to a diameter is given by 
i Mf^, What is the moment of inertia of a cast-iron sphere, ins. in diameter, with 
respect to a tangent line? 
340-(36). Determine the moment of inertia and radius of gyration of the cast-iron 

pulley represented in Fig. 168 with respect to 
its own axis. 

34i-(37). "The 16-inch gun has a range 
of about 12.4 miles, and it travels this dis- 
tance in about 95 seconds. If the gun were 
Yi pointed exactly north or south the lateral de- 




viation of the projectile, due to the earth's 
rotation, would amount to 525 feet." (5ci- 
tntific American for May 22, 191 5.) Show 
how to calculate the stated deviation. 

342-(37). The disk of a certain steam tur- 
bine is ft. in diameter, and it is run at 
rev/min. What is the rim speed in 
miles per hour? Compare the acceleration of a point on the rim with gravity. A 
small bolt is screwed radially into the disk at the rim; compare the tension in the 
shank of the bolt just under the head with the weight of the head . 

343-(37). A and B (Fig. 159) weigh 160, and lbs. respectively. The weight 

of the pulley is lbs., its diameter is 6 ft., and its radius of gyration 2 ft. The 

coefficient of friction \mder A is ; under B it is }. Determine the acceleration of 

A and B and the tension in both parts of the rope. 

344-(37). Fig. 169 represents a drum with a brake attachment. A rope is wound 
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around the drum and a load of 2000 lbs. hung as shown. The force P on the brake 

arm is 1000 lbs. The coefficient of friction between brake and drum is ; the 

diameter of the drum is 6 ft., its weight is 1800 lbs., and its 

radius of gyration is 2.5 ft. The load is released and 

allowed to fall until the drum has attained a speed of 100 

rev/min. Then the brake is applied and the system is p 

brought to rest. How much time is required for the 

braking? 
345"(37)« The drum shown in Fig. 170 rests upon a 

floor and against a low vertical wall as 
'^ ~ "^p shown. A rope is wound around the 

drum and passes off horizontally over the wall. The diameter 
of the drum is 4 ft.; the diameter of the axle is 3 ft.; the radius 
of gyration of the dnun and axle is 20 ins., and their combined 
weight is 180 lbs. The coefficient of friction between drum 
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and floor is and between drum and wall 0.2. The pull P = 200 lbs. Deter- 

mine the angular acceleration of the drum, and all forces which act upon it. 

346-(37). Fig. 171 represents a brake device for regulating the speed at which a 
load is lowered. It consists of a ring solidly fixed in a horizontal plane, through the 
center of which passes a vertical shaft. This shaft carries a cross- 
arm upon which slide two blocks AA. The rope which carries the 
load passes over a pulley and is woimd around the shaft as shown. 
When the load starts to descend, the shaft rotates and the blocks A Ay 
sliding out to the ends of the cross-arm, bear against the inner side 
of the ring. The weight of each of the blocks is 64 lbs., the distance 
from the axis of the shaft to the center of gravity of each block when 
bearing against the ring is 20 ins., the diameter of the shaft is 6 ins., the 
coefficient of friction between block and ring is , and the load W 
is 1600 lbs. Neglecting the weight of the vertical shaft and the 
pulley, find the maximum velocity which the load will attain in descending. 

347-(38). Referring to Prob. 343: enumerate the forces acting on the pulley. 
Tell how the reaction of the pulley shaft is related to the other forces acting on the 
pulley. 

348-(38). Referring to Prob. 344: determine the value of the axle reaction on the 
drum during the braking period. 

349-(38). The frame (Fig. 162) can be rotated about the vertical shaft AB. The 
shaft is 12 ft. long; AD = S ft., CD = 10 ft., and BC = 2 ft. The weighU of these 
members are respectively 500, 200, and 400 lbs. £ is 2 X 4 ft., and perpendicular to 
paper, i ft. ; it weighs 300 lbs., and is placed at mid-length of CD. The entire system 
is rotated at 1800 rev/min. Determine all forces on each member. 

35o-(39). The length of a simple seconds pendulum at a certain place is 3.56 ft. 
Find the length .of a pendulum which at the same place swings from one side to the 
other in 5 sees. (U. S. Civil Service examination.) 

35i-(4o). The body C (Fig. 76) is moved up the plane by a horizontal force P 
(s lbs.) and Q (» lbs.). The frictional resistance is 10 lbs.; the inclination 
of the plane is deg., and the body weighs 40 lbs. Compute the work done on C 
by each force during a displacement from A to B, 20 ft. What is the algebraic sum 
of these works ("total work")? 
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3S»-(4o)' C (Fig. 172) is a bead on a circular wire ABD; it is subjected to four 
forces F, P, Q, and 5; F = lo lbs. and is always horizontal; P = 40 lbs. and is alwajrs 

directed toward D; Q varies in magnitude and direction 
so that the simultaneous values of a, p, and Q are as 
follows: 




a " o 



IS' 



30^ 



4S' 



6o' 



75' 



90^ 



/9 = 
= 



5 is a tangential pull and its value (in pounds) is 40 j', 
where s is the arc i4C in feet. Compute the amount of work 
done by each force for the displacement of C from ^ to J5. 

353-(4o). ABC is a right triangle; i4C is the hypothenuse, AB = S and BC = 6 
ft. A certain small body is made to move along AB by several forces, one of which is 
always directed toward C and equals 10 lbs. How much work does this force do while 
the body is made to move from A to B? 

354-(4i). When the pulley described in Prob. 340 is rotating at 200 rev/min., what 
is its kinetic energy (in foot-pounds)? 

355-(4i). When a solid (circular) cylinder is rolling on a straight roadway, what 
portion of its total kinetic energy is "translational"? 

N 35^(42). Two tests were run on a certain steam engine. In the first test the 
fly-wheel spokes were exposed to the air; in the second test they were enclosed so as to 
reduce the air resistance as much as possible. The first test gave an indicated power 
of 12.30 Continental horse-power; the second of 7.88 Continental horse-power. 
Assuming that energy is worth one cent per kilowatt hour, find the gross (money) 
saving due to enclosing the fly-wheel. 

357-(42). What power is required to move a block weighing 1200 lbs. up a 30 deg. 
incline at a imiform speed of 100 ft/sec if the coefficient of friction between block and 
plane is 0.2? 

358-(42). S and S' (Fig. 173) are two portions of a shaft. Arms A and A' are 
rigidly attached to the adjacent ends of the 
shaft as shown. The ends of the arms are 
furnished with hooks which are connected by 
two like coU springs as shown. Thus it is pos- 
sible to transmit energy from one portion of the 
shaft to the other; indeed the device illus- 
trates, in principle, a "transmission dynamom- 
eter." Let length of each arm = ins., 
natural length of each spring = 8 ins., stiffness 
of each spring = 40 lbs/in. (40 lbs. pull required 
for each inch of stretch). When the shaft is 
rotating at 200 rev/min, the angle between, the arms is 
power of transmission? 

35^(42). Put your solution of the preceding problem into general terms, using 
the following notation: a = length of each arm in inches, b = natural length of 
each spring in inches, p = stiffness of spring in pounds per inch, n = speed in revolu- 
tions per minute, B = angle between arms in degrees. 

36o-(43). A' flywheel of a 4 h-p riveting machine fluctuates between 60 and qo 
m.p.r. Every two seconds an operation occurs which requires | of all the energy sup- 
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deg. What is the horse- 
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plied for two seconds. Find the moment of inertia of the wheel. (U. S. Civil Service 
examination.) 

36i-(43). A particle, under the action of gravity alone, moves from rest from the 
highest point on the. outer surface of a smooth sphere whose diameter is lo ft. 
Neglecting friction and the small force necessary to start the particle, find: (a) at 
what point the particle leaves the sphere, (b) what the velocity is at the instant of 
leaving. (U. S. Civil Service examination.) 

362-(43). A lo-inch rifle has a barrel 45 ft. long and shoots a shell weighing See 
lbs.; the cross section area of the bore is 80 in*. The powder pressure varies from 
50,000 lbs/in* at the instant of detonation to 5000 lbs/in' when the projectile leaves 
the muzzle. Assume the variation of pressure to be imiform with respect to the dis- 
placement of the projectile, and neglect the effect of friction and recoil; then deter- 
mine the maximum power developed during a discharge, and the muzzle velocity of 
the projectile. 

363^(43) • ^ <^r coasts down a 2 per cent grade, starting from a point 1000 ft. 
from the bottom. As soon as the level track is reached the brakes are set, locking the 
wheels. The total weight of the car is 3200 lbs. There are two pairs of wheels, each 
pair, with the axle, weighing 320 lbs., and having a radius of gyration of i ft.; the 
diameter of the wheels, is 3 ft. The total rolling resistance is 10 lbs. and the coeffi- 
cient of friction between wheels and track is 0.2. Determine how far along the level 
track the car will go after the brakes are set. 

364-(43). A flying airplane is subjected to two external forces — gravity and air 
pressure. It is convenient for purposes of anal}^ to regard the latter in the three 
parts which act on the wings, the propeller, and the remainder of the machine. In 
"simple flight " (horizontal or inclined straight path, in still air or directly with or 
against the wind), the air reaction on the wings is dealt with in two components — 
perpendicular and parallel to the line of flight; the first is called "lift'' L, and the 
second "drag" (formerly " drift ") D. The reaction of the air on the propeller can be 
regarded as a single forward force or "thrust" T, and a couple C opposing the rotation 
of the propeller. The third force or "body resistance" R is directed nearly along the 
line of fli^t. (See Fig. 174.) 




Fio. 174 

The lift and drag depend upon velocity v of the airplane relative to the air, wing 
^ea Af density of air 6, "angle of incidence" a (angle between chord of wing and 
direction of wind, t3rpe o( wing section, and "aspect ratio" (ratio of length to breadth 
of wing); and in biplanes, on the "gap" (distance between the planes) and to a lesser 
extent on other details. Thus 

L = KsAi^ and D = k6Ai^, 
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where K and k are experimental (lift and drag) coefl5cients. They are "absolute 
or abstract coefficients, permitting the use of any systematic units in the formulas; 
for example, pound for force, square foot for area, foot per second for velocity, slug 
per cubic foot for density, (The formulas are also written without the density factor, 
the coefficients being made to suit certain convenient units like the pound, square 
foot, and mile per hour.) The body resistance varies approximately as the velocity 
square, size and shape of body, and other structural details. In any case, the formula 
can be written R ^ Cv*, where C is a coefficient which can be estimated by the expert 
designer. 

In horizontal flight the weight of the airplane is balanced by the lift and the vertical 
component of the thrust. But this component is neglected in ordinary calculations. 
Thus we have 

KUf^ ^W or i^^W -^ KhA. 

In imiform horizontal flight the total resistance D -^ R and the thrust T are equals 
and the work done against the total resistance per unit time and the thrust power are 
equal. If the airplane is moving in still air, this thrust or useful power is 

p = Tr = (Z> + R)v. 

The following data refer to a particular monoplane: weight = looo lbs.; area of 
wings = 155 ft'; C »= 0.02; and for angle of incidence 

a "= — 2 o 2 4 6 8 10 12 14 16 i8deg. 

K = 0.000 0.070 0.150 0.235 0.305 0.380 0.435 0-475 0-495 o-5oo 0.480 

k — 0.017 0.014 0.014 0.017 0.024 0.033 0.043 0.052 0.063 0.078 O.IOO 

(i) Plot values of K^ k, and K/k on an a base, using scales of i in. = 4 deg., and i 
in. = o.i. 

(ii) Compute values of v for the stated values of a, 

(iii) Compute values of D and R for the computed values of v. Plot values of Z>, R, 
and D + Ron the same v base, using scales i in. — 20 ft/sec, and i in. » 100 lbs. 
(iv) Compute values of P for the computed values of v. Reduce these values of P 
to horse-power, and then plot horse-power required on the velocity base used in (iii). 
(The horse-power available plotted on a velocity base gives a curve convex 
upward, intersecting the horse-power required curve in two points. The velocities 
corresponding to these two points are the minimum and maximum velocities of hori- 
zontal ffight for the airplane.) 

365-(43). When the motor of a fl3dng airplane is cut out, the plane soon takes on a 
glide at an angle and speed depending mainly on the set of the elevator. Then the 
propeller is driven by the thrust which is now opposed to the motion of the airplane; 
but this thrust is small compared to the drag. Show that 

k C W 

^* = ^ + XiI "^^ '' = Xil""'' 

where = the angle of the glide. Compute values of Q and v for the values of a given 
in the preceding problem, and then plot cot on the v base. 

366-(43). A locomotive weighing 200 tons pulls a train of 30 cars, each weighing 
50 tons. At 10 mi/hr the locomotive resistance is 10 lbs/ton, and the train resistance 
is 4 lbs/ton. What net horse-power is necessary to maintain that speed on a i 
per cent grade? 

367-(43). Find the total work done at the drawbar of a locomotive in starting a 
200-ton train against a one per cent grade from rest to 30 mi/hr in 300 ft. when the 
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irictional resistances are lo lbs/ton (assumed the same for aU speeds). (Mass. Civil 
Service examination.) 

368-(43). The engine of a certain locomotive weighs ii8 tons, io6 on the drivers; 
the loaded tender weighs 60 tons. The cylinders are 24 (diameter) by 30 ins. (length), 
and the drivers are 60 ins. in diameter; the boiler pressure is 200 lbs/in'. What is the 
highest velocity at which this locomotive can haul a train weighing 1000 tons on a 
level track? (Assume that the train resistance follows the Engineering News formula, 
and that the mean effective follows the law p = 200 [0.95 t (7 s -r 11,000)]; see 
Prob. 149.) 

369^(44). Fig. 175 shows plan of a capstan and hauling tackle, and an elevation 
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Fig. 175 

of the barrel of the capstan. The sweep (arm) to which the horse is hitched at il is 1 1 
ft. long; there is one sheave in each block B and C. Assume that the horse can exert 
a prolonged, steady pull of lbs., and make an estimate (supported by calculation) 
of the pull which can be exerted at the load. (Neglect friction on the barrel.) 

370^(44). Fig. 176 represents in plan and elevation a coal shipping station for 
loading barges at a Mississippi River ''landing.'' The coal is brought in railway cars 
up on to the trestle to the supply track, and then dumped into a hopper from which 
it is discharged as required into a transfer car. This car runs on a track, extending 
toward the river and up the cradle to a dumping platform, whence it discharges its 
load into the barge below. 

The loading plant is operated by means of three cables, two to handle the transfer 
car, and one to handle the cradle. The winding drums for the cables are mounted in 
the "operating house," and are driven by gearing from an electric 35 horse-power 
motor. The hauling cable A extends from the drum A vertically downwards to a 
sheave, thence horizontally to another sheave in the middle of the track, thence along 
the center of the track down the incline and through the cradle, passing under a 10- 
inch pulley (not clearly indicated) and a 30-inch pulley, and then up to a 36-inch 
pulley at the track level; the end of the cable is attached to the transfer car. The 
back-haul cable B extends vertically down from drum B to a sheave, thence horizon- 
tally, and by tiuns over two sheaves, to a point in the upper end of the inclined track; 
thence down the center of the track and over the deck of the cradle to the car. The 
cradle-cable C leads from its drum downwards to a sheave, thence along one side of 
the incline to the upper end of the cradle; it crosses under by means of two sheaves 
and then extends along the opposite side of the incline to a point of attachment on the 
trestle which carries the overhead track. Normally, the cradle will be held in position 
by a ratchet brake on the first pair wheels. Diameter of all sheaves not given above 
or indicated in the figure is 30 ins., diameter of the cables is } in. The cradle weighs 
about 22 tons, the transfer car empty about 8 tons, and loaded about 20 tons. 
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Compute: (a) the torque required at the drum A for pulling the loaded transfer 
car up the cradle from a "standing start"; (b) the torque required at the drum £ to 
pull die empty car up the 5 per cent grade from a standing start; (c) the torque re- 
quired at the drum C for pulling the cradle up its track, transfer car not od the cradle. 
371-^45)- ^ (Fig' 177) is 1 long board supported in a horizontal position; fi is a 
block provided with end guides so that it can be shd along the board without tumuig; 

ad C is a heavy piece that can be slid across the board. 
Suppose that B — and with it C — is moved to the left with 
a velocity of 4 ft/sec, and C is moved across the board, in 
the direction indicated, with a velocity of o.a ft/sec. (a) 
What is the direction of the triaion exerted by A on C? , 
{b) What is the amount of that force if the weight of C — 
all supported by .4 — is 10 lbs., and the coefficient of ki- 
netic friction between A and B is 0.4? (c) If the coefficient 
between B and C is 0.4, what is the amount of friction 

between them? (d) Compare the total friction on C just found, with its value 
when C is slid across but not also along the board? (e) Make a similar comparison 
on the supposition that tbe'contaet between B and C is frictionless. 

37i-(4S). Put the solution of the foregoing problem into general terms, denoting 
the velocities respectively by u and V, the coefficient of friction by /*, the weight of C 
byW, 

373-(4S)- "To easily push a pulley onto a snugly fitting arbor or shaft, one turns 
the pulley while pushing." Explain how the turning lessens the necessary push? 

374-(45). To turn a certain pulley on a snugly fitting shaft, 3 inches in diameter, 
requires a torque of 40 ft. -lbs. How large a pull is required to strip the pulley from 
its shaft at a speed r when the wheel is being turned so that the rate of circumferential 
slip is F? 
375-(4S). Fig. 178 represents a cone friction clutch, used in some automobiles. 
i< is the engine flywheel; the inner face of the 
rim is conical. B is the other cone keyed to the 
transmission shaft but so that B can be slid along 
the shaft, toward or from the cone A. Genendly, 
the clutch is "thrown in" (B pressed against A) 
when the engine (and flywheel) are running. 
The cones slip over each other, the (kinetic) fric- 
tion on B increasing the speed of B until its speed 
reaches that of A. Thereafter the friction is static. 
Suppose that the engine can deliver a torque T 
at the flywheel at a certain speed of running. To 
transmit that torque the clutch must develop a 
Fio. 178 circumferential friction. T -i- id; and hence a nor- 

mal pressure 3 T -i- nd. Show that the force re- 
quired for pressing the cones together is between 

2Ts\ae-i- ud and a T (sin 9 -j- k cos S) + t^. 
376-(45). Solve Prob. 369, making an allowance for friction on the barrel. 
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Analysis of a truss, 57. 
Angle of lepose, 75. 
Angular acceleration, 177. 

impulse, 237. 

momentum, 237. 

velocity, 176, 281. 
Anti-resultant, 7. 
Arm of a couple, 18. 
Atwood's machine, 139. 

Band brake, 85. 
Belt friction, 83. 
Blow, 232. 

Cables, 103. 
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Center of gravity, 87. 

experimental determination, 89. 

moti<Miof, 155. 
Center of gyration, 169. 
Center of percussion, 241. 
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Coefficient of friction, 75, 222. 
Collision, 232. 
Composition of 

angular velocities, 281. 

couples, 29. 

forces, 7. 
Conical pendulum, 161. 
Conservation of 

angular momentum, 24a 

energy, 300. 
Couples, 18, 28. 
Cranes, analysis of, 64. 

D'Alembert's principle, 300. 
DimenskxiB of units, 302. 
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Dynamometers, 198, 199. 

• 

Dyne, 143. 

Efficiency, 211, 212. 
Elevation of outer rail, i6i. 
Energy, 193, 195. 
Equilibrant, 7. 
Equilibrium, 34. 
Erg, 190. 

Force 

characteristics, 4. 

definition, 4. 

external, 34, 158. 

internal, 34, 158. 

line of action of, 5. 

moment of, 16. 

polygon, 12. 

sense of, 5. 

tractive, 76. 

transmissibility of, 6. 
Forces 

oolinear, 7. 

composition of, 7. 

concurrent, 7. 

coplanar, 7. 

parallelogram of, 7. 

parallelopiped of, 13. 

resolution of, 7. 

triangle of, 7. 
Force of inertia, 157. 
Frameworks, 54, 64. 
Free axes, 294. 
Frequency 

of simple harmonic motion, i$u 
Friction, 74, 221. 
Friction of 

belts, 84. 

inclined planes, 78. 

joumab, 82, 225. 

pivots, 223. 

screws, 8x. 

wedges, 79. 
Friction, rolling, 268. 
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Geepound, 143. 
Graphs, 126. 

Gravity, accderation of, 5. 
Gyration, center of, 169. 

radius of, 169, 292, 310. 
Gyro-con^Niss, 247. 
Gyroscope, 243. 
Gyro-stabilizer, 247, 248. 
Gyrostat, 243, 288. 
Gyrostatic reaction, 253. 

Harmonic motion, 131. 
Hodograph, 145. 
Hoists, 212. 
Horse-power, 197. 
Horse-power-hour, 19a 

Impact, 232. 
Impulse, angular, 242. 

linear, 231. 
Inclined plane, 78, 214. 
Indicator, 200. 
Indicator card, 201. 
Inertia, 156. 

circle, 320. 

ellipse, 321. 

moment of, 168, 292, 308. 

product of, 293, 316. 
Input, 211. 
Instantaneous axis, 281. 

center, 26a 

Joule, 190. 
Journal friction, 82. 

Kilogram, 4. 
Kinetic Energy, 193. 

Lami's theorem, 39. 
Laws of motion, 155. 
Lever, i. 
Locomotive: 

cylinder effort, 206. 

side rods, 166. 

Mass, 142. 
Mass-center, 158. 
Moment 

center of, 16. 

moment-sum, 17. 

of momentum, 237 

origin of, 16. 

statical, 91. 
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a body, 87. 

a couple, 18. 

a force, x6, 27. 

a line, 91. 

a solid, 91. 

a surface, 91. 
Moment of inertia, x68, 292, 308. 

graphical determination, 320. 

inclined axis theorem, 318. 

parallel axes theorem, 171, 311. 

principal axes of, 292, 318. 

rectangular axes theorem, 313. 
Moments, principle of, 17, 28. 
Momentum, angular, 237. 

linear, 228. 

moment of, 237. 
Mono-rail car, 247. 
Motion 

curvilinear, 144. 

graphs, 126. 

laws of, 155. 

non-uniform, 1x8. 

preoessional, 245. 

plane, 256. 

rectilinear, 1x8. 

relative, 273. 

rotational, X76. 

simple harmonic, X3X. 

solid, 28a 

spherical, 280. 

translational, 163. 

uniform, 118. 

uniformly accelerated, X2i, X25. 
Motion of 

center of gravity, X55. 

of rotation, 176. 

of translation, 163. 

Newton's laws, 2, X55. 
Outer rail, elevation of, 16 x. 

Output, 2XX. 

Parallelogram of forces, 7. 
Paralldopiped of forces, X3. 
Parallel axes theorem, X7x, 3XX. 
Particle, X55. 
Pendulum, gravity, X82. 

torsional, X87. 
Percussion, center of, 
Period of simple harmonic motion, 131. 
Pole, 22. 
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Polygon equilibrium, 33. 

funicular, 22. 

of forces, 12. 

string, 22. 
Potential energy, 195. 
Pound, 4. 
Power, 196. 

measurement of, 198. 

of a locomotive, 200. 
Precession, 245, 288. 
Principal axes, 000, ooa 
Principles of 

dynamics, 397. 

moments, 17, 28. 

work and energy, 203. 
Problems, statically indeterminate, 45. 
Product of inertia, 293, 316. 
Projectile, 153. 
Prony brake, 198. 
Pulley, 69, 217. 

Radius of gyration, 169, 310. 

parallel axis theorem, 171. 
Rate of a 

scalar quantity, 123. 

vector quantity, 148. 
Rays, 22. 

Rectangular axes theorem, 
Relative motion, 273. 
Repose, angle of, 5. 
Resolution of 

acceleration, 149. 

couples, 3a 

forces, 7. 

velocity, 150, 000. 
Resultant, 7. 
Rolling resistance, 268. 
Rotation, 176. 



Speed, 144. 

Spherical motion, 54 

Statical moment, 91. 

Statically indeterminate problems, 45, 59. 

Stress, SS' 

Stress diagrams, 59. 

String polygon, 22. 

Tackle, 218. 
Tension in a cord, 42. 
Theorem 

inclined axis, 

Lami's, 39. 

Pappus', 96. 

parallel axes, 171, 3x1. 

rectangular axes, 313. 
Torpedo, 246. 
Torque, 16. 

Torsion pendulum, 187. 
Train resistance, 208. 
Translation, 163. 
Triangle of forces, 7. 
Truss, analysb of, 57, 59. 

Units 
absolute, 138. 
dimensions of, 303. 
fundamental, 302. 
gravitadon, 4. 
systematic, 143. 

Vector diagrams, 6. 
Vector quantity, 5. 

rate of, 148. 
Velocity, xi8, 144. 

angular, 176. 

components of, 148. 

grs^hs, 127, 128. 



Scalar quantity, 5. 

rate of a, 123. 
Screw, 81, 216. 

Simple harmonic motion, X3X« 
Slug, 143. 
Space diagram, 6. 



Watt, X97. 
Watt-hour, X9a 
Wedge, 79, 2x5. 
Work, X89. 
Work and energy, 
principle of, 303. 
CNiimbea refer to paces.) 
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